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¥ v

This volume Was organized gt the ‘reqlest of the SMSG Panel on Research for
their use in 1dent1fy1ng needed research 1n mathematics educatlon. At a meet-,
. ing of the Panel in May 1969 several very recent comprehen81ve reviews, as’ i
yet unpubllshed were d1scussed and the Panel decided to request copies for
their use. Or1g1nally, these manuscr1pts were to be reproduced in enough
copies for the Panel -- e1ther sepgrately or together-in an ln—house paper.
In a work session at Stanford during the summer, 1969, we examined the five
manuScrlpts collected for the Panel and were 1mpressed * We fel® these compre-
'} hens1ve reviews were of general interest and ‘therefore argued for maklng these
o rev1ews avallable to a w1der aud1ence. As a resuit, this volume in the STUDIES
] ‘ IN MATHEMATICS series was prepared ‘ N ‘ . R o e -
! Each previous Volume in the STUDIES IN MATH?MAJICS series has dealt with
:‘ \\ some mathematlcs topie pr mathematics with d1scuSS1on of pedagogy and curricu-,

\ lum.x Thisg is the first volume to be devoted specltlcally to mathematlcs eduv .

\ cation-or to research. The intent of the series, however, 1s to provide a set -t .
N

\ 4 of references for persons concerned w1th secondary and elementary school mathe-

v matlcs teaching. We feel that this volumé'of reviews is within the intent of ¢ .

. 'the series. For surely these re31ews are of interest to teachers, superv1sors,

. »

N graduate students, and tollege teach%rs. .
\ The flve papers}vary in étyle and emphasis. ‘This is partly, because the ) 5,
A ‘pagers were or1g1nally prepared for diverse audiences, partly because of the

nature of the respectlve reséarch areas, and partly because of .the different? . os
) ‘ or1entatlons of the authors. We feel:a very 1mportaqt character1st1c of these. .

rev1ews-1s that they are up-to-date. They are revaews of materlal up through . .°

.°°° °

< early 1969 in ‘eachof the’ areas. Taken together, these papers - though
wrltten for dlfferént purposes and drfferent,audlences —1 should g1ve~the read-2» 7,

er a sense of some significant eurrent aot1v1t1es and trends 1n research in T
* . LI 8. .+ - ° B [

.. mathematlcs educatlon. L . e, . o~ .

°

Aiken began his papet 1n connectlon w1th a semlnar at met ;n SMSG head-

qparters durlng the academlc year 1968-69 whlle\he held an U.S. Offlce of 5 ¢ e

o Educatlon Post- Doctoral Fellowshlp. It was dompleted durlng the latfer pai>%of AU
. ¢ ;

AT hls°fellowsh1p at the Unlverslty of georéla. The paper is a rev1ew of the
“ . “seard on attitudes toward mathematics durlng the past ten years, b‘? 1ncludes o
@ veny useful d1scus81on of methods of measurlng attlfudes toward<mathemat1cs, ° - f"

3 s . .- » ooob

P I3 . . .. ° - ; N . . .
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as an mtroductlon and incorporates brief st‘atements oﬁ methodology (e.g., use
of residual gam scoyes, use of cross- lag correlatlon),ﬁlthm the text. A

slfghtly modified vers:.on of the paper ha§ been submitted to the Rev&ew of

{

Educationa)l Research.. » ° . . s haa

- N

In his review of classroom teaqhmg of mathemat:.cs, @e};\also mcludes 3*
. samplmg of the research in teacher~ effect:.veness, programmed yxstructlon and
teacher education. " H}lf reVéew seems to. draw on a.large number of doctoral .
stud:.es ——"‘methods” stud:.es are popular thes:.s topics. Fey notes a ather
d:.sorgam.zed and scattered f:.eld of research with vlrtually no programmat:./ re- ,'
¢ search where studies lead from one to the next'® m some systematlc way. ’There
-is pess:.m:.sm, \urgencyv and optq.mlsm mixed in h:.s meSsage: what has been done
1s meager and could be 1mproved th1s 1s an’ 1mportant lme .af disciplined in- i
qu:.ry with the potential for an. 1mproved mathemat:.cs mstruct:.on, and ‘there. ° }\ R

_are some' gu:.delmes provided wh:.ch should lead to better stud:.es. This 'gev:.e,w

[%
cbncentrates on r\esearch published duyring.the past five yeazzs. i . Ty
-
Harrz’son ‘includes a d:.scuss:.on of some majoxr theoret:.cal pomts in Plaget- .

1an stud:.es as ‘well as a review of recent studies. He concludes h:.s papEI‘ ) .
» w1th a brief d:.scdsleon .of sample mathemat:.cs teachmg approaches cdnsonant

wJ,QZ a P:.agetlan point of v:.ew. Such 1llustratlons of a 11ne of thought pro—
B

»

ce from theory through experlmentat:.on -to appl:.cat:.on are a_ll too rare in

mathematics education. - - oo ’ ‘ oo

.
" LY ' . N

<~

Hatf;eld draws on the llterature about computef a.ss:.sted mstructlon more
) ——— - ¢l
A th'an research reports. Th:.s 1s appropr1ate to the CAI l:.terature s:.nce it is »
a atlvely new research area. Hatf:.eld wrote h1s review for an audlence thq

was prlmarlly sdachers of mathemat:.cs. He makes a cogent explanat:.on of thé

var:.ou uses of computers in mathematics mstruct:.on and 1llust‘rates the_p_oien- L
J . .

t!.al for each use along with, the need for programs of research. ‘ PR

. (' K:Llpatrlck, in exammmg thé reseazch on problem solvmg and ‘creajgve b‘é-
: havlors m mathemat:.cs, also found an absence “of any programs pf pesearch \K_‘

[N

math mat1cs ¢educators.‘ There were lines of mvest:.gatzon sugges‘ted from psy
cho og1cal research, and' Kl.}patr:.ck notes a need for more climical studJ.es -to

, ge e&rate hypotheses for future mqum*y’ ThJS Feview also concentrates"on stud— '

1Y publ:.shed dur:.ng the gast/f:t_ve years. . -*\"\. . L. .‘ . ;

AR Earller vers:.ons of the papers by Harr:.sqn, Hatf:.e]:d and Kilpatrlck Webe -
presented ,m'research reportmg .sess:.ons -at “the, lif7th Annual Meet:.ng *of the fi{

Nat:.onaLGounc:.l o«f\;eac'hers c;f Mathematlcs, .Apr:.l 1969 ,in MJ:nneapol:.s. The e
;__”' Fey and Kilpatmck"\ﬁ pers wpre prepared agreview chapters for the October' 1969

g

s 3_7, e W G v vl Poe ® " oo
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issue of the Review of Educational Research. 0w1ng to space llmltanorls in .
the RER the chapters had to be drastlcally cut. Be thank Gene Glass, edﬂ‘tor

v! of RER for granting perm:.ssmn to include the full versions, i thlas#@volume.

f . . WAs edltors we must admit to contrlbunng very little to thls volume /,;

\ dther than 1n“terest, enthusiasm, and a careful reading of the’ mnuscnpts. Wd? o ::

have done only ‘minor editing to bmng’ some almllamty of réference style to, . }

the papers. Ehese pa’p:e-rs .are the /fore more tentatlve 1n‘ natui‘e ;han would

have belen t‘ne case if they had pa/;seed thrqugh a system o; rlgorous edltomal

- "‘ rev1ew. Because he papers are tentatlve R“ha authors wotld eppreclate

: com‘es,pondence wlth 1nvest1g"at\€>rs who fJ.nd the matemal useful and 'who wlsh o‘\
help wl:t:h the furthe& ref:.nement of the. 2deas presented herein. \Ne commend

\ ) the authors for be:.ng ullllng to share thelr work wlth a wlder audienge of . »

PR
. mathematics edneators.
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b ATTITUDES TOWARD MATHEMATICS ) ' -

P £ SIDU VORI
. o .

e

. Lewis R. Aiken, Jr. L. .
. v . Guilford College :° - : ' T

. B
- B . N [y

In'her "Review of Researsh on Psychologlcal Problems in-Mathematics Edu-

. .catlon" wrlttenqapprox1mately ten years ago, Rosalxnd Feierabend (1960) devoted .

*  aboyt that same number of pages to research on attltudes toward mathematicse

Darlng the past decade a number of published reports of conference proceedlngs

- h&ve been concerned with mathematics 1earn1ng (e. g., Hooten, 1967; Morrlsett .
,and Vinsonhaler, '1965), “but these reports dd not treat in detail research on

attittdes. Because the number oﬁyﬁlssertatlons and pdbllshed articles deallng .

with attitudes toward ‘mathemdtics Has increased geometrneally slnce Feierabend's
‘ . ; 1
. (1960) report, it is tlme to reappraise our knowledge of the, toplc. » <

. e N .o P

e
: It has been stated that before progresslve édueatlon*came on the scene more

o

school’ failures were caused‘by arithmetic tian by any other subject (Wllson, T

,1961). Even 1f progressrve educatlon ‘has reduced the. number of . fallures in

L4 ithmetic and mathematlcs, it is debatable whether ,modern curr;cula have -
: z:stered more positive attltudes toward Xhe subjects. But how general are v T
" these negative attitudes, what causes them, and what can be done to make them = -
] . . R ~ - . ®
i ‘e - ’ . . v MRS
i more positive? - e . - LT
L . p o’ . ) : v . o e

- Some years ago thé members of a comnmittee formed to study problems in -
mathematics education asked these same questlons (Dyer et al., 1956). Their ~ .

A
main conclusion‘was. that more 1nformat1on was needed in onder to gave adequate

answers—-lnformatlon about blologlcal\lnherltance and home baﬁ&ground of the»f- )
. - . o
pupll, attltudes and traLnlng of teachers and the’ content oqganzzation, T e

s .

T goals, and adaptabllity”’f“the currlculum A fair questlon is; what 1nforma-
tion on the influences of these three types ‘of factors has research provided .
. since 1956; The purposé.of this review'is to answer that qhestion as it per-_
. 1960 rev1ew shouIﬁ?be .
. consulted for a’ summarv of earller 1nvest1gations. . \_ . )

Vv - = 'T”“ B@bﬁﬁbéw¥ﬂ?’
) + " The 1nterpretatlon of results depends to some degree on the measurlng -

tains to research over the past ten years. Felerahend'é

instruments employed in the research., Therefore, the review will deal first 5
. . :
1 e
) A sllghtly modlfled version .of this paper, entlt;ed "Attitudes’ Toward —
-5, Mathematics: A Detéde of Research Rev1ewed " has been submitted to the% o
Review of Educational Research. ) - . e S

L4 PR . N . - -

H




T problems ® . .

AIKEN s -

with paper-and-pencil, observatlonal and other methods “described in thg recent’ ?ﬁ
’ literasure for measuring attltudes toward mathematics. Next, StEﬁleS pertaln— i
fng to the dlstrlbutlon and stability of attitudes and“the effects 6f att1tudes ’Q%&§{
on achlevehent in mathematlés will be con51dered Then with regard to thq S

challenge.of Dyer, "Kalin and Lord (1956) refgrred to above, flndlngs concerhlng . ;
the lnﬁluences on student attitudes toward mathematics of the hohe environment, . E:'
the peréonagity charaoteristics of the student, the teacher, and the school

. cirriculum willnbe summarized. Next, research and discussigns of techniques
for developing positive attitudes and modifying negative attitudés will be
reviewed. In ‘the final section of the paper, the investigations.which have‘

B been reviewed will'be evaltiated, gnd some suggestions for further research will

be made. : - e - .

L4 .

3 . - v
.

. < 9 Methods of Measuring Attitudes Toward Mathematics

\ ' It has, been malntalned th3t there ‘are’ no valid measures of attltudes toward
. mathematics (Morrlsett and Vinsonhaler, 1965, p. 133), but the fact remains ‘that
a number of techniques- 1ﬁmw F them(qulte 1ngenlous-—arq availablg to ,measure r
such attitudes. Several of these technlques are desoribed by Corcoran and Gibb .
(1961), including (a) self-report methods such as questlonnalres, attitude *
scales, incomplete sentences, pro]ectlve plctures, and. essays,‘ (b) !bserva—
tional methqgds, and (c) interviews. - It. is observed that although the’ majorlty
ofnlnuestlgatlons have dealt with attitudes toward mathematics in general, one

can also measure attitudes toward specific courses o; types of mathematlcs

~ - ’ > . - .

Observatlon and, Interv1ew . N - . .

' - N .

observatlon is superflglally the most objective medgure of att1tude but N .
Brown and Abell (1965) found teacher observatlon to be inadequate as a method
of appralsing students' attitudes toward mathematics. On the other hand, - -
Elllngson (196%) found a 51gn1f1cant positive correlation (r = .48) .between
the lnventorxed mathematics att1tudes of 755 junior and senlor high school

pupils and teachers"ﬂatlngs of the puplls' att1tudes., ) . §

wnk .

[P

* Another falrly d1rect way of assessing aftltudes is to ask the pupil how
“he feels about mathematics. This was the method‘used by Shaplro (1961) in a
semi-structured 1nterv1ew ,of 19 questions dimed at determlnlng the feellngs .
toward ar1thmettc of 15 boys and 15 girls. The puplls' attltudes were .
deté?mlned by ratlngs of the4?90 1nterv1ews made by %hree judges. e e i

4 .
’ . . 4 ’ y
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/ d eger and Aiken (1957) adm1n1stered the follow1ng three questionnaire

ems td a group of college students as a means’ of.detérmlnlng their anxlaty

r atti;udes toward mathemat1bs. The students responded to each item with

pe ° .
Jtr 7@ or false. ; - e '
. . Q . .
. . ' , 4*
lL I am often nervous when I have to do arithmetic. ~ - o
/ . L
//‘ 2. . Many times when I see a mth problem I just 'freeze up.' - < L.
/ : 3. I was never as good in path as in other subjects [p. “‘3ue].. 4 ..
. i ‘
More recenély, Kane (1968) con&triucted another sort of questlonnalne to
measure attitudes toward mathematics and other school subjects. The college- S

) student examinees were 1nstructed to indicate wh1ch of four subJects-—Bngllsh
matH%matlcs,-sclence, and social stud1es--they most énjoyed and were most » "

-~

worthuhlle in high school, they most’ enjoyed'ln college, they learned the most

,about in college courses, they would probably most 3gjoy7teach1ng, and they
¢ Were probably most competent to teach. . Their attitudes teward mathematlcs

were ztdlcated by ‘the extent to which mathematics was preferred or selected
/

Sover the other three subjects.® Other examples of pon—scaled questionhdire

items and more formal questionnaires such as those dewuised by the semantic ..
T
dlfferentlal technique (see Anttonen, 1967) could be supplied, but a more

popular.lnstrument for measuring att1tudes~1s “the attitude scale. .

. m,‘ ‘ ‘ * B
lAttltudeﬁScales . . : . -

There are several attitude-scaling procedures, a few of wh1ch w1ll be

)

described briefly. 1In Thurstone's method of successive 1ntervals, each of a
ser1es of statements expressing d1fferent degrees of negatiive and positivé «

attitudes toward somethlng is, glven a scale value, the median of the scale .
values ass1gned to it by a group of Judges. A respondent's score on-a scale o -

cons1st1ng of a series of such statements is the sum or mean of the scale
values of the statements whigh he endorses. N o .

. of ’
‘8 . : 1. .
In Likert's method of summated ratinggx the respondent indicates shether.

he strongly agrees, agrees, is undeclded d;sagrees, or strongly d1sagreesn

toward‘Somethang
1ntegers such as 1, 2, 3, W and §lgwh1ch ha ( been aasigned to the part1cu— .
lar responses which he, makes. * On both the Thuré%one and Likert scales h1gh

scores indicate a more favorable attatude toward the part}cular thlng . P

The Thurstone and Likert attltude-scallyg téchniques, are popular pro-

cedures for measuring #ttitudes toward mathematlcs, but a thlrd metpod for

. .- ’
-
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.,‘.. . ""AIKEN . ..'- /‘” , 7 ‘. .

scaling att1tudes —Guttman § sca,logram analysis--is employeﬂ' less ﬁrequently

. . Thls is probably due to;?hs fact that Guttman scaling requlres a true scale, , .
o in the sense that if the respondent endorses one item he will endorse-all items
hav;.ng a lower scale vélue }Such .a restr1ctlon is more likely to be satisfied

for cognlt:we test 1te;ns than for ,hon- cogn1t1ve\1tems l:Lke att1tude statements.

~

. Example o_f__a_ Thurstone scale. The sdale of attitudes toward arithmetic

. ° »
SR which has probably been used more than any other is Dutton's scale, (Dutton,

N L

19513 1962). * This lS-litem scale is’ gi;len in Dutton's 1962 papgr, and it con-

i s:Lsts of a variety of satatements expressing positive and negative attitudes

"; - toWard arithmetic. It was orlg}naIly constructed to measyre the attitudes of
/

B P prospectlve elementary schéol teachers, but it has also been admlnlstered to
Junlor high pupils (Dutton, 1968) and even as early as the third grade (Fedon,
1958) In Fedon's study (1958), the children indicated the 1ntpn51ty of their

. att1tudes with a color scheme, vary1ng from red for.an extreme p051t1ve atti-

.2 , tude through yellow to convey a neutral att1tude and to black for an extreme

T ' negatlve attltggg Dutton's scale, like many others, is obviously multidimen- ,

> ’ sional in- ttgdszerent statements assess attitudes toward di'ffez“ent aspects
oS . . . -~ L} '

. of arithmetig? . . . s
.. . » . - - ~ . - .4 vy [

SN " Example of a Guttman scale. In an 1nvest1gatlon to be discussed 1n more

P . detail below, Anttonen (1967) arranged 94 attitude -scale items into 15
y Guttman-type scales. The obtained score was to be representat:we of the, atti- =]
X * tudes towand mathematncs, of flfth and s:thh graders and of eleventh and .

o \' . twelfth graders, a z'ather w1de range for any psychometric device. '

Yy N + ’

“w o .» 'Examples of Likert scales. Likert scales are usually eas:.er to construct
, :(flan Thurstone or Guttman‘ scales, and therefore it 1s not surprising that many il
e h I{esearchers have_ preferred\ﬂls type of, scale. ‘In their book on attitude
. . scales, Shav; and Wright (1987) have 1nc1uded two Likert scales for the measure-” =

* ‘ment of attj;‘tudes toyard mathematms--a 12- 1tem, modif¥ed L1kert scale by .
Gladstone, Deal ard Drevdahl (1960), and QA:Lken s (1963) Revised Math Attitude .,

. Sca;_e. The original vers:Lon of the(:,ken scale appéars in an artuﬁe by A:Lke‘n ‘

: and Dreger (1981) Alpert, Stell,Wagon, and Becker (1963)_ desch.bed the quasi- o

L1kert. attitude scales psed :m ,,s\%National Long.u;,udlnal Study of Matl"xe’mat',:Lcai“?‘E

:, ' ) Abilities” (NLSMA) of the Stanford based School Mathematics S‘L‘udy GrouBW(EM).Sg; e
l.‘.‘ In the analysis of the NLSﬂA data, QO attitude- typ’e J.tems were broken down ':‘(
L . into’ a number of subscales for' examp%‘ pro-;arlthmetic comppsite," "aCtuall .
L., ar1thmet1c self-concept," and "debilit#ing anﬁlety.u__ As, a £inal examgle of a ,.“ ;
) :L:Lkert Scale,‘Dutton and Blum (1988) reworded the "s;rongest,,ulte}n’s‘.{j\, :x A .

R

Dutton s earlier Thurstone—ﬁg

)

scale and forme& tﬁeﬁ’iﬁ% ﬂ:.kert—ecéle . ' O .

}f ‘vi‘y .{‘{qf ‘f“'u» ’ ) '
)

,,0~N"° -

format. ' L ha

. . »

.‘,"

N Sl

[mc S ;

- / e .
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Other Measures of Attitude . . v

Nealelgh ~(1967) texperlmented with a plcture preference test as a measure -
of pupil att1tudes and achlevement proneness in mathematlcs. The pupll was ‘—'-\
bresehted’ with 310 pairs of p1ctures, one member 'of each pair, contalnlng a
mathematlcs concept, and told to 1ndicate which of the two pictiyes he ,pre-
ferred. The "math concepd;s" ~1.ncluded 1n the pictures were those of symmetry, .
o s1m11ar1ty, order, and pattern. Kttltude and ach;evem;t in mathematlds Were
. .assessed'\ln another way and compared with pupll responses to the p1cxure -pref-

’ erencae test. Althqugh certain plctures dlsqugunated between‘puplls wl'eh
positive and negatlve attitudes and betweeh pupzlis with h’(gh and lo?apachlevetg
ment, the ~plctures that were most discry 1nat1ng wlth third graders were' not

Ta ot necessarlry the 'same ongs t‘at were most d1scr1m1nat1ng with seventh, graders.

In the usual defxnrt:.on of the term, an attitude is viewed as par"cly

. Y

cognltlve and partly noh-cognltlve or emotional. Therefore, it would seem

- that 1nformat10n ‘about attltude,, or\at deast its emotlQnal compé‘ﬁent, could
be obtamed by measurlng autonomlc respons;s (to sele(:ted st1mulJ.. Such mea-
- sunements are too 'cumbersome for mass *asséssment of att1tudes, but they“have )

. been employed 1n research ‘Far example Dreker and Aiken ¢195Y%) meaSured

. changes 1n electrmal skln‘gesistance (GSR) in. 40. collége students while the,

Verbal scale of the Wech's'ler-Belqu;:e Inteillgence Scale (WB- I) was. bea.ng ' » " .

administered to the students “ Sé‘tlstlcally significant GSR's were obtalned :
durlng the arithmetie instructions and the ar1thmetlc subtest of The )WB*I but
only %or those subjects who had been 1ndependently 1dent1f1ed %s anxlous about .

) ‘mathematics. ' g R . g °

Mllllken ‘and Spilka (1962) measuted breathlngbdepgh bt\!athlng rate,_blood
ast. 30 secon@s of the °

a . Lt tlme that yheir subJects were tak;ngleaeh %ubtes‘t of- ttse, Amertca%éoanellmom 2w

e

- pressure heart rate, and GSR durlng' the irs .and’l

~Education Psychologlc‘al .L‘xamxna‘txon (ACE) The results showed that examlneeSe
who were low in mathematlcs angd high J.n verbal score on the Scholastlc Aptlté,lde
Test gave greater phys1olog1cal responses dyn%ng admxn*.tratlon of the ACE,
mathematics tests. In addrtlon males in gqneral gavé greater physlologmgl .

responses dur1ng the ACE verbal tests .than dumng the mathematlcs tests, whlle
&~ ’ a

the reverse was true for ema‘lesw!\l o " ,‘._.-\. .2 y

P R

. RS Grade Distributlon and Stabf.ﬁty*’of Attltudes el

i

h

The Elementary-School Years r’? ) T ! .

m)
* It is generally recognlzed that attltudes toward mathematlcs in adults can

LI .

be traced to chlldhood (Morrlsett a VinSonhaler, .1,965, p. 132) There- is
: $




.
. »
et oo ’ L Lo e e T .
TN e S ' M N Ty . L
.o Pt Nt 21 .
" ;‘ - . BN . . . :’*‘ e :; . N
g b : . R e N 4 o <
AmgnT Ut SR g v
, . . ¢
N w . .y
. "‘,“L Ty i 4. «‘ : :
o ATt -

ot

“evidence tba;pwery defumf etﬁitltyqes toward arithmetic may be formed as early

as the thbnd %Qade @Fedon, 3958 Strlghf' 1960), but these att1tudes tend to

o be moreé p gﬁéve than negatlve in elemehtary school (Stright, 1960). For.

5 exampleg a %&q 8 by Hermian (1963) of the sub]eqts ledst preferred by a group

of fougth flfth and sixth graders feund that arlthmetbc was typ1callx 1n the
uuddle when subjects were rénked fnom4least to most preferred For boys,qthe é
.o order of thé five sub]ects, from*least llked to mos;—llked was Engllsh spclal
studies, arlthmetlc, sc1ence, and spelllng {or.glrls, the order from Teast-
liked to most-liked sub]ect, was soc1al studies, science, ar1thmet&c, Engllsh b

- and spellihg ) . .o . o AR

) t Al ~
.

Indirect evidence ‘of the grade d1str;butlon of mathemat1cs attltides is
found in reports given by groups of college students majoring in edq;ﬁtlon
The students stated that they develpped their attitudes toward arithmetic -~
throughout school grades -2from second through twelfth: grade--but that the

1ntermed1ate grades——fourth through s1xth-—were more 1nfluentlal (Duttpn,xlgs2

'_ Sm1th’ 1964; White, 1963) This seems reasonable because thésé*are typlcally

"the three grades in wh1ch arithmetic 1s stressed most: _In McDermott's (1956) T
case studies® of 3u college students who were afraid of mathemat1cs, the - ‘
C e ma]orlty reported having first met with frustratlon in the elementary grades,

’the remainder stated that they met d1ff1culty when they attempted the use bf

, -algebraic gymbols ayd ‘other highér math concepts in, secondary school. 2 .
. ’ Thiter stingly ough, there is some ev1dence of a decline from the th1rd.4
° ’ -
through thé\ si )

‘' grade in the percentage of puplls express1ng negat1ve-att1-
% tudes toward arithmetic, (Stright, 1960). Howeven, the chahge may be- due to

1ncreas1ng soc1al soph1st1catlon Qn the part of the pupils, or an igcreased
W1111ngness to simulate positive att1tudes beéause they have been t‘}d that

mathemat1cs is good for them and posi;lve attltudes please the teacher
[N . f
° ; V.

’
i

_ _ . .' 4 , . )_;‘ . 0.:
2 The dunlor ngh Schobl Years _ y ot '
) he results of 4 number of sfudles polnt to the pers1stence*of negat1Ve
}b»*--f ,9..

txtUEES\toward mathematlcs a students/ascend the academ1c ladder In the

- e e T

: tradltlonal,currlc Ium he ju 10«}111gh school .has been the,pénlod during whlch ‘,j'
"+ algebra and ‘other ahsxract~mathemat1cs wéré=&ntﬁoﬁﬁced” agd thls dsnfhe t1 e -

during which manﬂf,sthe wxu'ter 's- friends ﬁave JSrated ih‘ai} s‘t‘-hgy Abegan to dls-

s ot
like the subject It is noteworthy that,the greatesi gereentage (40%) of, the .,

-"’prospeg_gve teacbers surveyed by Reys and’Delon (1968) lmstegqxheeaunnopehigh- ~ -

.-

school years as“fhe perlod when their att1tudes toward-arlthmetuc developed ?

. And even, under more contemporary modern mathemat1cs currLouIa junior hlgh

N L
' school seems to be aﬂgrlt;cal perlod in the determ1natt~pdof'att;tudes toward Y
mathematlcs”(Dutton,ﬁigﬁiy“, KA . T -122? A R BN S
. H fem ot [ Y
b,

f
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~ e

P : Attitudes toward new math'. - Dutton and Blum (1968) made a survey of .the

reas\an for disliking and liking ar1thmet1c in 3146 si 4th—, s}venth—, and
eighth-grade, pupils who had been taught,'"new math" for at least one year. The

most frequent reasons for dlsllklng the sub]ect were: w'orking problems ou;-

51de =pf school word prpblems that jMere, frustratlng, pDSSlbllltleS otsf\" o f

oy e <l e
m1stakes in arrthmetlc ahd too many rules to learn A arge percentage o} v

v

. 3 - the pupils” agreed with the statements that*abithmetic should be avoxd’ad when- o

ever possible, that one cannot use new mathematics in eéveryday 11 e, and tm -~
amthmetlc is a waste ‘of time. T‘avorable att1tudes expressed by puplls we

that’ W'orkzng with numbers is fun and presents a challenge, and that ar1thmet;.c

< makes you thlnk, is log1ca1. and practlcal/ < o= P .

Dutton (1968) suggests that there has be€n a decline durlng the past ten
.-, -~ yeaps in the number of jurior-high~ school pupils expressing negat1ve attitudes °
L _ toward arlthmetlc, but that a s1zable percentage of puplls are still not sure
' of themselves in the subject. The rev1ew$r notes, however tl%t Dutton's pro- )
- . cedure Vras to compare the attitudes Oh a ‘group iof ]uhlor—hlg school puplls of
S a decade ago with othoge of a current group, a procedure whlch u oubtedly d1d

v nbt result ;n equlva’lent groups t y . “ v
<
) Longitudinal Studies of Mathematics Att'itudes < e T e T

Obviously, what weé need in order to assess the grade distribution and
7 - stablllty of attitudes toward mathematlr‘:s are both gross-sectional and “longi--
tudinal surveys’ But one d1ff1cL}1ty m‘ obta1n1ng th 1nformatlon is the

pos51ble 1nagpropr1a¢€ness of the same' attitude measure at~different grade

~

. levels Fedon' s (1958) use of a color scheme for indicating 1ntens1ty of
\w &

PR att1tude in the lowe\r grades represents an 1nterest1ng attempt to extend down-s

N .‘, wérd a scale whlch was constructed for students on a mueh higher level
v s . I .
\ . Actually, there have been very few long1tud1nal studles of ' attltudes =An

. unpublished analysis by the writer of the mean scones on the SMSG mathematics
atntude scales obtained by the same group of approxxmately 1000 oh:.ldren in
5
graded’ four, s1x‘and elght revealed sxgplflcant ¢ anges&écrosf de levels
1

N
’iw

- T

in mean’ scor‘es on some seales, although these were not very dr ic (data from
o

°

arranged 1nto 15 Guttmgah-type' scales to 607 flfti:h E'r’fd s:.‘xth-grade ane-

[TV ]

:} ‘sota school ch;ldren 1n 19602t The scales were readmina.ster‘;ed to a por‘tlon tof

~ B, R ;’
&"? L tﬁe same gn\up six yeant@y;ﬂere in the eleventh and twelfth
grades s respectlvily The cor";gla.tmnhbe.‘l;w,egn ma,thematms attﬁtudes in elemen-

E T tary 5hd secondaby SchOO‘l was relatWely low (av‘erage r of ~.30) for the

L
LIRS

Ny N entlre group, for grades and sexes considered separately, and for four

1 "t .
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Wilson et aI.,,19§8) Anttonen (1967) admln;stered Ql}q a:;tltude items, .
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s and perfoMance as & kind qf

Aruitoxt provided by Eic:

affected by development, such attltudes are prob ly not very stable in the -

N

_ early, grades. In addltlon, the prec1seness w1th

chall

toward d1fferent aspects of arithmetic and mathe

which puplls can,express their

attltudes varJ.es w:.th level of maturity. » it is clear that attitludes

atics are measurgd by "general

attltude" 1nstruments administered at different grade levels.

Attitude toward
PR ey

1plxcatlon table, is not the

materlals t9 Jof *leabhed by rote, such. as the mul‘
) same var1able as attltudewFJWard wqrd problems and algebraic symbols. Of more

1mportance than the exact frequency -of attitudes at d1fferent grade levels ’L

however, are the causes and effects of these atf

itudes. .
.
Fal -

YN e

‘” " The' ‘Relatlonsh:.p of Attitude tgo Achieve

3
-

Obhously,.the assesstfent of att:.tudes tqwc

ﬁ\}"\ EY
tics ‘
L.

» e -
would be of less-

tent in Mathema

rd mgghematics

a

N concern if attltudes were pot thought to affecx

performance in some ffay But ,

ynamics by whlgm

if certaln feelings

are experlenced' f\ a t1me they w1ll lead to a, rt1cular sel 1mage by the

v
°c1:atlon of future performance,v

)ata (collecfed by Kempler

hat Self-confldence 1n mathe-

pupil--a self-imag whlch w1ll 1nfluence his exp

: with conseqdén‘t'ef cts on actual performance.

(1962) ?
1

' matlcal
r1g1d1ty in mathematlcal tasks such as the Luc

bearlng on this asse?tlon, suggest t

ity, as 1

nnanre %s‘ assoclated wn:l{
(4

its water-jar ‘tést. ; Behavi s

edt toward fruétr;a:tlhg ma o~

"indicative of the r1g1d1ty which students man1

~

matical tasks, xwhlch ca f therfi to be anx1dus and*hostile towhrd ,the/ s jéct ,/
%§ resorting tb rote and i}neff:.c:.ent methods, an. rel,y:.ng on \oth/e‘/r/sp /9}(17 and :. 3

1shonest means in order tg pass (McDermott ,~ 1956). 'In contr< ¢ Flgl‘dl(z\ e
and "g1v1ng up" observed 13 those who dislike mat}ematics’ is ox{stvsu t1ve ; '
perseverance of those who lnke mathematlcs. Shapiro | (/1!961) fou d tha% er- wl
severance toward solutlons o ar1thmet1c Problems wa h1gh?r

i
school kh;.fren who ilked mathematlcs than in th.o{

ﬂ{]g than boys

A slmllap analysis of the relat1onsh1ps amgng at/ti
/

\;.

; a group be J.ng more pe;rse\ler
o

performance -was made by Alpert et, al. (1963), /
A

,

/

7

‘/;:

R
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. ¢ s{stent wlth-the observatlon that the"varlablllty of arlthmetlc performanee
, That is, the diffexence
between the pebregtﬁgndithé Hﬁst puplis becomes progresszvely gﬁEater (&lark
1961) - ol - S .

? . PO T .
C A s " .
, The relatlonshlp of att1tude$, (which are integrally related to expecta-

-

1ncreases as pupils proceed through elementary school

tions),.to perfgrmance appears to be especzally 1mportant'1n mathematics. As an
illustration, the resultsof one study (Brown.and Abell' 1965) were that the
correlatlon between pupll attltude and achlevement was hlgher for ar1thmet1c
than-g*r spelllng, readlng, or language. Bat let us’. examlne by grade level
~"*he results of research over "the past decade on the relatlonshlp between atti-

tudes an& achlevement in mathemaths.

1

Elementary—School‘Level

5
In & study of the attltuaes toward” problem sélul o KP0R

ATy

elementary—school chlldren Llndgren et al.” (1964)™ btalned aﬁgﬁﬁj>bu§w§§aﬁxi}—
cant p051t1ve correlatlon betweeq probspm-solv1ng attltpdes (Carey, 1958) and
arlthmetlc achlevement, and a pos1t1ve butinet s1gn1f1cant correlatlon betweeq
attitudes and marks in arlthmetic. Shaplro (lé%l) found her 1nterv1ewumeasure
of attltudes 1n sixth graders to be signlflcantly related to grade placement on
) the Wide Range Achlevement Test, all parts of the ar1thmet1c sectlon\of the
California Ach*‘vément Test, and to school marks in arithmetic. Irﬂ§§nother R
;mstudy, Anttonen (¥967) obtalned cons1s§pntly low correlatlons of math atgiwude ~
scores with grade averages “and wlth the arithmetic tptal scores on the Iowa -
Tests of Basic Skills of fifth- and sixth- grage pup;ls. Indlrect ev1dence for
a relatlonshlp betwéen att1tude and achlevement comes from a surqey by Dutton
(1962), who found a low posltlve correlation between the att1tudes toward arith-

metlc in college students and their reported arlthmetlc grades in eI¥pentary

school IR . ‘ o e e
- I ’ v -, .
QU§te obviously, the correlations between attitude and achievement in

,

e .
~ 3

’ elementary school, although statistically significant, are typically not very
large. In fact ‘one 1nvest1gatlon of %1xth graders (Cleveland, 1961) found

that httltude scale scores did not generally discriminate between high and low

achlevers in ar1thmjf;c. One difficulty wlth self-report 1nventor1es at the

elementaryrschool 1ével is the readablllty and 1nterpretab111ty of the att1tude
1nstrument, another 1S'the self- Lns1ght and consc1entlousness with whlch the
puplls £ill out the 1nventory Hopefully, these problems are not so serlous at

hlgher grade levels. ’ , . .o




AIKEN ooy . . :

Junior{High-School Level: \ ) ) i /4
{ = . l_, ' [ [ ¥S
Nt Simmarizing the results of a survey of 270 ,seventh- grade b}pys and g:.rls, -
Alpert[etval (1963) reported significant correlatlorns between/periformance in R
] -
. mathemat:.és and measures of att:.tudes and anx:.ety toward mathematilc S:.m:.lar

‘ .results are g'lv?r( by Degnan (1967) .Stephens (1960), anc{ Werdelm (1’966) In )

Sl e S *

RN a comparlson f acTelevrated and’ remedlal mathematlcs /class%s, Stephens (1960) Y

(-grade and six e:.ghth -grade
he mean att:.tude score of the acceler ted group was s.1gn1f1cantly

an that’of the remedlal group Ther fore, .Stephens concluded that

e scores might be used together w:.th achievement test. scores, for

pla ment in special classe’s

/ , Degnan (1967) compared the attitudes and general anx:.ety levels of '22
\ . ei thl-grade students des:.gna‘eed as law ach:.evers in mathemat:.cs with thdse
of 22 e:.ghth grade students des:.gnated as h:.gh achievers in ‘mathematics.
Scale the measure of general anné‘ty Although it-was foupd th.at “the ach;evers*

‘ Were generally more anxious than the underachJ,‘evers, "the ach.:.evers had much, - '.ﬂ

- Du ton s scale was thefmeasure of, att1tudes ,Tand Qasteneda s Manifest. Ahxiety -

== . Tnore pos:.t:.ve att:.tudes towapd ma‘themat:.cs .Ai’so when the students were asked \x

Y to l t the:.r ma]or subai;:t!s in order of preference the‘ ach.w.evers gave mathe~

ma‘t:.cs a sxgn:.f:.cantly higher ra‘nk:.ng than the underach:.evers Among other | .
thmgs the results ?f /th:.s study show that att:.tlhe toward' arithmetic and
generaiaansﬁ.ety are hot the same var:.able a ¢onclusion related to the earl:.er

f:.nd:.ng of Dreger ng Aiken (1957) that "general anx:.ety"’ and "math anx:.ety" s
' Are hot the same
!

Py

he study also demonstrates that, anx1ety may act as».a faclll-

~_ Jtating factor i aphlevement as “noted by Alpert et al. 7(1963) in the /NLSMA :
var:.able ‘of "fAcilitating anxiety" in. mat’hemat:.cs e £
H:.gh Schoo -

.- - ; . <« )
longJ.tudJ.nal study of'-att:.tudes . Anttonen (1967) reparted moderaten ‘
correlati ns! of | ‘mathematics attitude scores with mathemat:.cs grade-pomt $ ;

avenages'anﬁ sténdardlzed test scores"J.n eleventh and twelfth graders. .“Ai‘.‘h:.ey"r

iy o3
’x ment wa also greater for students whose att:.tudés ha’ﬁwrema:.ned favgrable or- had
become, qvorable s1nce elementary scthl ) To o, ‘

6'Level . i.

+ N ¢ LA

Du‘e perhaps to the greater access:.b:.l:.ty of subjects,’ it is nét- surpr:.s:.ng
'man& 1nvest1gators prefer to work with college studen-ts S'lnce college :" o
s dcntsl on the average, presumably have more pos:.t:.ve atta.tudes toward aca-

mic work than their' non-—college counterparts, it would seem that the A

. - v , : . . . ' ( ?
' . kd . ' T- 10 ; . - -

Q ‘. , . - ' 18 . . : % c ‘ -~ .
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college than 1n high sch.ool Qn the othen hand, college students may f'll out
Py ¢

ot Ak attltude ;nventorles more conscientiously and with greater self—1ns.1gh than

the population as a whole--factors promoting higher att1tude-ach1eveme t corre-

lations, : . < T
\' ' ., Some investigators have found rather low correlations b’etwe‘e‘vjma hematics
attitudes and 'mathematics achievement in college students. For example,
Harrington (1960) reported a stat1st1cal], 1ns1gn1f1cant relationship ‘between r
/
attitude and perfarmance in college mathematlcs cdunses, although he d{d/flnd ~

that selection of a'mathematics course vs. no.mathematics course waﬁ signifi-

) * cantly related to attitude. Somewhat more substantial relat1onshlps between

attltudes and achievement were obta1ned by Dreger and Aiken (1957) and Aiken
YT cand Ur"b:\ (I%l)' “In the fSrmer study, there ¥as a cok*relatlon ol’ T
e fma grades of 7014 students in a freshman mathematlcs co‘%e and

- "between
.. their scores. on a th —1tem 1nventory ofl anx1ety in the presencé of matheq'

. c

Alken and Dreger 1961), scores on, th Math ,

matms. Irf the second stu

h1gh school mathematlcsa averages and scores on the Verbal Reasonrng and Numerz- .

. e,

.o cal Ablllty tests of the Differential Aptitude Tests. However the Math Atti-
’ tude Scale was not a s1gn1f1cant predictor for the 60 college men. .F:Lnal'ly,

there were stat1st1cally s1.gn1f1cant part correlation coeff1c1ents for both \
males (r = .33) 'and females (r = .34) between Math Attitude Scale scores P

and scores on a retest of the Cooperatlvea Mathematics Pretest ,for College Stu-‘

:)
¢ <ents, after J‘nlflal scores on.the latter variable }{ad been’ partlaled,out.
-~ F .
. . N TR .
. Att1tude as a »Moderator Varlable .. . 4 ! L
e N U BTN

. The Alken and‘Dreger (1961) study is.an illustration of the multlp‘le corre-

i
lation approach 'tmiéxctlon, in wh1ch méasures of attitude and ablllty were . L
el ’ % L
c_omb:med in a regresslon equation to pred1ct ach1evement. A /second pnedlctlon
e . »
+ approach is to ’%.ew attltude gs a moderator vamable and to determlne the corre-

lia?t%on between ablllty and ag’revement separately at eaéh of seLleral levels of T e

G-

. w..t attﬁtuﬁe. 'I'hus, it may be digcovered that the correlation bet%een ab:\Lllty and .

Y . . . B . N
‘«,achlevement varies with attitude. e f T L e
Fs \ \ “ [ i \“;:,,‘ e s

g v - 3 ! i
{ .
Cristantlellofé study (1962) is a‘n example of thls moderatoi‘ varlgble S

approach College sophomore'hch (N = 264) were c1a331f1ed by' area o‘r'"'m Joﬁ"‘"
. ) R
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(PP (busxness adm1n1strat10n, social sc1ence, natural sc1ence), and within each

of these areas further divided into three levels (high, middle, low) accord1ng
l . to their scores on’ a scale of attltude toward mathematlcs. Then the correla-
*  tion ‘between ‘scores on ‘a measure .of quantltatlve ability (ACE -Q scores) and
< Aathemarflcs &mm‘ﬁm separately for-each of the nine major areatx

att1tud§ le'vel groups.‘J‘he cornelatxpns between ACE ~Q scores and mathematlcs
grades were s1gn1f1cantly more positive’ fqr students ‘with middle att1tude @
scores, and s1gmf.1.cantly fower £6r those with low. attitude scores. These

results could not be explalned by dlfferences among tFe groups #n variances of s
. T .

e1ther grades or ACE-Q scores. o o \

.

Although Cm.étantlello s results could bear replication,~they may be inter- \- T

preted as J,ndlcatmg that mathematlcal ‘@bility may be a less 1mportant detdr-
. miner of the ‘ac

vement o{ students having more extreme att1tudes toward mathe-

matlcs than of thos having more moderate attitudes. Related to these findings { .

, is Jackson s (1968) conclusiorn that'attitude sgores ip-the middle range of-

values hale J.1ttle lrela ion to achlevement. He ma )

the extremes*-h;.ghfy posiyi
/7 g .

. m;nt in any sa.gmfxcantn : 1s correct, then it 1s reasonable to .

. expect tﬁat 1n the midd . e~of/a‘ct1tude scores, as was found by Cristan- _—
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a dlctors ©r determ1ners of ach:.evement. i - e . .

e . .

. A '

: . In an intennaj}:égal Wy des1gned to compare the mathematlcs a\ﬁgevement
; r } X Y

-

of l3— and l7-year-old fpral’ seCOndax‘y) students in a dozen countrles .
" - (Husen 1967), extens1ve data > ern;.ng att1tudes, 1nterests, and certa1n o.ther D ey
R variables were also collected Thisee of “the five attltude scalés wuch werer .
. v LR E.N

adm1n1stered were descrlbed as measures of" attitudes toward mathematic#?asfa , i

process, attltudes about the dlfflcultles of learnmg mathematlcs, and atti-
tudes about the place of mathematlcs 1?& soc1ety One- of the findings conca‘nlng

e e

scores o? the f1rst scale--a measure”of tﬁe e nt to which mathemat:.cs is '

viewed as fixed, as’ opposed to developmg or c anglng—-was that in all countr1es

Ld 3

studz.ed the upper—level (older) studehts cons1dered mathematics as less changlng

7 than did the lower level (younger) studen‘ts. There was also a tendency for sgu- .

dents in countries’ in which the "New‘ Mathematiés" was taught to see mathematics

'.ag" more open ‘and changing. . - N

. { .. .

With respect to scores on the s,econd scale--a measure of the perc&&.ved T
vd1ff1culty of ‘léarning tpathematlcs——upper level stude.nts tended i‘ perceive

mathemat1<:s as more d1ff1cult and demanding. Interestlngly eriqug » Scores -on

. .

' e

9g Yiz. |




soc1ety--1nd1Eated that mathematics was v1ewed as’ less socially v1tal or - :

valuable by students with the longest exposure t¢ it and by students in

../ countries where English issspoken. . ! Ce ot

s/ ~ .

achlevement and mean scores across countries on th attitude scales; rather’ . =+ .3

[N

small correlatlons between‘achlevement and attitude within countrfeS'vmoderate
to j;gh correlatlons betwegn adhlevement and 1ntere t measures within countrles. -

In summarizing E&F results referred to above,: the aythor (Husen, 1967) ton- . .,

cluded "We may say, in general, that in those courtries where ach1evement is
L hlgh pupllS have a greater tendency to perceive math mat1cs as a fixed and _.‘ e
v, .‘ closed system, ,as difficult to learn and for an inte lectual fllte, and as T o
important to the future of human society" [p 457, - B o

t . . - . - ' JR—

Relatmonshlp of'AttltuGes to Personallty and Sodlal Factors

' - -

A B / : wle

Anx1ety and Attltude . ° ., - ,°-~ Lok . S .
- . . 1 e ' N St
As was noted above, an attatude is emotlonaI as well as’ cognstlve sa some N

“ )
relatlonshlp between”a measure of attltude and a measure of anx1ety toward-a- o -
Q .

C partftular school sub}ect‘should be expected In addltlon, anx1ety and att1-
tude may be either general or specific, perta;nlng tovonly one situatidn or -.
. eyent Or. to many. In thlS regard*/a umber of studies dur1ng the past decade ’5
have related scores‘gn Casteneda's Manlfest(Anx1etx Scale” (CMXS)——presumably a JA‘i.
v measure of ,debilitating anxiety--to’ pérformance in mathematlcs (e 8-, McGowan, .
i 1960 Reese, 19617 Typlcallx, thgse studies haye found,small but statlstgtcalLy;»;L "
s1gn1f1cant negatlve correlations between manlfesf’anx1ety and ach1evement, o

correlatlbns usually somewhat lower than those between att;thde and achlevement'~ A

£
fros
o)
w

: . &n a spec1f1c subject. Thus, Reese (19610 obtained a correlatlon of « -.35%: O
o~ 1 o e
between CMAS scores and the ar1thmet1c achlevement of fourth- and éikﬂ&grade —,

| SO . “y

M glrls, when IQ was partlalled out, , . .
5 - " . ,,,. A . - - , . i

General” and s AE@lelc attltudes. The relatxonshlp between att}tude teward .
Y fv%cademlqéggﬁk 1ﬁ’general and att&tude toward mathematiés in particular has also -

g0
‘been in tlgated although here fhere is an apparent 1ncons1stency in the find-

o

1pgs of 6/1nvestlgatlons. In a study ‘conducted 1n Sweden, Werdelin (1966) -«
admlnlstered a questionnalre concernxng att1tudes toward schoor vork. and mathe~
matics to, nlnth graders. A cldse relationship between att1tudes toward:school

e work in general and attltddes toward mathematlcs "was reported Th1s flndlng

< contrasts with that’ of Alken and Dreger (1961): % a test of 1ndependence between .

i et . ‘ b i K
: ‘ . | : ’ ) -
::”; :5)'4 :\x . : PO T . l:? . ” " . . .
CERIGE 7 LR S
2 -l PP LY . W = P
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. scores of college students” on the Math «Attlt@e Scale and th *scores -on four

. items des:.gned ,to measure att:.tudes toward school work 1n gener was not-

e oo

THE
s1gn1f1cé’nt. ’I‘here are Several possible explanat:.ons for the_d::fference -between.

) the f:.nd:.ngs of the twd 1nve$t1gatlons. age level, nat:.onal:.ty, and the meaa- o
* 5@ o

suring instruments were pot‘ equivalent” in the’?two samples. Nevertheless, iy 1s <
o °’ -]
possible to construct. an inventory to méasure anxiety, or attitude (Alken and . .

’ .
Dreger 1961) wh1ch 1s fairly"® specJ.fJ.c to mathematics. . ) * N e

. \ N a L
g Intellectlve Factors - - s, . o, T

- Although 1t has been obserwed ‘that" general ab:.l:.ty to learn is assbd"ia.ted .
. with liking for arlthmetlc (see Brown and Abeli, 1965), typ:.cally, have"f*ather ) 1

low measurss of anx:.ety and attJ.tudes toward school subjects, have rather low

correlations with measures of 1nte"lectual abll].ty (Alken 1963; Dre‘ger and o <
. Aiken, 1957; Lindgren et al., 1964). Dreger and Azken €1957) found for exéunpie,e
. that reported anx:.ety 1n the’ presence of mathematics had aéstata.st:.calw 1ns:.g=’ v °;-"
e n1f1cant correlatJ.on of - .25 with, ACE QuantJ.tatJ.ve scores and a correlatan- L ‘.,'
- of only -.08 with ACE ~Lp.nguist:.c scorese LJ.ndgren et al (1961&) foyund nea«zg-N; o,
'zero correlations, between Carey' s (1958) Mmeasure of prob‘lem—%olv ng att;wde L

e

and 1ntell;gence test score$ in a group of foUrth—Ne pumls in’ Brazil. For

' . ' a group of 160 cdllege women, A1¥en (1963) obtained an ms:.gn:.flcant cor(la-lL .*'.
tion betwe@lﬂath Atntude Scale scores and Scholast:.c Aptitude Tesf’ (SAT) Ver- 2
bal scages, -but attJ.tude scores were s:.gna.f:.cantly correlated wJ.th SAT Quant:.— S
) tative scores .(r ! w379. Lt : R 2, S T .
Moo - ) - ot

»

Two comments concerning these data, may ‘be ‘made. Ketually, one might ex‘pect

‘attitude toward a spec:.f:.c,subject to be §1gn1f,1cantly rel,ated ‘o a measure of | =
abllJ.ty in that sub]ect‘ This is _because measures of spec1f1c abJ.lJ.ty and L e

s “spéé‘%“ﬁ ach:.evement i}ya ‘given area are:clos ly-lsi“ated ,And achlgyement N

-y
Cd affects /attltude and, v1ce versa., In add&&}o e Nant correﬂ.at:.on ofiy * .

- *Q .37 between atti’fﬁdé and a llltTfor wthe‘ 60)\women students in the Azken o
T (1963) study is cons1stexit ﬁlth unpubl:./shed darafcbrlectéd by the er.ter demon- . v’

stratlng that attztude« scale’ score?aeé\e more hJ.ghly correlated WJ.ﬂ'L both ab,J.lJ.ty
A .
) " " and achievement measures in the,paﬁe of. females than ip ‘males-, The"'eader Wl}l’

also recall the restxlts of “af 1-nvest"gatlon summarized above (Aiken and Dreger, ot

SCHIY . <
11381) in wh:.ch at‘tltﬁde was ‘g, sg:gmf' nt predictor of mathemat:.cs ach:.evement 3 ¥
for females but not for males. The féctor of sex d1fferences in attJ.tudes to- D R
Spee
‘ward mathematics will be d1scussed 1n rqore detail below. . e A "
v . - . . .. . D L34
T " Social Factors o . . . /
. ———— ————_ ‘: A4 - . T -

.y One poss:.ble ‘)cla,l deter'm’:.ner of attitude Jtoward mathematJ.cs is,the atti-
9 - tudes of one's peers. Shap:.ro s (l%L};‘_fzndJ_ngs J.nd:.cate that peer attJ.tudea

ry | o 22 < R
ERIC =° o o T
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in elementary school may indeed be influential, especially in the case of girls.
The sqcial 1nfluences of parents and teachers will be treated in detaLl in later

e t ions, Qf this ,rev.lew. Otherwa.se, the effects of social factons on attitudes

toward mathematlcs_happear to be relame_]_y.‘wportant. uThe iiact ;tfafh?féamve "
math attitudes are not produced by .only one-* type of school system isy documented— —
by- MeDermott (1956) who found that -the backgrounds of students who 'were afrald
of mathematlcs ranged from dne-

" Alpert et al.-(1963) also referred to measures of -parental socioeconomic s}{atus

- ‘-as.being tncluded in their 1nvest1gatlon but apparently they Were noftq related »
Lindgren et \l. (196!4) reported

nomic status and Carey's (1958) ‘
measure of problem- solv.rng’ attltudes, and Huanan {1967) obtained negligihle £

cQrrelations between socloeconomlc status and mathematl

\ﬂn mathematiocs att1tudes- in Gny significant way<

an essen‘%lally zero cornelatlon between ‘socio

is attitudes ih a group '
of sixth graders. . < e ‘ )

o~
- . v ' . ! .

N - ‘e

. . ~A1thougb there is some evidence that higher mathematlcs achievement goes .

T *with & hlghef1 socloeconomlc envu:onment (Clevelahd 1861),. mathemat.l,cs test .
scrmes are, usually not as ﬁighly rela;ed as verbal test scoi'es to SOCiOeCOnOmlC

status {Karas, 1964)

L .

. Karas (1964) ma1nta:.ned that the hdme env:.ronment has a
greaterdeffect on performance. in more verbal sub]ects than in sub]ects such as.
mathematlcs that are more h1gh1y loaded with less famlllar symb*ohc mater1al

Consurerlng the pos1t1ve relationship bexween attitude and- ach1evement one nay

generalize from Karas' findings that socioetonomic status and perhaps other

" - home factors have lexs effect on at’tltude toward mathematics than en attitude

. toward more vérbal_ subJects. The writer is not aware of any research spec%l—

cally des:.gne*sk to test th1s hypotheS1s, but a_numbér of stud1es have been con= .
. ‘terned with she relatlonshlps of parental att1tude\s and encouragement tOv student
%

D
Lo b e e ~ w1y
[N .

N

- attitudes toward‘ma'themat;cs.. s e .

. ’
-

. X
O mParental Influences

X . . ~ - \
According~ to Poffenberger ‘and Norton (1959) parents affect the child's —

at(l*tude and performance in three ways: (a) by parental expectations of child's

~

achievement; (b) by parental en&uragement* (c) by parenys* own att1tudes. As

- evidence l‘or the1r hypothes1s that the cond1t10n1ng of chlldren S att1tudes

occurs )‘n the family, th%mte the resu’lts of a study of 390 U’nlversz.ty of
\Callfornla freshmen.’

L

The students fllled out a questlonnalre concerning J:ha.w

own attitudes and 4he attltudes ‘and expectatlons of their parents. The f'indlngs

- wege that the students' att:l.tudes toward mathematlcs were pos1t1vely related to' -

how they ‘rated their, fathers' attitu}e towaﬂd mathematlcs. ‘ The attitudes of,

: the students werk also related to the

. Ao

———

reports of the levelqof achievement in
@o > . rd ‘ . s :
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" mathematics which their fathers and mothers expected of them. Poffenberg

* Norton (1959)'suggested that attitudesyreported for mothers. were not sig /i-
» . ¥ rd - ‘
cantly relatéd to students' own attitudes because only a small number of stu-
dents 1ndlcated that their mothers llked mathematlcs L Zk.
. 1

A ')|ipl A

. Y :
- .In a further analysis of self report data, Poffenberger +(1959) found tha

a slgnlflcant tendency to perce1ve the1r fathers as d1s11k1ng mathema ics.
contrast, students who reported a close relationship with their fathers 4id, not

v .d1ffer from the total sample of students in their ratings of their £ thers /"

. attitudes toward mathy However, Poffenberger did not.1nterpret the e dat
offering support for the hypothesis that attitude’ toward mathemat1cs is

. - by the warmth of a child's relat1onsh1p witho his father——the mascullne i entl-'

The relatlonshlp between mascullne identification and attitude to ar mathe—
. mat1cs ylll be treated 1n more détail below, but several othen stud1es concerned

- . ylth parental att1tudes and expectatlons should be reviéwed ifrst

"Aiken and Dreger, (1961) found no s1gn1f1cant relatlonshlps between Math
Attytude Scale scores and student reports on the degree to which parents
emphaslzed and encouraged*s&hool work when the students wen ch11dren. It

. ‘Is noteworthy that althouéh none of\the correlations for male or female stu-
dents was slgnlglcantly greater than zero, the correlatlon for femalqs were
uniformly more pletlve than for mal:s. . . . Lo

~ l¢- The three s ud1es rev1e%ed abou: were copcerned w1th studgnt reportgﬁpf ‘

- the expectatlons and aftltudes of thelr parents. More d1rect 1nformataon on - -
the relationships!of student att1tudes to parental eXpectatlons and att1tudes
was obta1ned by Alpert et ai (1963). and Hlll (1987).\ Alpert et al. (1963)
developed a parent R interview and quest1onna1re to d termlne the extent to

which parental attiltudes and; alues are consistent' wit those of the School’ !

e Mathematics Study Group and @ffect the attitudes of the1r seventh-grade chil-
dren teward mathematlcs. _ These were the results' .(a) ;student attltu\§s~4%or

bqth boys and g1rls vere pos1t£vely correlated h tLe amount of mathemat1cs et
\oeducatlon desired by arents for their ch11dren,: (b) boxs attitudes were ‘

~ positlvely correlated with th%hémportance which the1r parents placed oﬁ\grades ) \

and with parental demands for higher grades whereas glrls attitudes toward

mathematlcs were negatively related to the 1mportance that the¢ir parents placed

- . R A ‘ * ’ ' ’ f’p‘ I .
: Q L . o
3Emc S 20

P i S . ‘ .o . R e v
W«ﬁw, w‘..\s(... . N . h . . . -~ P A




ATTITUDES

r

on mathematics; (c) student attitudes for both boys and girls were pos;tlyeib
corriéldted with parents' views of competltlon as necessary in the modern world |
and as g%od An interesting sex difference also occurred with respect to. these
parent varlables. Parents of boys who had positive mathematics attitudes tehded
to- view the .goal of a }uﬁ;or-hlgh mathematicsnppogram as "to a1d the intellec-
" tual development of the ch11d"°'parents of girls who had pos1t1ve mathemat1cs )
) atti*udes ‘tended to see the goal of a jtnior- high mathematlcs program as
"ability to deal compet1t1vely with practical every‘ay proBlems." Conversely,
the parents of boys with negat1ve mathehnatics' att1tudes saw the goal of a '
junior-high mathematzcs program as "ablllty to deal competltlvely w1th practi-
cal everyday "problems," whereas, the parents of g1rls w1th negative mathematics-

attitudes tended to view the goal as "to aid the 1ntellectual 9evelopment of
the child. W ' . o .

» ! . “ o .

s

Hill (1967) 1nterv1ewed the fathers and.mothers of 35 upper mlddie class
» boys and‘adm1n1stered a questlonnalre cgncerned w1th\att1tudes toward mafhe—«
matlcs o the1r sons, He found a greater s1m11ar1ty between the attltudes@%f
g mothers -and sons,than between the attithdes of! fathersﬁ%pd sons.-'The degree
of s1m11ar1ty 1n attltudes betweén mothers ana sons was related to maternal
- 3 warmth, Use of psychologlcal control techn1ques, and low paternal participation
in child rear1ng Parental attitudes and expectatlons for their sons were not
- 51gnif1cant1y related, but. sons did show greater accordance with the expecta-
4% - tions of their fathers than wlth those of their mothers. The variables of
father warmth ;;d degree(of participation in. ch11d rear1ng yere positively et
related to degree of sons' accordance with fafhers' expectat1ons. Also, fathers

hY

who had greater expeo\ations of masculine ‘behavior in their song_ard who viewed
mathematlcs as a~magguline subject had a higher level of aspiration in mathe-

~ matics for their'sons. Quite obviously, Hill's (1967) data <annot”be handled

’ adequately by the theory that positive attltudes toiard mathematics are due to

masculine 1dent1f1catlon. But,we need to 1ook a 11ttle further into the data

oy, i
'”ﬁw%? dlfi%&ig:%f¥and masculinity vs, femininity ofdlnterest before,dranng

conglusions dbout the’ adequaéxgﬁiiﬁgljﬁii1dent1f1catlon h pothesls. ey yj
..‘ . ’ AAA_M)-} )y * )(fz'w,v
Sex Differences . . ;— ; ,""k.

R A

' - _( #"w%bsr’!,
No one would deny that sex Gan be an 1mportant moderator va iable in ‘the

I x
—_— - ,,-..

«pred1ct1on of ach1evement from measures of att1tudes ‘and anxlety. The—resulx&,,,

of several of the’ 1nvest1gat10ns a"scussed so/far (e, - A1ken and Dreger, 19613
Reese 1961) have suggested thaahmeasures of attitudes and anx1ety may be befter
pred1ctors of the achievement of females than of males. Traditionaliy, mathe~

‘matics has been v1ewed as more of a man's’ interest or occupat;on and-,




toward mathematlcs Norms on the mathematlcs sections of ests llke the
leferentlal Aptit&de Tests and the Scholastlc Aptl Tests do indicate ’
hlgher mean scores for males than for females at the hlgh sch ol level, a sex

dlfference which has been lnterpreted as belng produced by gr ater cultural

found no dlfference between the performan e of boys and glrls or & supcrlorltx

on the part of '‘girls, depending on the test and the grade leyel’(sﬁapiro, 1961,

Strlg&t‘s flndlng (1960) that elementary school girls- llked arlthmetlc better
_than the béys, and Dutton s (1968) finding that girls.-and boys who had studled
- "Tiew gath" were about equal in their llklng for arlthmetlc'\-On the other hand
PR | ln studies.at the corlege level (Alken and Dreger, 1961; Dreger and Alken,
. . 1957), the rev1ewer hag cons1stently found a s1gn1f1cantly moré positive mean .
' . attitude toward math@matics in males 2 Assuming equlvalent samples, the differ-
ence betwéﬁn the results at the lower grade levels ‘and at the college 19vel may

F mathematical endeavors, beglnnlng at the secondary school level. In addltlon,

any explanatlon of the dlscrepancy in results must take into account lnterr
,——;z?<:\\*ij::ons between the sex varlable and ,ageuracy of attitude measures in the
- ier school grades,,des re’to please the teacher, and-rate of academic

.'\-
T -;w ¢ e -
- unatloﬂ ln general. . R < . - . .
LT i) - ] . . .

€

\ v/ Maseé&inltykfemlnlnlty of Interest

i .

A na; unccmmon f;ndjng conQernlng the lnterest patterns Qf those who llke

14

.

i peni

and dlSllKe mathematlcs lS that reported by McDermott (1956% in a case- study
- . comparlson of 34 college students who feared math with seven students\who

wenk* proficient _In the sub]eqt McDeertt found that those who had developed

a fear of mathematids preferréd ;ngllsh, social studles and the arts, but

i

- . + 4 *

’ Ig!gg assgsaz&n tﬁe attitudes towapd mathematlcs of 264 Falrlelgh
. Dickinson Universi dents, Roberts (1969) reported no, sigrfificant sex  *
;;§ . differences in attitudes but engineering students held more positive attln- .
A tudes than studenti 1n termlnal mathematlcsrgpograms, e L £ }

’ L = r.J.}&‘ %, ®whE - o .

- ~ . , »
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disliked the definiteness of mathematics."The students who were proficiept in
. ¥ mathematics were critical of the vagueness of the human1t1es and were not
1nterested in, maJorlng in the area. A Hypothes1s related to McDermott's find- 0

ings &nd referred to in Felerabend's earlier review (18%00 is ‘that jnterest agd

ablllty in mathematics are a consequence of mascullne 1dent1f1catlon What

research tests of this h9pothes1s haue there been since 19607

b .
~ . .

- As-a ‘test of the above hypothes1s; Lambert (1960) admlnlstered the ACE an
- *girlthmetlc skills test “and the’ MMPI to 1372 U C.L.A. undergraduates. Group

‘ - cons1sted of 80 students in advanced mathematics or. physics courses ,» and

- .

Group II was composed of 1292 senlor edﬁpatlon students Contrary to the
mascullne -identification hypothesis of Plank and Plank (1954) Lambert found no e
) correlatlon between mathemat1cal prof1c1ency and MMPI Masculinity- Fem1n1n1ty
- (Hf) scores 1n e1ther sex 1n any of the groups. In addltlon, the mean Mf score -
of th% 10 female mathemat1cs majors was 51gn1f1cantly more- feminine than that
of the 744 female educatlon majors. F1nally, there was no s1gn1f1cant d1ffer—
*»  ence between the mean scores of the male mathematics majors andfthe male educa- ) .
tiop majors on the Mf scale,of the MMPI. As a comment on ‘this 1hvest1gatlon, /
~ the comparatively small’number of 'female mgthematlcs majors casts some qiybt on *
the generallzablllty of the results.‘ In addition, the factor of general
1ntelllgence was not controllgd and may have affected the results.‘ For example, .
thé selected group of mathematics majors may have been. more 1ntelllgent dnd, N
therefore, perhaps more 1nterested in cultural (1'e., "fem1n1ne") pursuits than
myplcal persons with pos1t1ve att1tudes toward mathematics., Also, it’is uncer
tain how representative the grqup of educatlon majors was-of ,the general collegg N
population; a comparlson group randoml& selected from all major f1elds should
b  -hdve’been chosen. Finally; the MMPI Mf scale is not necessarlly the best meas-
"¢ ure of masculinity-femiAinity of 1nterests. In any &vent a study ilke Lam-
‘ bert's (1960) is falrly .easy to carry out, anznlt should, be replicated and |

extended, in light of the criticisms made above, at other schools and colleges.

I..,- -1 - \‘ h 7\1~-’ Sy

T -
‘In another test of the masculine- 1dept1f1catlon hypothes1s at The college N
level, Qarlsmlth (1964) obta1ned student reports of the length of time that

N

! their fathers had been absent' from homé when the students wepe children. These-

. t1me ‘reports were compared to the students' s®res on the Verbal and Mathematlcs L

sectlons of the Scholastic Apt1tude Tesm ) and to the d1ffer§Ece hetween
SAT-Verbal and SAT-Mathematlcal scores.. The results’were that, for both boys \ »

and girls, _the longer the- father wzs absent from the chlld during early) child-

hood, the lower was the latter s math score relat1ve .to his verbal score. An

additional finding was that if Ihe;father was absent for a short period of time

2 -
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durlng a boy' s adolescence, the 'boy mathemat1cs score was hlghex\ than 1n v

FEN s e e zin 2 S

caSes where the £ather was not absent at thJ.s time.

—_—

. results Carlsmlth d1sm1ssed theghypothes:Ls that separatlon from the father pro-

As a explanatlon of these

RN
*duces anxiety and anx:Lety affects mathematics §cores more. than verbal scores,. o

)

He maintained that' the mascullne'conceptual approach, which is necessary to

achieve in mathematlcs, is acqulred through close and harmon:Lous assoc1atlon

with the ather. Certalnly Carlsmlth s 1nvest1gatlon, llke that of Lambert

(1960), bears repllcatmg, because there is an appare dy/sagreement between

- the results of the two studles. Agaln however, oné’ TSt be cautlous about the .

'method used to measure masculine 1dent1flcatlon. JAs a way qf 1i nkmg\ the
results of the Carlsmith and Lambert étudles, it may be ojnlnterest to deter—
mine the relationship between father absence during early ;hlldhood and scores

on a mascullnlty—femln:l,nlty 1nterest’ measure such _as the MMPI -Mf scale..3

¥ e
The purpose ,of a study by Elton and Rose (1987) was to test the hypothesis
that g:Lrls avoig mathemat:Lcs Because they v1ew 1:; as a masculme act1v1ty It
. was predicted that glrls who had h1gh scores on the Engllsh sectlon but only .
average scores on the Math section of the American College Test (ACT) would

show more femlnlpe :mterests on the Omnlbus Personallt%q Igventory (QPI) .In

- contrast, girls ’w1th avergge scores on the ACT’Enghsh;.seft/:Lon and high scores
R
on' the ACT Math~sect10n’¢should mamfest more mascullne i"s"sté?*ests" on the OPI.

[

The scores on the ACT .and OPI of females in the 196‘2\1965 Iasses at the ) u,"
Un1vers1ty of‘l(entucky were analyzed . Students' scores were classlfled as low,\: ;é,

" ‘aﬁverage, ,and- high on the ACT mathematlcs and English %:est":}s'i«,‘g and_ the data on j::

- studefrts show;ng seven of the nine p’osslble comblnat'lons (e g.3 hlgh in Engllsh -‘;} :
and low in mathemancs"%% low “in English and average. J.nfmathemat:.c kfere re/‘ ,i}“-

. lated by multlple dlscrlm:mant_’ analys:Ls to the ffftor(scoms o"fh%, ./QPT . ¢ i
scales.' The regults 1nd1eated that g1rls 1n ’g_hg high English- averago‘eh%at Exs ' ,;.:%_.f.)

" matics group were more 1nterested 1n cultura.l and artistic (i.e., more femJ.n ‘ie‘}»' “xl:s‘!'

matters ,.wheﬁgﬁgﬁ g1rls in the average Engllsh-—hlgh mathemaucs group had mor kS ::‘;7.?

N theoretlcal and’ fewer esthet1c (i.e., more mascul;.ne) :mtereSts. 'I'he dlffer— P

4

'+ ehde between mascullnlty femlns.ty of, J.nterest was ‘also in the predlcted direc=
“tion for the low ’Englrsh avergge mathematics and average English low mathematlcs

LS e L
groups, the former group ‘showX g mre mascull/ue/ 1nterests on the 0PI than the

H . . v < /l""
‘ v . m 2i e

3Another interesting hypothesis of Carlsm:Lth (1964) is that aptltude %or’

N

mathematics’ is falrly well established by the ‘fourth grade and higg.g

to.change dur:Lng subsequent years.

But mathematlcs aptitude is ce

resist ant
inly not .

a unitary fagtor, and the different méthematlcal abilities presumably mature at
different rates and are d1fferent1ally affected by experietfice. A thorough longl-—
tudlnal study is needed to tracé the ‘gegwth of various mag:hemat;.cal abilities
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from preschool .onward, assuming that appropriate tests of such abllltle’s can be




L mathematics—ability than verbal-ability scores.
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latter group. Thus, as in' the Carlsmith (1964) study, masculine 1dent1f1cat1om,.
¢ or masculine role was a predictor of large d1fferences Jbetween verbal and
mathematlcs scores on a’'college entrance test. The findings of Elton and Rose
(1967) however are perhaps ere easily accepted and 1nterpreted than those
of Carlsmithj because"thegggg_not requlre that we reach ‘back t an event in a
person's early chlldhood as an explanation of .the dlfference between his werbal
. and mathematlcs scores,on a college admissipns tes®, Many of the items on the

'OPI concern interests in reading, sc1ence, and other verbal-reIated and mathe—

related (v1z., "cultural") interests, as measured by the OPI, should ,also have
higher verbal -ability than mathemat1cs-ab111ty scores, whereas g1rls with more ‘
-mathematics-related (viz., sc1ent1f1c, theoretical) 1nterests should have higher
It is not necessary to argue
whether the sc1ent1f1c theoretical (mascullne) interest ortthe mathematlcs
ablllty came f1rst or whether the cultural (fem1n1ne) 1nterest or the verbal
ablllty came f1rst. The two factors—-lnterest and ablllty--form a mutually
relnforclng system. There are obviously many other factors that enter into the -
equation, but in general people tend to like those th1ngs which they do well;,
and, perhaps to a more 11m1ted extent, they tend to do well in those th1ngs

M

/they lJ.ke A . . ,\ .

Sex role 1. Ts only one of the personallty variables which are related to
att%ﬁhde toward and performance in mathematlas. Obv1ously, there are many
.sources of within-sex differences in’ att1tudes. These d1fference3 in att1tudes¥

‘are’ certa1nly related to differences in’ability, but. they may also be related
. 'to ‘other personality variables. L In add1t1on, it may be of 1nterest to review
some of ﬁhe 1nvest1gat1ons concerned with the relatlonshlps between achievement
‘1n mafhematlcs and personality variables other than sex role since the results
may shed' some llght on the dynamics of attltudes toward mathematics. o

’

Other Personality Variables - . ' c

Correlatlons with attitudes. 1In an 1n1t1al.study employlng the Math Atti-

tude Scale Aiken and .Dreger (1961) found llttle relationship between mathe- .
matics and scores on the seven scales of the Mlnnesota.Counsellng Inventory '
(MCI). The MCI Leadership scale had the h1ghest qorrelatldn.wlth Math Attitude
scores for the 60 gollege men (r = - 21),, and there 'was a low but signifi-
cant positive relat1onsh1p betweeﬂ;the Math Attltude Scale scores and the MCI
Adjustment to Reallty scale scores of 87 college women. More evidence of the
. ' relatloﬂShlps of mathematics att:tudes to a broad constellatlon of personality,

variables was obtalned by Alken (1963)'

. 'matlcs-related ursa&ts. And it is not surprls;pg thg;ﬁgirls'wlth more verbal- '

For 160 college women, scores on the.
\
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. mathemat1cs attitudes and mathematlcs ach1evement 1nd1cate that 1nd1v1duals

Jtotal of L1¢) scales on/}

‘CPI Domlnance CPI Se

.d1v1ded the, group Antg three IQ ranges. 75-89, 90-110, and lll=l25 Although

sonal-soclal adjustment attltudes and ach1evement not only 1nteraét with each K
other, but they are the effects of other home, s¢hool, and communlty variables.
\ ot e
Recent reseanch on the home variables -has already been examlned‘ SO we .now turn
to the school and especlally to the teachers of ar1thmet1c and mathematlcs.
' : LN . ( {);---
R . ¥ [
¥ o N 1‘11\ ot " L S
L‘t\‘:é, ‘1 ¥ e )
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Revised Math Attltude Sci%

logical Ithventory (CPI)

v

and the Allport-Verno A ‘ . When scores on the SAT-'
Mathematlcal test we e’ arllalled out, s1x of the 15 ,correlatlons.were st111

1

stat1st1cally s1gni é

~

' fhe oorrelatlons between'mathematlcs attltudes and
rol, CPI Achievement via Conformance, &PI InteIlec-

tual Efflclency, 16 |PF ntegratlon, and sv 'I'heoret1ca1 Scale., .Alken (1963:)

1nterpreted these re ul S as demdnstratlng that high scorers on the Revlsed . N
-

ot

Math Attltude Scale, with mathemat1cal ablllty controlled tend to be more ' /

ally mature, more self-controlled, and to.have morg
Ll .

soc1ally and 1ntellect

theoretical interests than low scorers on thefscale.

1)

- 'v ‘ ’
Correlations wit achievement Feierabend (1960, PP. 21-23) devoted three

pages of her review t research relat1ng personallty var1ables to ach1evement .,

in mathematics. Sinc achlevement and attltude are related, 1t may be worth- e

while to summarlhe brjefly the results of two studles on the top1c wh1ch have 3

been completed since ]960." In a study of sixth-grade puplls, Cleveland (l?SI)

scores on the Callfor ia Test of Personality (CTP) did not s1gn1f1cantly dis-
criminate’ between low chievers and high ach1evers in mathemat1csoamong ch11~
dren in the 75- 89 and 111- 125 IQ ranges, there were several 31gn1f1cant
d1fferences\1n personallty test scores berween low and high achievers in the\ )
90-110 IQ. gg@ge\ Migh ach1evers in the 90-110 IQ range'had smgnlflcantly *
hlgher scores tha low achievers on CTP’Sense of Personal Worth, Sense of Per-
ﬁonal Freedom, an Communlry Relftlons The investigators 1nterpreted the lack %.
of s;gnlflcant dlf erences 1n personallty between low and h1gh ach1evers in the
75-89 and lll 129 IQ ranges as being due to the greatep 1nfluence of 1n~a
tellective factors in these ranges. ' U N ; N RO

{ . N . ’

Collect1vel 5, the f1ndlngs of studles relat1ng personallty varlable

'
\

with more positive att1tudes and higher ach1evement tend to have better personal
and “social ad}ustment ‘than those with negative attitudes and low aphlevement
These results must be kept in perspectlve however. "The correlatlons are rela-

tively low, andigt is a truism that correlatlon does not 1mply causation. Per—

i
I
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’1nstructuonal materlals (?Pre- and posttests of educational and mathematlcal

‘Interactions Between Teacher Attitudes and' Student Attitudes S

4
algebra; (b) teacher's attitude toward algebranand students' attitudes;

progress,” apt1tude, and att1tude were adm1n1stered with ‘the’result that tea-

l

.. v " .~ ATTITUDE® |

.

Teacher Characteristics,tAttitudes\ and Behavior
1T

. .
D \'\‘ «
It 1;'!atﬁ"r generally held that teache att1tude and effectlveness 1n a

e TN
v? -

partlcular sub]ect are important determiners| of student attltudes and per-

formance in that subject. As an example 'of esearch bearing on this supposi-
‘tion, Torrance et al. (1966) studied: 127 s;xth through twelfth-grade mathes
matics téachers who partlclpated in an experlmental program to évaluate SMSG }

cher effectlveness had a gos;tlve ‘effect on student attitudes toward teachers,
methods,,and overall scthl c11mate. ' ' , . -

It is also true of course that students who do not do well in a suh;ect
may develop negative attitudes toward that subject and blame their teachers ‘

for their failures, even when the teachers have been consciéntious, Thus, ix ) !
is possible to 1nterpret the flnd1ngs—e§~&tken—and—ﬂreger (1961) as being due e !

as ‘much to "sour grapes" on the part of the students as to objective character- . l,‘

istics of the1r-mathemat1cs ‘teachers. A result of thls investigation was' that
college men who disliked mathematlcs as contrasted with those who liked mathe~
matics, stated that their previous mathematlcs teachers had heen more 1mpat1ent
and hostlle. College women, who disliked mathematics, in contrast(to those who
liked mathematlcs, tended to view thear prev1ous mathematics teachers as. more
1mpat1ent, not caring, grim, brutal dull severely lacking in knowledge of the '
subJect, and not knowing anyth1Qg about how to teach mathematics. In many of

“the correlational studies to be rev1ewea below, there will be a similar’ probl

of deciding which vardiable is cause and wh1ch effect, or, as was discussed

above, whether the two variabies form a mutually relnforclng system. In spite

of the "difficulty of maklng cleari;nterpretatlons, the results of these inVvegti-

gations may stimulate _more controlled research on the topic.

.

' -4

Garner (1963) admlnlstqred an .inventory of attitudes toward algebra to » N
4s f1rst-year algebra t?achers and their §73° Ang&o—Amerlcan and” 280 Latin-.'
Amerlcan pupils in a Texas school system at the beg1nn1ng and end of the school
year..~Stand1ngs in beginning attltudes, in judgments concerning the practical
value of algebxra, and tn algebra achievement were 31gn1f1cantly higher .in Anglo- -

American than .in Latln—Amerlcan puplls. . Significant relatlons were found J

between: (a) teacher's background in mathematlcs and s%udent achlevement in -\

-

(e) teacher' s "and students' ]udgments goncernlng the- gractlcal value of [
algebra, (d) teacher's attitude and changes 1n att1tudes toward algebra in the /[
Latln-Amerlcan students.

. . . i -
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Peskln (1964) studied the relatlonshlp of teacher att1tude and under-
standlng of seventh-grade mathemat1cs to the attltudes and understand;pg of /
students in nine New York City junior high schools. Correlatlons were computed
between the scores of‘teachers and students on six tests of aEtitude toward-and

- understanding of'arlthme¢ic and geometry. The corpelations between teachers'
and\studentsf understanding of algebra and geometry were"significantly posi-
tive, as Wery the correlations between teachers' understanding scores and.stu-
dents'.attit des. The relationships of teacher understanding and attitude®to
student achliévepent and attitude were comglex. For students having very high
or very low levels of achievement, the correlations between teacher under-

h standing and student\achievement were significantly gositive in the cases of

-both arithmetic and geometry " On the other hand, the correldtion between
. teacher understandlng ‘and student att;tude has s1gn1f1cantly negat1ve for the °
very high level group in geometry. There was also an interaction between tea-

- cher attitude and understanding, in that teachers with a "middle" attitude and

a "high" understanding had students with the hest scores in geométry, but tea-

chers with,"high" understanding and 'low" aftitudes had st ents with the
310 and geometry . .o
¢ 5
Cross- iagged panel correlation. These results pose aghkin the "chicken: -

poorest ach1evé§ént in arithme

egg" or cause—effect questlon referred to above. In short, do teacher atti-
tudes and achlevements affect student att1tudes and achievements or vice versa?
Simple coprelatdon analys1s cannot ansie th1s questlon but_ there :E a corre-
lational procedpre whlch may g1ve some information on wh1ch source-the pupil
» or the teacher——has the greater effect on the other s att1tude and achlevement.
Ca:EEell and Stanley (1963, pp. ‘iﬁ—?O)‘haVe d1scussed such a design 1nvolv1ng
time "as a third varlable which they refer to as "cross- lagged panel correla-
' tion." As anm. 1llustratlon of the apprqach, suppose that an attitude scale 1s
. administered to a group of teachers and their students at t1me 1 (pretest)
and readministered at t1me 2 (posttest). Then the correlatlon between tea- 4
.chers' att1tudes at time 1 and the means of the att1tude scores of their

students ét*tlme 2 (r »! 1s computed as well as the correlatlon between

12
teachers' att1tudes at time, 2 and the means of the attltude scores df’thelr

L

=12

students, at t1me 1 (r ) Then if r.," is siggificantly more p051t1ve than
" this is ev1dence that teaghers' initial attitudes had a greater effect

I
* on final (mean) student attitudes than initial (mean) student attitudes had on

final teacher attitudes. ;On the other hand, if r2 is significantly more

.

pos1t1ve than r this is evidence that initial {mean) student att1tudes had

~12? " \
' a greater effect on final teachep attitudes than 1nrt1al teacher att1tudes d1d
?;.- ~ . v - . - )
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A - « ;4. 2!4‘ ‘ . .
“ERIC ¢ 82
“lz\y ‘ ) . ' s .
| : : ' : -7 3

s

4



\ — - T \ . S

. " . ATTITUDES -

- . .

W

LA

-

an

on final (mean) student attitudes. A similar approach can, be used t6 study the

F'y effeets of teacher att&tudes or achlevement on student achlevement, or:vice

versa. The data collected by Garner (1963), where teachers' and students'

attltudes and achlevement were measured.before end after some treatment time ";‘A;

. 1nterval, lend themselves-to this sort>of analys1s. e ‘~" :‘ . —
; ) Other data conpéﬁﬁ%ng the’Telatlonshlps between teacher-characteristlcs - %%i:
‘ and student attitudds were reported by Alpert et al. (1963) They found that ,"’“

J
. boys attitudes toward mathem@ﬁlcs are more positive when the teacher is more‘
. 3 Sl
2 theoretlcally-orlented and 1nvolved regardless of the teacher S sex, However, 4
- - there was an interaction between teachér-pupil gender in terms of the effects .

on student ‘attitudes of mdre subjective, 1nterpersonal factors -such as psycho-

I4

. soclal_concern. These 1nterpersonal varlables were found .to have a greater

effect on pugll attitudes when' pupll and teacher were of,the same sex. .
- %

Téacher motivation cues. A more\tecent investigatibn of the effects .of

> perceived teacher behavior on level ofistudent achievement also found some -«

. By

1mportant sex differences. White arid Aaron (1967) classified 185 hlgh-school

-

junior and senior students as achlevers, underachlevers, and overachlevers qu‘
4

the dlfgerences in their' percentile ranks ony the Scholasti¢ Aptitude Test~

Mathemat1cal and an objective mathematlcs achievement test administered at<mid:

semester. The students also took the Alpert- Haber Achlevement Anx1ety Test and o3

an oplnlonnalre de81gned to assess students' perceptlons of the classroom

v

characterlstlcs of their teachers. Thls procedure was an extens1on of the

; McKeachie' technique for obtaining measures of four typgs of mot1vat1ng‘cues
‘ used by the teacher in the classroom--cues for achlevement aff111atlon, order-
- llness, and test and feedback. The data for the six student groups (male and e
-female underachievers, achievers, and overachleveps3 were analyzed by multiple- - ==
. . discriminant anaiys;s of.the four measures of teag%er-motlvatlng cues and twoﬂ“ ' ;
T  student anxiety varlables. The results sHow that, in general, girls were more ° t

sens1t1ve than boys to the motave arousrng cues of their teac ers, and, girls’

were alse significantly hlgher oh deb111tat1ng anxiety. Girls- in all three

< l‘ achievement 1evel groups perceived a‘lowér number-of teacher-achlevementpcues ' 1”
“than s, and there were no s1gn1f1cant d1fferences among the three groups of '
glrls’on thls‘varlable. Whlte ang Aaron suggested that teacher- achIevement N
cues were‘less effective with girls because the'glpls\may already have been at ;-

© " an optlmum level of achievement motlvatmon. " Other findings were that hlgh- ° :

ech1ev1ng students seemed to be more gerceptlve of teacher cues emphas1zlng ",
grades and "success 1n mathematlcs, but underachievers pepcelved their teachers
. a@ less highly achlevement-motlvated . Undebachieving girls tended to perceive

more affiliative, ‘friendly, warm cues and fewer achievement cues from the

. 2.

’
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teachers. ;Finally, girls in general tended to be more respomsive to controlled,

-

LT St
cohforming behavior on the part of the teacher and to react more to extrinsic
L]

rewards and punishments from the teacher o, ) T2

* Reasons for Liking or Disliking Arithmetic Among Teachers and Prospectlve

. Teachers N

s
\ ASSumlng that teacher attitudes can be communlcated to students and’ can .
affect the attltudes and performance of the latter, it may be of 1nterest to v,

detenmlne wha% percentage of elementary school teachers like“or dislike arith-

metic and what their reasons are. \ . ¥ | '

v - ¢ : )

Stright (1960) concluded that a large percentaée of.elementary teachers
really'enjoy teaching arithmetic and try to make it lnteresting. _ But the
teacher's age, education, and experdience apparently had little effect on her

- attitudé toward teaching arithmetic. It is a reasonahle observation, however,

that the attitudes of elementary teachers toward mathematics are typically less
B . .
positive than those of secondary school mathematics teachers (see Wilson et

al., 1968, No. -9). -
- A L b} 4 Ps .
Following a research program initiated some years ago by Dutton €1951), a \g

N\

number of studies during ‘the past ten years have beén concerned with the atti- .
tudes of prospective elementary teachers toward arithmetie. In a survey at

ulc. L A., Dutton (1962) found that 38% of 127 elementary educatlon majors -+
had unfavorablé attit
(1968) reported th

toward arithmetit. More recently, Reys and Delon «

only about 60%,of the 385 .University of Missouri edu-

s

? .
cation majors Wl they surveyed had favorable attitudes toward arithmetfc. In

Dutton's study £1962), those who disliked arithmetic gave reasons such as:

- word sproblems;/boring work; long problems; dull; lack of understanding. Those

w1th faVorab attitudes pointed to aspects of arithmetic such as: useful, ..

practlcal pp11catlons, def1n1te, precision, of concepts;_ fun just worklng with

qpmbers One shortcom1ng of Dutton’s study"® (1962) is that he attempted to 0

draw conclus1ons about changes in attitudes’ Sver the. years since an earlier
¢

survey was conducted by using non—equlvalent samples .If one flnds that a
current'sample of. prospect1ve teachers fllls out an att1tude 1nventory d1ffer-

, ently from an. earlier sample, it could mean that attitudes have changed in the”

. )} . intervening years.® An equally llkely explanatlon however, is that the differ-

ences are caused by samp11ng ‘eYTrors .~
{

Ind Study qujfte 51m11ar ‘to Dutton’s (1962) and suffering from some of the ~ =~ "
et ' 4
.same limitatifns, §m1th (l?Gu) compared the attitudes of 123 prospective - |

teachers in the early 1960's withgthose reported by Dutton for anpther group‘

ten years before. .Among the reasons that Sméth's (1964) subjects gave for
* * 1.
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- disliking arithmetic were: lack of unders:andrhg, wrltten problems, poor

- - teachrng, “failure; lack of teacher-enthus1asm too much long work aﬁramd of 1t. N
. ) .
l_ . In andther survey of prospect1ve elementary school teachers' reasons for =

- 11k1ng or disliking arithmetic (White, 1963), the. most frequeént reasons given

= o for- dlSllklng the subject were: working word problems Spélelc skills such as ‘ g

L d1v1s1on, fract1ons, square roots, and per cents, the manner in which arithmetic ‘.* 4&
P was taught in elementary school. Prospective teachers indicating more favorable e
] foi 'reactlons to ar1thmet1c, who were in the majoﬂlty, gave the followlng~reasons .

ead for liking "the subject: its challenge, its practical- appllcatlon,,lts exact- N

-~ ~ Dessj apprec1at1on of specific skills; solving problems.

. The reasons glven in these three stud1es (Du;ton 1962 Smith, 1964 and
L thte, 1963) for d1sllk1ngtar1thmet1c are quite similar. Some are st1mulus
T variables--word problems, routine, borlng work , 1nadequate teachers, and some
aré organismic or response varlables—-fallure to understand and fear. A good
estimate is that'these represent the reactidns of approxlmately one-third of
prospectlve elementary school teachers, and perhaps of college students in

.

L wass © general (Dreger and Aiken, 1957). .

ety ’
- .

v o Relationships of Prospective zeachers' Attitudes tg_Their Training

; Several 1nvest1gat1ons have dealt with the relationship’ between the attl—‘ l d
tudes and’ achlevements of prospectlve teathers in teacher- tralnlng courses.
- > Unfortunately, the majority of these 1nvest1gat;ons have employed experlmental
ol de31gns that were 1nadequate for answerlng the questlons that the 1nvest1gators "
« = posed. Thé most popular des1gns——the one-group, pretest-po;ttest des1gn and ’
="~ 7 the-static, two groups compar1son-—suffer from someyhat dlfferent but equally
- “tell1ng, fallures of control (see Campbell and Stanley, 1963). Therefore -the
_results of trese 1nvest1gatlons should be viewed as heuristic but not cdi;lclu—l .

]
e '\ SJ.Ve' ’ . . “

.

L S -

- An ‘example of a pretest;posttest study having' no control group is that of |
'~ " Reys and Delon (1968), in which the Dutton Att1tude Scale was adm1n1§tered to ;

386 Un1vers1ty of Missouri students before and after they took one of three .

courses in mathematics educatlpn.,<The researchers found A s1gn1f1cant decrease . * 4

from pre- to posttest in the- percentage of students agreelng with the following

statements on the att1tude scale: :“I avo;d»ar}thmetlc because s am.notmveny W

Iy
e g&od with figiires," and 053 am afra1d of doing word problems."" An incredfe was

observed 1n the Percentage of students agreeing with the statements.' "Arith-

ERY

. B .

‘e metic is very interesting," and "I 1like arithmetic becausé it is practical." -
PR %

. . ) ¢ . . . . .
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Dutton (1965) used a one- group des1gn to askess changes 1n both attitudes,
@and achievement resulting from 1nterven1ng instruction. The subjects were 160

prospectlve elementary school teachers who were adm1n1stered an arithmetic

comprehension test and an attltude scale as pretests and posttests. Qlthough o
me3an posttest score was slgnlfloantly higher than mean pretest #core on the .
arithmetic comﬁrehens1on«test the rxse 1n mean attitude scale scormgwas 1n31g-

nificant. Dutton noted that 25% of the prospectlve teachers maintained their

tunfavorable attitudes toward arlthmetlc in splte of the instructions.
< . ©

»

A s1mllar deslgn was employed by Purcell (1964), who was concerned W1th

the relationships of att1tude change to increased undenstanding of arithmetlc

f .
concepts and to grades in an elementary arithmetic methods course. Although g

" . pretest scores in understanding cqncepts wene positi6e1§ correlated with atti-i

tudes and with grades in'the“arithmetlc methods course, there were also a num-

ber of negative findings. Pretest att1tude scores were not s1gn1f1cantly !

reiated to grades in the methods Course, change in understanding of copcepts

was not significantly related to ¢ attitude or course- grade, and change .

- in attitude, was not related to course grade. However there weré s1gn1f1cant

[

v

- T

Q

kS

improvements in understandlng of concepts and in attitudes toward ar1thmet1c..

In still another study along the same lings, Gee (1966) gave pre- apd
posttests of basic mathematics understanding and atty%udes toward mathemat1cs
to 186 prospectlve elementary school\ieachers in a requ1red mathematlcs codn-
tent course’at Brlgham Young Unlverslty The followlng results were reported:
(a) a s1gn1f1cant 1mprovement “in attitudes toward mathematlcs and a gainvin
basic understanding of mathematics hy the students wh%le_they»were enrolled in

the course; (b) a significant correlation bettween pretest attit@de and fihal

\

grades; (c) non-significant correlations betweer pretest attitude and change

s . . s Leps | . L«
in understandlng of mathematics; (d) a non-significant cofrelatlon between _ e

changes in attitudes and changes in understanding,of mathematics.” T

— . x

’ . ¥
Attitudes anthraidISg in Experienced Teachers ’ ‘

: - Y

In order to assess the relationship of amount of teachersJ tra1n1ng,and
p

experience to their attitudes and understandlng in arlthmetlc, Brown (1961)
x5

compared measures of attitudes and achievement in experlenced and 1nexper1enced

S e

teachers. His fxndlngS‘Were that the experlgnced,teachevs Jhad more posltlve
attitudés toward arithmetic and a better understanding of ba 1c<ar1thmet1c con-

cepts, but no s1gn1f1cant.relat10nship was observed between t e number of years

of teaching experlence and either attltude or understand1ng N

v

Todd's ¢1966) purpose was to evaluate the effects’ of a course, "Mathe— -

matics for Teachers," which was.taught in various locatlons throughout the
» . et < . ° . '
28 . . .
¢ ' - N
SRS SR 1 T o

o~

¥




§ , R : « ATTITUDES

- . -

~~ state of Vlrginia in 1964, on att1tude toward ar1thmet1c and change in under-
t . standlng of mathematlcs. He concluded that the course produced s1gn1f1cant
changes i?’attltudes toward.arithmetic ang in ar1thmet1c understanding for the

* ...  teachers who complefed the course.

~ . vt -

. Cy e ; ]
: A Note on Gain Scores . ) ' . -

‘

v %ﬁ>ﬂéy be well"to insert a note on galné;or change scores at this point. - ,2!
Slnce s1mple posttest:ﬁunus pretest dlfference scores are correlated with pre-
' i\ test scores, initial level of ability, acﬁlevement or att1tude is not con-

trollea when simple gain scores are used. One procedure for ellmlnatlng the

e

_-' ,correlatxon of galns with initial scores is to compute as a measure & of galns,
&the residual dev1étlons of 1nd1v1duals attual posttest scores from the1r pre-
d1cted.posttes; scores. The' latter are estimated from the regression equatlon
£3» pred1ct1ng posttest scores from pretest scores. In a d1scusslon of this
procedure, Thodgdike (1963) notes, however, that one need notractually compute -
» .such re81dual galn scores in order to apply the concept. A more direct approach,
v is to flrst find the correlatlons of pretest and posttest scores with each ot er’ .
and with whatever variable one des1res tor correlate with the gain scores. JHZn

the part correlation between post t scores “and the third variable, w1th‘pre-
tGSt scorés partialed but of the former, is computed (see Thorndike, 1963; -

. pp 72-74). A s1m11ar technlque may be used in comparing residual® gains on

one variable to re81dual galns on a second varlablej

One dlfflculty with res1dual galn scores is the ""ceiling effect!: ~ -

B
4 . -~

- examlnees w1th hlgh pnedxcted posttest scores will not Ye able to surpass the1r -

predicted scores as much as those with lower predict posxtest scores,.

Actually, there is no completely sat1sfactory way to measure galns or changes1 N
but res1dual gain scores and the associated methods of part and part1al corre~— «

latlon are preferable to s;mple gain scores. . . * '
T -~ % e L, e ' ~ 2 ' -
{ L Two,—Group Designs. .. . . - ~o .. __,,._V.:‘ - ) .
- o iy © —dwm
N The two 1nvestlgatlonSusummarlzed below used a, two- group des1gn wh1ch .

‘o
- - M

allows for mores control over extraneous variables than the one-group de51gn 1n,

N
s

determining the effécts of part1cular treatments. . However,.in the stud1es to
4 °  be reviewed, the subjects were not ass1gned at random ‘to the two groups;
4 attempts Were s1mply made to ascertain that the two groups did nog differ on -

.o varlables extraneous to the purposes of the 1nvest1gatlons. B ) —
] N ; - -
g o v

R1ce (igsu) was interested in determ1n1ng whether formal -instruction in

- - —— e - .

modern_mathematics, 1nfluences teacher att1tudes tbward modern mathematics and ° -
. toward mathemitics in’ general. pe ma;led out questlonnalres cqncérnlng experi-' l

) LI,

@
‘ ences w1th modern mathematlcs and att1tude towar “mathematics to a large number
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. .., ~of elementary school teachers in Oklahoma. Four hundred of the 608 replies_

~ .

. v were analyzed by analysis of var1ance, chi square

ay By

! cedures. From the results, Rice concluded that teachers who have had formal

such tra1n1ng Among the teachers who reported having had training.in modern . s
mathematlcs, there was.a significant dlfferenc in the attitudes toward modern
mathematics in faggy’of those who had taught ih = modern program.’ Attitudes -

toward modern mat ematlcs were also more favorable among those who had more

Iralnlng in modern mathemat1cs and among those with more than four years of

;ollege. Finally, attltudes toward modern mdthematics were ?ound to be un-

. ©'  related to age,fexperience, and sex. * ”

Strictly speaking, Rice's (1964). inves 1gatlon is a correlatlonal study ¢ .

e

rather than an exper1ment. Somewhat more " xper1mental” 1n nature ls the -

. mathematlcs on prospective teachers attitudes and understandlngs of mathe-

matics. In one arrangement the completion of a spec1ally deSLgned mathe—'

ing elementar§*mathematics. A second a angement was a SLngle consolléated
- course in which content and methodology were interrelated. The "ontrol" group' .
. consisted of 65 students at Baylor University who had taken the first curricu-

lum arrangement in two preceding years, and the "experlmental" group was com-

et posed of lOH students who completed the consolidated course. Pre- and post-

L ’: 9

5 ' test scores on an attitude scale and a fundamental mathematics copcepts test <« . .
- L3

T+~ _vere available for both groups, and it was verlfled stat1st1cally that the

,o® results showéd that both course arrgngements produced statlstlcally SLgnlflcant

Y ) achlqvement of teachers and teagher-trainees.  But what has recent research .

. s it . :
.. . to’ say about the egfects of ing ruaxlonal method l.e., g;rrlculum, on the |, e




/
_/ ) adm1n1stered a questionnaire to 65 fourth grade pup11s to obtain thelr re-

P, -2
/

) ’TheJSéhool Curriculum T
e “Rote MemoryAvs. Meaningful Teachin g - . é ., W

B , 4 -

-

Tn a discussion of a variety ofuunpleasant exper1ences in the ear11er
grades that cause students toravoid h1gh=school mathemaths, Wllson (1961)

concluded that a pr1mary cause is "dr111 beyond the fundamental processes "

—t Bernstein {1964) apparently concurred w1th Wilson! s conclusion when he referred

to an almost unlversal ggreemént among matﬁemaficians and teachers that rote

N

‘ learning procedures are a ‘major factor in, produclng negatlve attitudes toward
mathematics. Collier (1959) also maintained: that teachers should emphasize

computational speed less and place more stress on developing mathematical
-\ !
~understanding and 1og1ca1 reason1ng ab111ty .

¢lark” (1961) suggested that reliance on rote memory rather than logical

reasoning is a consequence of the assignment of formal arithmetic at too early
~+ a gradel. In his dpinion: , . R

- - — 8
. -

"Ch11dren are often confronted jn school with.- 51tuat10ns whlch few .
adulfs would tolerate. Day in and day out there is repet1t10n . i
of meanlngless expressions, terms, ‘and symbols. Eventually many
, children come to dislike arithmetic.’ Lack of understanding and
, sk111s in arithmetic is aSsociated with personality maladjustment -
d§}1nquent behavior, inecluding truancy and 1nforr1g1b111ty"
Ep? .

-

~ In-a study of fourth -grade pupils in a Georgia school Lyda and. Morse

07" A1963)° noted positive changes in attitudes toward arithmetic and s1gn1£icant

/ galns in ar1thmet1c computataon and reasoning when a "mean1ngfu1 method" of

/" teach1ng was employed The method emphaslzed the mathematlcal aim of arith- .
- essing the concept of number, understanding of the numeration sy8tem,
y the use of fundamenfal operat10ns¢“£5e'ﬁatlgnale of cqmputatlonal.

; S
forns, and _the relatlonshlys whlch make arlthmetlc a‘system of ghlnklng

~ ——
1. / .

*  Another way that has been .suggested for maklngaavlthmetlcrmorefmegﬁ;hgful,h
or at léagt mofe interesting, is televised 1nstructzon. r’ggeIIan (1961) Y
actlons to the television’ program "Patterns in Ar1thmet1c Over 90% of the
pup11s approved of the program to some- extent, and over 75% said they liked
ar1thmet1c better after viewing the new ar1thmet1c television program. Finally,s
75% of the pupils stated that their attltudes toward arithmetic had chapged .-

"because the te{eV1s1on prdgram helped them understand the subject.
. ’

Effects of Abllltg,Grouplng i . ° M N L

Grouplng puplls in arithmetic classes accbrdlng to.thelf abflltleS'hés
frequently been’ criticized as leading tompoor attltudes, e1ther ‘!rectly or

¢ 1 ¥
I
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are ;mpor ant variables to consider in future research on ablllty grouplng N
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as a resultwof parental axtltudes toward group1ng In order to'study~the; :
effects of'%blllty grouping on attitudes, Lerch (1961) compared'thé change in
* attitudes toward ar1thmet1c of fourth-grade puplls taught 1nterm1ttently in. <.
‘ability groups with the changes in attitudes of pupllS ‘taught in tradltlonal,
non-grouped classes. ifferences :ﬁ/scores onrthe .pre- and posttest att;tude
inventories showed tth more than half of the pupils in both.groups,becamev 2
morewgavorable in their attitudes toward ar1thmet1c. The "average change in
attr;ude of the ab117k y-grouped classes, howeven, was ngg significantly dlffer_

ent frem that of the non-grouped elasses. It Jgas concluded that children's

attitudes toward arithmetic are less dependent uporizclassroom organlzatlon than

on their teachers' attitudes and the methods which the teachers employ.
e - . ~ * N

In another study of the effeqgs of ability grouping, Davis and Tracy (19633
compared the pre- and posttest scores on the Caglfornla Arithmetic Test ‘of 393 L
QNOPth Carolina fourths’, fifth-, and sixth- graders. The two types of programs %u”;
were a Joplin-type plan (ability grouping) and@a random plan (nonablllty groupf,.ﬂ;
ing). It was ascertained that fpitially the two groups did not differ s1gn1f1- -;§§;
cantly 1n their scores on measures of ablllzy, self- concept, anx1ety, and S
atthudes,toward ar1thmet1c, which were adm1n1stcred_as pretests. Thus, att1—
tude toward ar;thmetlc was a concomitant varlable rather than a cr1terlon
,variable, in th1s study. The results were that puplls in the Joplln—type plan -
did not gain s1gn1f1cantly more in arlthmctlc achhevement than puplls in the
random plan. Consistent with the conglusion of Betch (1961) referred to above,
Davis and Tracy (1963) concluded that differencgs among teachers in their knowl-
edge of arlthmetlc, att1tudes toward ar1thmet1c, ang_thelr varlablllty in

sy

method of teachlng-—factors which were not controlled or measyred 1n this study--

School Mathematics Study Group (SMSG) Curnlculum ) .

¢

. a dlscusslon of motlvatlons in mathematics, Bernstein (1964) suggested
that.organlzatlon of subject matter, such as that in SMSGE@%ﬁy 1mprove att1tudeSr
toward }gthematlgs. prortunately, studies have typlcally failed ‘to verify
Bernstdin's suggestionj the teacher “rather! than the currlculum, still appear°

.

to be the more s1gn1f1cant varlable. - .

For example, in a Jcomparison of SMSG and non-SMSG seventh Zgrade classes,
Alpert et al (1963) observed that the §MSG curriculum did not increase students'

positive feellngs “toWard mathematlcs, e1ther absolutely, or. when compared wlth the .

non—SMSG curn;culum However, téachers w1th a highly theoret1ca1 queptatlon oo

tended to P oduce more pos1t1ve feelings in SMSG classes, but not 1n non-SMSG ’gwd,f

5
=i i LNTyS

classes. Concernlng measures of attitudes, Alpert et al. (1963) found fhat the. .=
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attitudes toward mathematics of SHSG students became. less pos1t§ve from fali

to spr1ng test1ng, whereas the att1tudes of non-SMSG students remained rela-

- tively constant. . . : ( ’ h

»

Similar results have been obtained in othér 1nvest1gat1ons wh1ch have *
‘ comBared SMSG. and trad1t1onal curr:.cula 1n’elementary and junior hJ.gh school
(Hungerman, A967; 0sborn, 1965 Phelps, 1963; Woodall, 1966). 1In general, -

s these studies have found that the mean mathemat1cs attitude scores of students

taught by the SMSG currlculum is not s1gn1f1cantly different from, or even P

more negative than (Osborn, 1965), “the mean att1tude score of students taught

mathematics by the traditional curr1culum. Wlth respect to ach1evement one

study found results favor1ng the SMSE curriculum (Osborn '1965), the results
Lo of another favor the traditional curriculum (Hungerman 1967), and still

another found no s1gn1f1tant d1fference between the two types of program

-~ N

(Woodall 1966). In general scores on conventlonal\standardlzed tests of

: achievement in¥mathematics tend to favor the trad1t1onal non-SMSG curr1culum,

-

whereas scores on special tests like those constructed by the School Mathe-

matics Study Group for use with its materlals tend to favor the SMSG curricubum. Eﬁﬁﬁ

L But why does the §HSG currlcq%um fafl to produce more s1t1ve attitudes -

v toward,mathematlcs, as Bernstein (1964) hoped that it would?. Osborn (1965)

» . suggested that this can be exglalnedzby the fact thd: the SMSG curriculum is
* more abstract and demanding than the tragitional curriculum, causing the’

students' attitudes to fall to change at all or to even become more negat1ve

as “the 1ength of time that they ‘study the SMSG program 1ncreases.
3 . ’
Before one'goes too*far in lnterpretlng the above results, however, it N
1) .
should be emphas;zed that in these. 1nvest1gatldns the avallable subjects were

-

« Dot assigned at randgm'to the ¥wo types of curr1cula. The 1nvest1gators merely

u»,-

analyzed data obtalned from existing groups,’ i some c@ses attemptlngdg:.assure “
themselves'&hat the groups did not d1ffer s1gn1f1cantly in their pretes scores,

H

in other cases using analﬂsls of covar1ance as an attempt to contrPl for 1n1t1al

group d1fferenoes. But w1thout random assignment. of subjects to cpndltlons ¢

.

A there 1s little control over extraneous varlables, and without suc . réndomizg-

t1on anélysis of coyarlance is not a legltlmate statlstlcal proced re. There-

N - xentatlve untll more controlied research is done. .

Other Modern Hathematlcs rograms . R A

PR
» .

Correlatlonal data wh1ch shew that students:? ina speclal publjt school

fore, many of the conclus1ona of the stud1es reviewed above must bT v1ewed as
}

e program have more»p081t1ve attitudes toward the subject than students in other *

IR
.
-
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.types of programs are plentiful. But of course it is quite pgssible that the )
students in the special program were attracted to,or selected for.the program
’ ; to begin with because of thelr posititve attitude toward the subject. A case
in point is the finding of Ellingson (1962) that high school students in
college preparatory classes ‘had somewhat more positive\étt}tudes toward mathe-
matics than students in terminal or general math classes. The sglf-selection
' factor: whers*those ‘with more poSitive attitudes and higher' ability elect the
spet¢ial course and the effects on morale ofébe ng»in a "pew" program (the
Hawthorne effect) undoubtedly influence tfe result’/gf investigations in which

therg is no true control group. -7
. P ’ .
Research designs similar to those of studies reviewed in,he previous

section on the SMSG curriculum have been employed to combare]other mathematics
“ . brograms with the traditional program. For examole, Comley'(1966) compared
- the college mathematics achievement and attitudes of students who had the
University of Illinois Committee on School Mathematics (UICSM) program)in
public school with those of students who had traditionél high school mathe-
, ' matics. Students in a number of,colleges were administered a mathematics B
. attitude questionnaire, and other data concerning total number of terms of
‘college mathematics taken, major field of study, number of elective mathematics
course%‘taken, types of mathematics courses taken, and overall mathematics
averages were obtained from transcripts and questionnaires. After the criter-
ion scores of the UICSM and non-UICSM groupsfwere adjusted by covariance analy-
sis on nymerical and verbal aptitudes, high school gr&éde averages, school .
size, and percentage of each school's students*?ﬁo went to college, there were
few differences between the two groups in college mathematics achievement. The
. UICSM groyp did take significantly more college mathematics however and did
) as well as the non-UICSM students. In addition the UICSM students had signifi-
; " cantly more favorable mathematics attitudes than the non-UICSM group.

- ¢ .

In an investigation by Yasuiq(1967), modern-mathematics’ group-studied

" the Secondary School Mathematics textbook serieg in grades 10, 11, and 12 in

the Bdmonton Alberta public schools:- A control (traditiona17 group consisted

of 125° students selected from high schools not exposed to mqdern mathematics.

4
f

-
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After “adjusting" for indiVidua% differences in scholastic ability with ninth-

grade scores on the School and College Ability Test, the mean score of the

.

modernrmathmatics group was significantly higher than that of the traditipnal .-

group on test items of the Contemporary Mathematics Test which contained

material common to both curricula. AIthough the difference between the mean _ X

Lo

‘séores o% the two groups on an inventory o% attitudes toward mathematics was

o ‘x‘—o«
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. &mot,significant, attitude scores were s1gn1f1cantlyncorrelated with ach1eve—
-, . W 4 ,.‘...?« “
X . 'ment 1n‘both groups. It may be observed that "the two groups in this study g

were not equated for 1n1t1al att1tude toward mathématics, so 1t is not certain

what the failure™to find & s1gn1f1cant difference in mean attitude in the

s

= twelfth grade means. Perhaps the two groups had equivalent mean attitude ;%2-“;:‘ !

scores to begin with and both became more pos:,tive more negative or remanrd
the 'same.’ Or perhaps oﬂ'e group ha‘&“‘miie};osnive attitudes than the other at
the outset, and the 1nit1aJ:ly more positive group became more negative or the —

nitially more negative group became more positive. \‘\ )

- . » q&'u
’I‘he aim of a recently completed project by Ryan (1967) which J.nvolved
- 126 pairs of mathematics classes in schools distributed over a five- state }

ared, was to dompare the effects of three experimental "modern" pro rams in
se/condary mathemat1cs-£the Ball’ Sta’te, UICSM, and SMSG progpams--o‘n\}thel atri-

tudes and 1nterests dgveloped in .ninth -grade pupils. Self- repont\?meas‘u{:es*ﬁf/ i '
attitudes and interests were administered to the students at the beginning and

w.\\

end of the school y\ear, and systematic observa?qons of behavioral signs of %
e student interest were also mag’e. Pupil characteristics such as sex 3nd achieve—
ment level, and 't'eacher character1st1cs such as experience with the programs
" webe considered in the data amalysis. The general finding was that the experi-
. mental programs, when compared with conventional mathematics programs had /
. little différential effecf’*on the attitudes and ;@p?rests of the pupllS. ﬁ‘zre
was a slight tendency, however for the Ball Sta‘c pigegram to be related to the /
deyelbpment of less pos1t1ve attitudes aad the UICSM ,pgpgram with more pos1—
tive attitudes toward mathematics, when compared to. co{nventional programs. The.

less positive attitude of the students us1ngffhe Ball State, -program was asso-
e ciated w;.th _the reported grea;er difficulty whg.;;h&students he;dvg,n gngiers:tand;, 7@&

. these mater1als. Measured pupil and teacher characteristicspdid not interact -~“
51gn1f1cantly with’ type of program in determining 1ts 1nfluence, but change m
—
{ attitude was general; related to change in grade recenved reg.atiVe to. the pre- s
i -

N mous year and ta the degree of dijfficulty which pup11$ experienced» wrth -the . ¢

t

materials. i : S e e . L
‘ . - X - ‘ M v

'
. B
s

Other Curriculum Comparisons ) T L
' . } ' ) "~ :

’
~

Bspec‘lally noteworthy for its' attempt to conf:rol e’xt&nepus variables is )
5 .
+,an 1nvest1gation by Dev:Lne (1967) who compared program-centered with teacher~

. centered teaching of first-year algebra. There was a random selection of two , ™

te

classes’ (but' fot™a randonm selectiof of sub]ects for the, cl'asses)—-an experi—
mental and a control class--in each of two high schools} Achievement and atti-

tude tests were ’administered at vamoqs times.during the school year. A-result :
) . PP . -

N . ’ 4 T .; sl ‘ '
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r
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«af’/he study wh1ch is part1cu1arly interesting is the obtained 1nteractldﬁ§
4
between teacher experlence and typefof curriculum in their effects on, student “

ach1evement in mathematics. When the teacher was experienced, the mathemat1cs

Loy

achievement of the program-centered group was lower than that of the teacher-
lcentered group; there was no change in either group, however, in att1tudes
ktoward mathematics or toward programmed materials. When the teacher was inex-
perlenced the program-centered group achieved as well as the teacher centered
‘group, but the attitudes towatd.mathematics and toward programmed instruction
became more negatlve in both groups.” In a summary of the results Qev1ne

11967) concluded that when an average or above average teacher/zs~ava11able

greater achievement is obta1ned in a conventional, teacher- cente

approach. , "‘ Lo .
1‘“\;/& Sies-d N”f"“'\xv\‘ Wews Al b s Mv.»/. / ﬁ"' N >r a TJ‘: o 3 ;Q\;ﬁ\\"-..
A final 1nvest1gatlon concerned with curriculum is thax\of ”" ens (1968),

‘\) ‘.";} i ‘ ' ‘ . : 'i ‘, . ‘
ERIC™. + 7,7 44 gt Ty
.v e Provided by ERC . i ) £ l

s

although the experlment is cited as an 1llustratlon of a contr ed de51%2 as

much as for the, spec1f1c results. The experiment was des1gned*to aesess he -.
d1fferént1al effects of the curr;culum practice of . ass&gnL g_homewdhk~1n1
arithmetic on the aftitudés of thlrd-grade pupils toward school, teaeherJ
arithmetic, homework, spelling, ‘and reading. There were three treﬁ&ments--
control (no homeyork), common practice (regular teacher assigns home ork),

and experimenter-prepared homework. ~ Pupils were'randomly assigned to,three
classrooms w1th1n each of four schools, and within each classroom pUpl S were
ass1gned to three intellectual ability groups. /The data from five subj cts 1n
each of the three abllfty groups within each of the 12 classrooms we £ )
anglyzed by analy%ls of variance of a Latin square design with repeated)meas- x;

ures. The bas1c d§ta were scores on the six’ measures of attitudes adm n-

istered at the end of each of three 3- month treatment perlods. Slnce there | . -,

were no statistically s1gn1f1cant differences among the three; treatfignts, S N
Maertens concluded that ar1thmet1c homework does not un1formly affec@puplls

attitudes toward arithmetic and t e other five 'sounces referred to above. 5

oo

Consequently, teachers neeg not opit purposeful arithmetic homework as a

éeneral practice because of fear hat it may create negatlve Pupll attitude

.
5

g
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Developing Positive Att1tud%s and Modifytgg_Negatlve Attitudes

—

A
-

. Alpert et al. (1963) made a pumber of suggestions, growing out ‘of theirf

{
' reseanch on the SMSG program, for further 1mprovement of ach1evement in and - -

’ .
.
| 1

oattltﬁdes toward mathematlcs, v1zf: (a) more attentiof’ by téxthook wr;ters -

5
?

i

to those aspects of school which affect psychologlcal determ1ners of success

1n mathemat1c8° (b) more atténtion to teacher seledtion and tra1n1ng and to

<

ﬁe&Ppsslbllity of taklng into acgount teacher characterlstlcs when grouplng)

Ve 4 . P o -~ ¢ ~
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pupils; (c) consideration given in course deslgn to the meaning of education

,in mathematics for women; (d) communlcaBron to parents about the nature of

the effects whlch they have on ¢hildren' mathematlcs education. _These are ™
. commendable goals on a broad scale. As noted by Bassham, Murphy, and Murphy
~
(1964), in order to change a pupil's attitude toward" mathematics h1s percep-~
tion of himself in relation to mathematics materials must be changed. : There-
fore, ‘what have other mathematics educators and researchers recommended and
accomplished in the effort to. change students’ perceptlons of themselves in

relatlon to mathematics?

s

-

Emghasis on Relevance, Meaningfulness,'and Games
“ - —

Since the time of John Dewey, there has been a growing emphasis on the
meed to make education practical or relevant. Nevertheless, Bernsteln (1964)
argued that educators have failed to stress suff1c1ently the use of mathe-
matlcs forLstudylng and controlling our physical® and social envzronment. In -

one of the reports of the Ohio State University Development Fund) Nathan Lazar

[P N

maintained that children can learn to love artthmexlc if. they .are not bom="
$barded with meaningless memory drills. His approach to helping childrgn under-
stand arithmetic is to use simple reasoning problems about black horses, ‘brown
¢ cows, and white sheep. In addition, he invented a game-like apparatus called
an "aba-counter"--a' variation on an abacus w1th mult1 colored beads strung on
rods-~to help make mathematics more meaningful. Tulock (1957) also recommended
that games , contests, and audio-visual aids be used to helghten interest in

mathemattcs. 3& ;

Zschocher (1965) exper1mentally 1nvest1gated the effectiveness of vérlous
group mathematlcal games on th%,performance of first-grade children in day* care
\\\\centeﬁs 1n Germany For B é%xgagof five months, 70 girls and boys were -
given the opportunlty of playrpg the games before and after classes The
results were that their scores gn standard tests of number concepts, spatlal
or1entatlon, and basic arithmetic rose significantly. A control group Q
sub]ects showed no s1gn1f1cant 1mprovement on the tests. ﬁowever teaéifzgq
did nct dlscrlmlnate s1gn1f1cantly between the eXperlmental and control ch11d- A\
ren in thelr evaluatlons of the ch11dren s mathematlcal ach1evement In a
related study on older children, Jones (1968) obtalnéd a slgnlflcant 1mprove- .
ment in the att1tudes of n1nth-grade students in pemddial classes when they

were taught: mathemat1cs by’ mod1f1ed programﬁed lectures and mathematical games..

Provldlng-fér Success -Expeniences o
. o . / N

Many wnlters (eig., Lerch, 1961; Tulock, 1957) have _observed thatxpuplls \

e who'constantly falf mathemat1cs lose self-confldence and develop feel ngs of *

N ,

37 1

-
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i dislike and hostility toward the sub]ect. ,In order to cope with such negative
attitudes, the teacher must proVide for success experiences in the learner°
the child should be taught to set reasonable goals that culminate in the reward
of success. The need to prov1de for success experiences was also referred to
by Proctor (1965) in a discussion of techniques for giving self-confidence and

faith to slow learnerS\and thus thanging their attitudes toward mathematics.

An Experiment on Mediated Transfer - .

- It is not particularly surprising that success in mathematics, which is a
pleasant.experience, can cause a person’s attitude toward the subject to be-
‘come more positive. But although it is not always possible for an indiyidual
to succeed in mathematics, the results oﬁ-an experiment by Natkin (1966) sug-

. ~ gest that simply getting him to associate mathematics with something pleasant »&% #
may alter his attitude or anxiety toward the sub]ect. A

[N

Ihe\:nitial group of subjects selected by Natkin were male and female

e s “”fiuwer- ’1tes who had scored above the mean on the verbal section and one "
b stané.“ deViation below the mean on the méthematical section of the Scholas-
T at
L tic Aptitude Test.  The first step in the experiment was to determine the | .

galvanic skin responses (GSR's) of the sub]ects to mathematics and non-mathe -
. matics stimuli. Then those subjectd whose GSR's to the mathematicsystimuki-
were significantly greater than their GSR's fo the non-mathematics stimuli

were randomly assigned to experimental and control groups. In the first stage

1 -

s . -, . L
of the experiment proper, the sub]ects ig the experimental group learned, by. f
’

. ’

nonsense syllables; in the second stage they learned to associate the same

~ *nonsense syllables’ '‘with strongly pleasant phrases. The sub]ects in the cod\

a paired associates procedure, to associate the mathematics stimuli w1th

trol group learned the same mathematics stimuli-nonsense syllable pairs in ,the
firsrxstage as the experimental group, but the former learned npnsense sylla-
ble-neutral stimuli associations in the second stagei As was predicted, scores
(' on a test £ anXiéty toward mathematics showed a more Significant decrease from
§ pre- to post experimental tesfing in the}experimental group than in the control
group The pbst-experimental test of anxiety was administered on&y five minutes -
T after the learni seSSion, however and one might well question the .permanence
of the decéease. Other questions which need to be answ;red are whether‘the
3 ‘;.‘, anxiety chdnge observed by Natkin (l966) wduld have generalized to other situa~
tions (e gl, school tests) involVing mathematics and whethepr his mediated
transfer“ p?ocedure can also affect ‘performance in mathematics., In any event,
af Natkin conc?uded that the experimental procedure created 4 mediated ”therapy"

»;» effedt on m?thematics anxiety, quite similar to the~desensitization of\fears by

. R
.b e & S R 7 “
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behavior therapy. He also noted from the response patterns in the test data A

. ' that early traumat1c learning was. largely respons1ble for anx1ety toward mathe~

. matics. . ’ ‘ . .
. . \ .

-~
.

Natkln s (1966) experiment is important because it showed by means of a
well-controllgd experlment, that it is possible to affect anxtety toward mathe-
matics’, if only for a short time. There are behavior therapy techn1ques other
than "mediated transfer" that should certainly be explored as methods for )

reducing mathematics anx1ety But anxiety, is a purely emot1onal“neactlon, and
although attitude--the to ;c of .the present review--is partly emotlonal it
.also has a cognitive comp nent., Therefore, techniques for attack1ng the -

cognitive aspect of negatlve attltudes, as well as their emotlonal aspect
- meeded.

s are
This_involves more research and, consequeiitly, brings us to the closing

sectlon on evaluation of previous research and suggestlons for future research

on attitudes toward mathemat1cs. . -

v

i [
Criti gf.F%evious Studies and Suggestions for Further Research
Criticisms S _— P
P ‘ * ot
. : .

A number of critical comments about previous' resefrch concerned with the
determlners and effects of att1tudes toward mathematlcs have already been made
in this review. Some of these criticisms apply as well to other areas of .. :
educational research, and they have/been widely recognized. In general there
has been too much reliance on correlatlonal hods and'on indirect reasures = *
.of behavior, such as quest1onna1res ‘and other student reports. It 1s . .
adytttedly eas1er to point to.a need than to sat1sfy one, but-the supeI o
abundance of correlational results which have been reported‘is/prlmarl y 7
heurxstlc, controlled experiments are needed to test the hypotheses suggested
by the s1gn1f1cant correlathn coeff1c1ents.¢ Analys1s of covar1ance is of no el
, help unless 1nvest1gators randomly assign, subjects to groups. The. procedhres
of "matchlng" and "statlstzcal control oficoncomltant ‘variables* Ghould not be

viewed as substitutes for random ass1gnmegt 'of subjects to treatment cond17 ¢

tions. As was noted previously, random @ s1gnnent 1s an even more 1mportant

N assumptlon of analys1s of covariance than.it is of analysis of var1anc! :

: ' i )

- In their treatise on research methods in educatlon Campbell and Stanley St
i : (1963) have discussed these matters at length detailing the sources of error. '

\ left uncontrolled in varlops nesearch’deslgns. The proposal of Campbell and

- &
: " Stanley (1963)’for obtalnlng 1nformatlon concern1ng cause-effect relatiopns @ <

] ..,i ;?ﬁ“‘é’é‘k* :
g = through correlations acposs time (cross- lagged panel correlatibns) ‘would appear *f

" to Qe a potentlally fnultful approach to an analysls of the direction. of,cause

. .o .
B, A

and effect in teacher-pupll aFtitudes and qchlevement. 2 ‘ .3§igej . F
oL 14 . e T e g } ; . ’ Vo’
,f . “o. . K ;. . . . ) . 5
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Whenever correlational methods abe to begyused, and especially:corpelations
M among gain scores, the investigator should first become familiar with Thorn-
" dike's (1963) discussior of methodological problems in research on over- and
) L ‘/ : : ] ] 3 - 4
under-achievement. Of particular importance when designi\ng research to deter-

mine whether attitude variables are related to achievemen or, other variables

in any significant way are the sections of the Thérndike/bok which are tcon-

cerned with part correlation and gain scores. ,
- ’

: £ . . ,
. The remainder of ‘the review'will'deal with some suggestions for furtherﬁz

research on attitudes toward mathematics--research which it is hopéd will take .

into account both the flndlngs and shortcomlngs of the work that has been

l
reviewed in preced1ng sectlons of this paper. '

e v

Measures of Attitudes

1

“ . §ince"the usefulness of the results of_research is frequently limited by
the precision with which outcomes areémeasured, something npeeds to be oone . 4'
. . .
to improve the accuracy of measures of attitudes. The task may be approached
) in.severél way;. Anttonen (1967), for example, has pointed to the need for o
research aimed toward improving the readability of attitude measurements at .
. the elementary school.-level, In addition, the reviewer feels that the concept
’ of a generai attitude toward mathematics should be supplemented, with that of
attitudes toward more specific aspects of mathematics, for exagple, problem-
— solving and routine drill. This is similar to a recommendation~m7defby Moss

.

apd ‘Kagan (1961) with respectjto the concept of achievement. -

L. LT o
One possible approach in designing such multivariate attitude i{nstruments

e is to follow a stimulus—response modelolike that proposed by the reviewWer
L)
(1962) and by Endler, Hunt and Rosenstein (19620 for the concepteof anx1ety.
o .. Such instruments should be of greater dlagnostlc,usefulness than the current
P L

- scales of, general attitudes toward mathematlcs w1€h the1r single, overall

score, The stimulus-response approabh could also con31¢er“the d1st1nctlon

betwea the cpgnitive and emotional components gf attltudes in the design+of - .
", attitude 1nstruments. e S, i o . . .
; hers ‘ AR — o s S t
eacher % ‘ . \ ' ‘ ) )

. [

Although it is éertalnly unfair to indict teachers too strongly as

creatoré of negative student attltudes toyard mathematlcs, “the results of d

résearch “have suggested that the teacher§ pevhhps even more than the parents,

is an 1mportant determiner of student attltudes. As notea by Banks (1964
b gy e b e ; ‘ v
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An unhealthy att1tude teward ar1thmet1c may: result. from a number ¢

of causes. Parenfal attitude may be responsible.... Repeated fail-.. _

ure is almost certain to produce a bad emotional reaction

to the study

of arithmetic.

Attitudes of his

peers Will have their effects upon

But by far the most si

gnificant contributing

Ui,the child's attitude.
‘™factor is the attitude of the teacher. The teacher -who feels insecure,
. . who dreads and dislikes the subject, for whom arithmetic is Targely
. rote manlpulatlon, devoid of understanding, cannot avoid transmitting
¢  her fe'llngs to the children... ,On the other hand, the teacher who has
- confidence, understandlng, interest, and enthusiasm for “arithmetic’ has- -
gone a long,way toward lnsurlng success.

-

3

In order to-provide more information on the effects of teWcher attitudes, *
i . . v

~ -———Tmore direct measures of teacher attitudes and their consequences, for example *°

by classroom observation, should be obtained. Student reports of perceived

teacher attitudes and also teacher reports of their own attitudes are useful, “
but d1rect observation of teacher-pupllt;nteractlon in mathemat1cs .classes 1s

also needed. In addition, more attentlon should be'g*ven to the mathemat1cs &

’

T tra1n1ng of elementary -school teachers. If the law of primacy holdss the

influence of elementary teachers on pupil attitudes should' be even greater than
that, of secondary. teachers. . )
. * +
Finally, it would be interesting to conduct a Rosenthal-type investiga—
"tion to determine the effect of “teacher éxpectations in mathematics on student
+ attitudes and achievement. Using the procedure of Rosenthal and Jacobson ?éﬂ
(1968), after the students are tested initially the teachers would be informed
- that one group of chlldren——actually selected at random--w1ll show an 1ncrease
in mathematics aghievement and/or pos1t1ve att1tudes towand mathematlcs uring
the follow1ng Semester. 4/’3

Measures of change, in student achievement and atti-

1

mine theseffects on these varlables of teachers' ex?ectatlons.

Qngltudlnal Mult1var1ate, and Qerlmental Studieg

longltudlnal reasearch on, patterns of performance in mathematlcs emerging over -

time, ‘and on psychological variables related to these changes. Anttonen (1967) :

~r

ma1nta1ned that the’ measurements of attitudes and achievement in such stud1es :
should be kwer a perlod shorter than®the six-year span which he used. ' A perlod
“of oﬁe or two years, as 1n.th NLSMA studies, would probably be most‘satlsfacv~

' tory.
determlne the effects and 1nteractlons of man varlables--teachers, parentg, .,

* currlculum and’ such pupll variables as gene and spec1al abilities, bio- . .

’ 'Yﬁ

Howevér there is a need Ffor both longitudinal and '"one- shot” stud1eSﬂt-”

t“

graphlcal factors, 1nterestsu and personali characterrstlcs--on attitudés and

performance
. p . L i
. ; Lo DY -

P - ;. SN

The 1mp11catlon of much of what has been sa1d previously in this

w49 - I
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. review is that multa.var:.ate programs shou{d not be limited to correlatlaﬁ’ﬁr’w
- designs. Weaver and Gibb (1964) have called for .research on the" genet:.é

At "f""" developmem; of mathemtatlc/ 1 1deas and“abillt’i‘és’fmo"n"g ghli'd\”n in ﬁffge#t

instructional cond:.t‘:.ons and in d;fferent mathematical environments. ," They'
" maintain that since the personal:.ty character:.st:.cs of children, J.nstructJ.onal
methods and materials,® school organization, mo.t:.vat:.ng condltlons, and level
"and seCIuence of mathemat:.cal content interact to, such a degree, multlvarlate
studies raiffer than@ptudles ‘of the effects of ‘only one of these var:.ables aré o
necessary. This type of program calls for a maryiage of the’ correla‘tn.on*al ana I

® .

experimental approaches to research. ¢ 2 ' 'f' CREEE

- - o

s Alpert et al. (1963) have cJ.ted further classroom exper:.mentat:.on on. the,
use of self-idstruction programs, mod&rn mathemat:.cs programs, spec:.ally trained 1-‘29

teachers, use, of J.nnovatJ.ve teaching tecth.ques, and training films as 1mpor- N

B

tant needs in research and development in mathematics education, . { > -
) Devélopment and Modification of Atti‘tudes L. : .

. o - *

. . , As this revJ.ew has shown, there has beem.on\ly a small a?nount -of research
on techniques’ for develop:.ng positive attitudes ahd mod:.fy:.ng negative attJ.- -
tudes toward mathemat:.cs.‘ Bassham, Murphy, and Murphy (1964) po:.nt to. the

desirability o further experlm;ntal work to explore the development and/or '

3
o

mod:.f:.cat:.on of \anxiety, attitugdes, and other v,ar:.ables which affect achieve~

ment in mathematics. , . . . » . ; ST,
R . . . -
) \It is clear that semous thought must be glven 'to exper:.ments conc ned L
’ vg:.th the ‘temporary and more Jpermanent efPects ofy reschgol and early schd 4
experiences on att:.tudes toward and p,erfomﬁanéﬁ maéremaf’tlcs. In iaoth he 7

{° . v
development and mod:.f:.caw.on of ,att:.tudesg and m training and r%nedia} wog a

e a question is how to make mathematics more ierestlng P l{gw methdd% may b .:n -
s gi'ﬁi-tially motivating “{"Hawthorne effect"), their éffectg lelL%Dé." last 'ﬁﬁe \ c""
. SR WA~ o L
. 2 the teachers are poorly tra:.ned » the- parentS\are-not sympathet:.c and’ the - o, )
) DA S
— < ‘ PR ‘
students are not sucessful J.n master:.ng the sub]ect. i TS e, o ;3-' ,,f‘
. .. A S WYy L T SELT R DR N7 0w e a0
oo L) : ’ ‘ 3 G Em - e e -, -‘*4-\: RPLE . S IR
. ' - B ' ez e 7 -
, . ) ' . . . Summary - . . e v
. T R o ;",
*. _ Over three dozen journal articles, two dozen doctoral da.ssertat:.ons and .

a half dozen reports of studJ.es concerned with aft:.tudes\ toward n‘at'hemat Ss

which have been written dur:.ng the past decade wepe remewed.. The@major top:.
covered were: methods of measumg att'&':udes-towazxd arithme:

matics attJ.tudes to abil:.ty and personal:;y factpps,
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expectations to peer attitudes, and to, teacher characteristids, attitudes, gnd

behav1or.~ Also discussed weve 1nvestigat1ons dealing with the effects of modern
a8

mathematics curricula and other curriculum practices on attitudes. Of -all the

factors affecting student attitudes toward mathematics, teacher attitudes ave _

viewed as being of particular importance. Finally, research on technigues for
developing pos1t1ve attitudes and modifying negative attitudes was summarized

.\'

Among ;he criticisms made of re§earch ‘on attitudes toward mathematics yere

" the u§é~of crude measures of attitudes, excessive reliance on correlational K

methods, improper use of covariance analyeis, inadeguate control of extraneous
variables, and failure to use adequate measures of gains. Suggestions for -
further research included adequate familiarization with ﬁrevious studies con-
cerned with the topic, the development of multifaceted measures of attitude’,
mgre extensive multivariate experiments extending gber longer periods of time,

and more attention to techniques for\developing p9s1tive attitudes and modi-

fying negative attitudes. '
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What 1s a good ma%hematlcs teacher'> What are the personal characteris-
.

tics of a good mathematics teacher'> What geaching method 1s most effectlve

ih mathematies classes? What sopt of preservice and 1nserv1ce education is

' most approprlate for mathematics tgachers? Yew questions 1n mathematics edu-

.

cation are more 1mpbrtant and few generate pore Vlgorous debate or consis- -

g . tent disagreement. But desplte long and active interest in the. problems,-re- ¥

QZ . search offers few 1mportant guldellnes in the gearch for personal attrlbutes,

. classroom~styles, or- educational preparation &f successful teachers, Exten-
sive investigation has failed'to show 81gn1f1cant or ‘consistent correlatlon
between fundamental characterlst;cs of teachers -such as experience, know-
ledge of mathematics, colleglate preparatlon, or attltudes toward mathe-

matlcs-—and the achlevement or attltudes -of their students, Evidence from

comparlsons of two or more teachlngvmethods supports no one method as superlor , ‘
- . * !
“in mathematics teachlng. .' ) . : e 4

¢ ¢ o oL,
oo - Much current research in mathe@atgcs teach;ng -continues. the.tbaditional--, - < T

1:_“ b el Nttt e

- apprqach to flndlng the elu81ve "good teacher." There is growi

P

ev1dence,
; . however, of creatlve yet careful new research Strategies gnd technlques. b

.

H
z .:

. = ] =, L T - -~

N . . M . :
1 & . . Weaknesses and Stren§ths‘ ‘- T -
g ) « im : pligicl.

.
s
.
43
- e, RS e g

o - c. %
. of Current Research . - ' - )

Attempts to 1dent1fy cr1t1cal teacher personal characterlstlcs of teachers : ‘4:,7
have been llmlted by ndrrow v131on of what the: key variables might be and by o

oversimplified measures of effedtbveness. Several recent studies have un- o Lot

W covered'prev1ously unexamlned teacher attribute diménsions that appear to haVe )

i;aﬁ_*,praplse,ln predlctlng effectrgepe3877=Othersrhave—attempf‘a td Broaden tﬁe— -
o acéepted criteria of effectlvene85°%1nstead of a slmple gggg_or bad appralsal

of effectlveness.based on standardlzed studenf’ach;evemen; tests, these
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T A shortened form of this paper' entitled "Research in. ClaSSroom Teaching -3
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'nology for record1ng classroom act1v1ty, is mak1ng a strong bid to sharpen

an et

VoL -

B - .

1nvest1gat1bns‘have sought a detailed description of, student.outcomes-—cognl-
! -

tive and affectlve manifest and latent.

/ Inadequacy of cr1terlon measures has also plagued research in mgthods of
teachlng mathematlcs. Instead of attempting a gareful descr1ptlon of the out—
Eomes assoc1ated with particular methods of instruction, methodology research
has usually be an attempt to show the superiority of ome name method over

. N 7’ ‘
-another, as meisured by achigvement tests. This approach is insensitive to

the differential effects that each individual treatment might have. As a

Y
consequence, results from methods of instruction research are inconclusive;
the strong and weak features of each method tend to counterbalance each other.
Current research in mathematics teaching methods is focus1ng on the cruclal

problem of apt1tude ~treatment 1nteract10n (ATI) in an attempt to discern the

e
- .

unique impact of various teaching styles.
.

-

Methodology research has also4sufferfd from the fact that most studies
are small scale projects, often a single investigatar teaching one or.two ex-
perimental classes and a like number of control classes while assuming respon-
sibility for evaluatfon of thé results. Thus eyen when significant results

are reported the impact of such findings on teachlng practice is m1n1mal the
1nvest1gator s pergonal involvement in all aspects of the research makes bias .
1nev1table, aqd the methods being cémpared are seldom described 1n behavioral
terms prec!se enough to allow repetltlon of the method in other classes w1§h
other teachers. Current research, with the benefit of sophlstlcated tech-

def1n1ttdns of teach1ng methods and thus make methodd&ogy research more re-
, . o » —_—

- -~

llahle. ' AN
New“apprdaghgs ﬁb the study of mathemat1cs teach1ng are fresh\steps 1nto

what has been an eﬁtremely d1scourag1ng area of research, An equally impop-

.

tant development is the g<$w1ng interest ih a theoyy of mathematlcs 1nstruc-
tlon, Even if the various 1nvest1gatlons relatlng to mathematlcs teachlng

'are‘%uccessful in' desc 11§ .relationships among pairs f *key 1nstructlonal

. var;ables,wgne moré important taskuremalns --garrylngvtheserflnd}ngs.into -

w1despread c1assroom practice. Implementatlon of teachlng.research requ1res

1ntegratlon of all the’relevant knowledge 1nto a coherent prescr1ption of in-
structlonal*behav;or. tative theorles of mathematics 1nstructlon are be-
ginning-to prougde'¥1 ceptual framework indicafing 1mportant°research ﬁues-
tions and. the relatlonshlps of widely varled research flndlngs to classroom

. - \ i -

teaching. . 3 '
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» !+ In thelpast, this translatlon of scattered research results 1Pto teach~ o
ing practice has been left largely to the ingenuity of* 1nd1v1dual ('teachers in

the classroIm. Thus Henderson (1963, pP. 1025) concluded, with wxd)e support,

~lthat as of 1963 (and probably at the’ present t1me, also) mathematics teaching ’

Y

» was ah art,'not a-science, and that

. for it} to move toward becomlng & science, we need much more em- ' .
pirical research to test current theorJ.es But we also need new-: N

theoretlcal concepts or orientations that will provoke _differen} .
* questions to be asked

~ Research in mathematics teaching since that date shows definite slgnS of meet- ‘
. ing his demands for rigorous empiricism and new theoretical organlzatlon L 4
Much of the eredlt for- new\teoretlcal and empirical vitality in research

is due to the appearance in 1963

f Gage's Handbook of Research in Tedchin ng.
The influence of research guidelines in the Handbook is not noticeable in R ’
early research -covered by this review, but recent studles are 1ncréas1ngly
-  well des1gned and adm1n1stered 5
. Thls review covers research 1n mathematics teach1ng reported from 1964 - ) -
through 1968, Slnce comprehensive lJ(stlngs of research have beeome annual w
features of several journals, the dlscuss1on here w1ll not be a complete cata~
’ log of research. Instead, (it will 1nd1<?ate significant results and promJ.Slng
/dlrectlons for studi' The review is divided into three major areas: (1)

person’al character1st1cs of teachers‘ (2) tedcher” classroom Behavior,ﬁlnclu;

dlng’ methods of teachlng, and (3) teacher educdtion. - o ,
4 - - M L - " - ‘ ~ - -
Charac'teristics of Effective. Teachers e
= A . .
Although prev1ous 1nvest1gatlons of teacher characteristics and effec- - )

tiveness had falled to yield.a consistent or defirut'

tive mathematiés teacher, introduction of str1k

ofile of the effec- .
l‘y new mathematics curmcula

[ 4

4

provoked renewed interest in teacher characteyfstics.research during the pasit 8

- ten years. The new curricula brought fiew content, greater mathematical pre-
cisions-and a concept ‘(rather than skill) or1entat1on to mathematics study

ﬁjandteachmg\ v~These changes recpened seve(ral fundamental wﬂesthI}S' B

R ‘l) Is th,ere an identifiable relationship betwéen teacher knowledge of
i -mathematics andrstudent achievement? ., ’
k 2) Are teacher age or years of experience factors whlch 1nfluence stu-
R . Ry P
dent achievement? , " 2 ”
. T A3) How do teacher att1tudes tow@zrd’ the new mathematlcs affect gtudent + ¢
LR “ attitudeS ¢ or achievement? . C. . :
‘e o = . ) N - v -. v . »‘
' ~ _ . . , N > ‘: » -
T - 53 -7 3 :
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Minnesota Nati%nal Laboratory/Study U R

-

* !

The most comprehens1ve, sophlstlcated, and Lmaglnatlve 1nvest1gat103 of
. . teacher character1st1cs and student ach1evement was condycted by the Mlnnesota
National Laboratory for the Improvement, Jof . Secondary Mathematics as part of

. its effort to evaluate experlmental curricular materials of the School Matheu

matics Study Group SMSG was/lnteregted in determining whethér the new -
. curricular materials it was produc1ng were suitable for widespread 1mplemen—
y e N
; tatlon by teachers of varylng ability ang quallflcatlons : .

- An exploratory study 1nvolv1ng 21 teachers of Grades 6-8 during the

1958-59 school year and another involwing 127 teachers of Grades 7-12 during ’

K the 1959-60 school year failed to find any significant correlatlon between
students' achievement and the experience, collegiate courses.or grades, and
professional actiuity of'their teachers. However, analysis of daily logs &
kept by the participating teachers during the 1958-59 study and of monthly
chegklist regerfs made during 1959-60 indicated that the most effectlve and
lejjt effectlve teachers could be d1fferent1ated by measures of productive .
thinking--~the ability to generate 1deas about success or fallure of varlous
teaching lessons and ideas about alternative procedures for teachlng particu-

‘ lar"concepts. - .

These prellmlgary 1nuest1gatlons»led to, des1gn of the main study

(Torrance‘ahEtParent 1966) whlch sought further ev1dence on the correlates

) of teaching effectlveness that mlght be described as qualifications to teach--

’ :ﬁméx52r1ence, colleglate preparatlon and professional actlvlty--as ;ell as the

’ 1m§brtance of varlables in teacher1pup11ﬁlnteractlon and teacher productlve ‘-

thlnklng ability. During the 1960-61 school year and again in 19613-62, each
= of 63 teachers tauglit .the exéerlmental SMSG course to one class.

Effectiveness of th¥#s teaching was evaluated from _the following’ agtltude

and achievemerit” testing program: < ~ ~
- Fall: School and Colleg_?Abllltg,Tests (Grades 7 and 8) or D1fferent1al
- . * \ i B
Aptitude Tests (Grades 9- l2) and Sequential Tésts of Educatlonal
“‘T - . -*3“;**'~Progress 1n~Mathemat1cs Form~Ar- e~ ‘f?; T *Nv__‘ RV
Spn;ng Seguentlal esiﬁ of Bducatlonal Pro-reslhﬁ“‘a emat1c§ Form B.

Measures of the varlables poss;bly corgpiated with “ag] "» pt were obtained
sy e’ mgb't sfudé s‘ahd'tea - : j T .
| ol 0 B “f‘m %bsra«w, “u:,uc’ AT E W
Studen{gy,lResponded to several student attltude inventories and a stu- - ¥
2 e .
. /. qf .dent checklist of learming act1v1ttes. , * -
' { - e R . i - -
v - - e .
. <, ~ . * N e DA
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Teachers: Completed Questionnaires giving information about e ience,

education, and professional activity and also completed nine
end-of-the~-month reporting forms designed,as tests of pro-
ductive thinking. A teacher and pupil actiJity checklist
gave 1nformat1on about procedural variables.

The teachers were d1v1ded into thrte groups according to the measures of
effect1veness and a wide variety of correlations were examined to 1dent1fy
factors differentiating the most and least effective groups, T

Results from both the 1960-61 and 1961-62 trials confirmed the earlier
conclusion that effectiveness of teachers using the SMSG materials is not
significantly correlated with teachers' exper1ence, collglate courses and

es, or part1c1pat1on in profes31onal act1v1t1es Most and least effeci
tive teachers were not differentiated by the amgunt of time they spent in pre-
paration for teaching. Theré was only a Weak indication that procedures >
in making assignments, expla1n1ng new material, coniuctlng learnrng*and think- -
ing experiences relevant to previously assigned materlal, and,evaluat%ng and
responding to student performance make a}ﬁlfference in teacher effectlveness
mApplication of Flariders' system of Interactlon Analysls failed to locate 81g-

nificant differences in the pattemns of classroom behav1or developed by effec- +

.
m

tive and, 1neffect1ve teachers . - L. 4 N

J The mostls1gn1f1cant predlctor of tegphlng effectuveneés was the produc--

-

t1ve th1nk1ng ability of teachers. The most wffective teachers produced more -
ideas aboEt 1nd1eat1onslbf success og faildre in their teaching, causes- of
‘success or failure, and | alterngtive ways of teaching course ®8ncepts., The
student attitude and learnzng activities questlonnalres revealed a number of
slgnlflcant 1nd;cators of:teachlng effect1veness. -This sUgéests that teacher
effectlveness ‘is 1nt1mat?£y connected with pupll attitudes and perceptions
concernlng the methods‘of‘thelr teachers, the school text materlals, and the

\ ’

class as a group.

‘Thus the MJ.nnesota study confirms ﬁarller 1nd1catJ.ons that the search for
predlctors of efféctive teach1ng<Pust move beyond the gross measures of abil-

R ~

““‘ity and forﬁai;ﬁ“identlflable qualiflcati‘h Apparently, quallficatlon beyond

, certain mlngmal standards is not reflected in greater effectiveness. *In the
. search for more subtle yet penetrat1ng factors in teach1ng -success, the study

.prov1des fresh insight into topics. and technlques for future reseaych,

.— . A . N - 4

A

',Secondary’Mathematics Teachers‘, e . .

4

. LS LN o .
One of the teacher variables.measuredxonly‘indirectly in the Minnespta

’
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) Study is the teadher’ knowledge of contemppraﬁg&mathematics——a factor that !
. Mw*gld logically seem correlated w1th effectlveness. In a doctoral study, :
Hassie, (1967) .asked a panel of.12 mathemat%cs educators to identify the - ' |

K characterlstlcs of contemporary matgematlcs. He then developed and pilot N

tested an'examinatlon called Con emporary Mathematics: A Test for Teachers.,

%'thng a sample of 273 prospectﬁ#e teachers in college in eight states and
58 teachers with experience in modern mathematics, he showed that scores on
' . the contemporary mathematics test correlated significantly with the quantita-

tive, verbal, and total scores on the Henmon-Nelson Test of Mental'~Bility,

and he gathered some descrlptlve data about the mathematical competence of the

) - chosen sample. . T ‘ - .k
' . oy . . '
- 'z In another doctgraf study Lyng (1968) used Massie's test to investigate
‘the relations between teacher knowledge. and (1) semseter hours of academic .

»
preparation;y” (2) years of experlence teaching contemporary mathematics, (3)

* semester hours of student teaching, (4) semester hours in methods courses,

(5) years since bachelors degree, (6) age of teacher, (7) grade point average °*

°

. for recent coubse work, and (8) ability to read and comprehend unfamiliar
mathematics He found the best predlctors of teacher knowled e of contem- °*
porary mathematlcs were variables 1, 6 (negative correlatlon) 2, and 8. The

T, multlple correlatlon coefflclent for’ these variables was . .74 (p<.0l). But _

fo. &
even if these gesults are shown“to indicate. pausal-relatlons between. teaeher. —
b

attrlbutes and knowledge of contemporary mathemasics, they leave open the

pa—) e e

— . question of whether teacher knowledge is .critically related to teacher effec-,

tiveness. ) .

’ - PSR

. Kennedy (1963f\probed another kind of teacher characteristic-that should

. ‘~have a bearifng on effectlveness. He developed a test of skill in so!v1ng

'}‘f ) mathematlcs teachlng problems. The test cons1sted of 17 tape-recorded: pro- 5
T e blem s1tuatlons, excerpted from actual algebra classes, each of whlch was.

e : Followed by oral questlons about solutions. A panel of experts, devised rating

' scales for re S, and the test was admlnlstered to 311 teachers of vary- °

, (1) non—mét ematics majors, (2) elementary educatlon majors, (3) preservice

. . mathematlcs teachers w1thout methods course experlence, (4) preservice mathe-
—+ ¢ mtics teachers who had had a methods,course, (5) preservice mathematics .
/'r . * € " ' [ 4 R
- ) ‘ b
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+ teachers who had practlce teaching experlence and a methods course, and (6) -
experlenced mathematics teachers, Ther¢ was no way, however, to censider 9, :
the relatlonshlg between dlfferences on the test and teachlng effectiveness.
. 5”'“.
Elementary_Mathematics Teachers ' . T .
o The initial thrust of recent curriculum innovation was in the secondanm

school, but emphasis soon shifted to the elemantary school. Elementary school
teachers, already faced with the task of specializing in every subject of the
- curriculum, have been asked to learn a great dealiof new mathematics and to
+ learn and teach the traditional content from a new polnt of view. Concern fq;
teacher s subject-matter competence has made teacher ablllty a popular area
for research.
Several studies have attempted to assess the mathematlcal competence of
pre- and inservice elementary schocl teachers. The results consxstently show
that teachers do not have the knowledge of modern ‘mathematics expected as a
prerequxslte of effective *achlng Melson (1965) a'dmlm,stered a 33 1tem test -
of mod@rﬂ mathematics to 41 beginning teachers in the Phlladelphla area. She
found a median scoxpe of 12 correct and 27 teachers scoring below 50 percent"
correct. The test does seem to emphasxze the language rather than the sub- .
ﬁ=stance of contemporary mathematlcs, and the results might- thUS‘reflect slow*
change in the college’ preparation of elementary teachers- F. Smith (1967)
*  showed that aﬁ\approprlately designed content coursp,apuld produce dramatlc
changes in scores on the Melson test.
. In a penetrating study of prospective téachers in Negro private colleges, .
. Carroll (1964) compared the mathematical knowledge of 358 teachers just be-
fore gradﬂgtlon from college with normativé data (STEP tests) and analyzed. the
par 1cular strengths and weaknesses in the knowledge of these teachers. He ) -
found that the groups -functional cgmpetence in mathematlcsgwas at %he level of ..
seventh and eighth grade students with knowledge of geometry and probablllty
the weakest. In another mope limited study, Williams (1966)1found teacher A
TTETTTT preparation IB'Erlthmetlé“géﬁéEAii§'d1§§p§oln£fhgf ’ ; K ' ??] )
- - - The grim picture of mathematical competencgé among elementary teachers,
5$ as réported during the 1964-68 peried, continues a long standlng pattern. But
lt also 1nd1cates slow awakehing by _colleges to the needs of these teachers
faced wlth a currlculum vastly dlfferent from the one they experlenced in

s1their own schoollng or college preparation, In thevhlementary school, as in

&

the high school the questlon of felations betyeen mathematical competence
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t
and student achievement remains’ unanswered The availablé information is not
- —— . ‘ ’
? encouraglng . ‘;
R. Moore (1965) 7:am1ned the hypothesis that there is a p051t1ve rela-

’ + tion between level of ‘teacher understandlng (as measured on the.Glennon Test

of Mathematlcal Understandlng) and student achievement (as measured by the

SRA Arithmetic Series). Using 10 fourth grade and 11 sixth grade classes .

as subjects he found no significant correlatlon between mean classrooé ga1n

in achlevement,and teacher understanding in e1ther fourtd ‘or sixth gpade .
classes. He did dlscover 2 s‘gnlflcant cdrrelatlon between the within class
varlablllty of achlevement and teacher understanding, with more knowledge-

able teachers produc1ng greater variability. Th1§ correlation was fhot sig- s
nificant at the sixth grade, put tnere, limitations imposed by the ceiling —

of the achievement test were a factor preventing significance.

N In another doctoral study, Lampela (1966)_found little evidence of a
correlation between ‘teacher understanding and cnange in'pupil understand-

ing of certain concepts in elementary ‘school mathematics. W. Smith (1964)
looked at interrelationships among arithmetic achievement of eighth graders .
and patterns of teacﬁer prebarationf He found specjal subject matter prep- '/

.aration and years of teaching experience were not 1ndependent predictors of

!
I student achlevement but professional educaflon preparatlon of teacheré R

) -,‘).',, [— — o -

apparently was such a pred1ctdr. - S

" Goggart (196%) examlned the connection between ar1thmetic problem-solv- -

(34

B

1ng abltgtleé‘bf teachers and the growth in problem-solv1ng ability of their /
students. He f%und no significant relation.. et '
. ’ Yet another @iscouraging report comes from Rouse (1967) who examlneds
correlatlons between+academic preparatlon of elementary teachers and achieve-
ment of the1r studen%svw—Teachersaxtnlbuﬁes were high school and college prep-
aration; student achievement was measured in arithmetic reasonlng and funda-
mentsals, as determined by examination of permanent records. In three groups--
Grades K-4, K-6, and K-8--Rouse found almost no correlatlon between teacher

ey -a’!ztmbute:~§**and~studenttachlevement*.«-»—«»wT - -y — . —n7~~me~n

N}

As is the case with teacher characterlstlcs éfsearch at the secondary -
' S
level, 1t appears that predictors of teaching sSuccess will not be found among
—

the ob~1bus variables of ,experience, , academic preparatlon and mathematical //‘

R P .

knowledge. It might be that the mathematlcal knowledge of. elementary teachers;

is uniformly so low that it does not play an important 'role in effectlvenessha,
; ~ : .
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~ This should be watched as .the academ1c preparatlon of teachers EmprOVes, under
o influence of new teacher education proposals : l‘; .
‘ s A more sophisticated approach to the 1dent1f1catlon eff 1ve3ele-'

mentary school teachers is illustrated in a study by Peskln {1964). On the
basis of standardized tests, she classified attitudes and mathematics under—‘
standing of a group Af seventh grade teachers as high, middle, or low. She
then made a similay appraisal of student ach1evement and att1tudes and in- .
< vestlgated the interactions among teacher and student attrlbutes. This '
analysis produced several interesting and significant correlations. For -
example teachers with middle range attitudes toward mathematics and high
mathematical understanding seemed to produce best student achievement in geome-
try. Teachers with low attitudes~and high understandlng produced poorest
student achievement -in arithmetic. This type of knowlédge-attitude- ach1eve-
ment interaction looks like a promising source of’deeper insight into the
teacher characteristic problem. 2
Turner (1964) reported progress- in a dufferent kifid of search among com=
‘;.< s plex 1nteractlons of teacher variables. He analyzed teach1ng as consisting of
three types of work tasks: (1) the setting of tasks for pupils, (2) appra1s-
al of pupil, responses according to criterion responses, and (3) 1nstructlonal

tasks des1gned to close the gap between observed and expected student per-

" -formance. Next he devised a paper and‘p&ncll Jtest of teacher problem-solv1ng ,.

between egperlenced and 1nexper1enced teachers. ~ . !

&lablllty, Mathematics Teachlng Tasks, (MTT) whlch was shown to dlfferentlate
‘ , “In the main study, 1nvolv1ng beginning teachers in 12 Indlana school dis-
tr1cts, Turner sought s1gn1f1cant 1nteractlons &mong scores on the MTT, teach-
ing success (measured by superv1sor ratings), and various socioecaqnomic in-

d;ges (measured b¥ Ryan's Teacher Characteristic Schedule) cond@%nlng the.

’

teacher ‘and the institutional context within which he worked. Although the
5 study was not considered conclusive 'in any of its f1nd1ngs, it suggested a
-y varuety of hypotheses about the way theacher;success and MTT’hbillfylchange o
during first Yedrs of teachlng and the ways these’ factors are influenced by
the socToe:;nomlc makeup of the communlty 1n3wh1ch the teacher works.
In partlcular the combination of teacher characterlstlcs that will be
. associated w1th success in a given institutional contéxt appears to depend
T prlmarlly on the socioeconomic composition of the student populatlon.« When
a large proportion of students apre of working class background performance

of the teacher dn the MTT is a good 1nd1cator of success. On the other hand,‘l

© K
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when a large proportlon of the students are of middle class background the

Y

personal and social characteristlcs of the teacher appear more cr1t1cal
Changes in te\&her ability as measured by the ¥TT also seem to be related to

the socioeconomic makeup of the community. %he cr1terlon measures 1nvolv—

o

ing superv1sor ratings and the assessment of socloeconomlc status are both of
B

Py

questionable valldlty Nonetheless, the most obv1ous conclus1on of the in-
-

vestigation was that™the question of preﬁlctlng teacher effectlveness is not

to be simply answered by direct measures,8f ObVIOUS varlables, but must be’

v

Viewed as a complex i raction of several 1nterrelated classes, of variables.

This is a good guiding observatlon for{ those interested 1q;:§?ure teacher

characteristic and effectiveness resea h.

*

Teacher Classroom Activity
< e
The studies of Torrance and Parent (1966), Peskin (1964), and Turner

(1964).indicete promising approaches to'identification.of teacher attributes
critical in prédicting effectiveness. "Even if simil&?‘§tudies'ideh§ﬁfy .
other important teacher characteristic’ varlables, however, such f;ndlngs are
of limited practlcal value as a source of theory on the teachlng process., 4
Teacher attrlbutes correlated with effectiveness are useful primarily as pre;
dictive measures in the selegtion %f those who WLll teach, Suchtfactors as
personality, 1ntelllgence, knowledge of matnEmatlcs, and expegfznce are #tatic
elements of teaching measured prior to classroom activity. Measures of these
varlables indicate nothing about the way a teacher behaves in the classroam.
To study teaching without looklng at classroom activity is to overlook the
dynémlc aspect of the teachxng process, . a
: The cl;\groom behavior of mathematics teachers has been popular top1c of ,
research for many years, However the results of colparing various name
methods of teaChlng‘—dlSCOVeI‘y, laboratory, lecture--are generally 1nconclu

sive and” unrellable Recent developments in 1nstructlonal ‘technology--tele-

oy Ty

r,,_-w--vr-—,-._r_,_,,ﬁvy, C e TITTTTY Y

v1s1on, computers and teachlng machlnes--offer, 1n addltlon to alternative

teachlng procedures, valuable tools for conducting research relevant to con—

-

venticnal classroom teacﬁlng ’ o
The review in this secglgn covers research on'tEacngr activitysin .t‘ne:;v
. . . . . 3 hd 00.‘
classroom and is divided 1nto five major areas' (1) methods of presentlﬁg

mathematlcal'ldeas, (2)‘medla for 1nstruct10n (3) teacher-pupil interaction,

ol

(4) class arrangement--lncludlng grouplng, size, and team teachlng,.and
N H LN %‘2" - *
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- (5) instructional impac}. of certa:.n curricbhlum development pro]eqts. -

-
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Teaching Methods ; i /’_\ \/ ) - ‘ S ‘. : )

i N S

Discoverx., The "dJ.scovery method" ig the pedagoglc;al catch phrase.in
modern ma't;_hematlcs and the most populdr type of teach:.ng methodology, study %
is a compamson of some form of dlscovery teaching wi'th convent:.onal teaching.

For example, Howitz (lggg‘)wtaught one class)of ninth grade™:general mathe- ‘
matics using a gulded dJ.scovery method and contemporary mathematJ.caI content

(NCTM Experiences in Mat,hematlcal DJ.sco‘(ery) and another us:.ng tradJ.tJ.onal

methods and content (SteJ.n Refresher A%;thmetlc) After one schood year of
such pro\c&re he found no significant dJ.fferences rJ.n t,he ach!evement of the

e Y A4 o P

two groups, as measured by tHe Sequential '&sts of Educat:.on Pro SS m'

Mathematics (STEP) and no significant d:tfference in attitudes of the two - o L
groups toward, mathematJ.cs. A specially designed posttest of achievement d?d

show s1gn1f1cant dJ.fferencesﬁ favoring the experimental class, but-that is .
hardly surprising. - ~ N - vl

At the elementary schddl level, Fleckman (1966) 1nvest1gat‘}\the effect '@
of dlscovery teaching on learning of d1v1s:.on. In a pair of studJ.es 1nvolv- )
ing a total of 2u46 fifth and s1xth graders she found that discovery teach~ .
J.ng produced s1gn1f1cantly better concept learnlng but no better skill learn~
1ng than convent:.onai procedures, The dJ.scovery method was defined and
implemented by a come.natJ.on of specially written matemals, and personal con- = /
sultatioh. with the 1nvest1gator and the teachers, - ‘
Ball{ (1965) and Prige (1967) probed the 1mpact of disc teaching
on critical thJ.nkJ.ng abilities of high school students: ‘Ballew's study in- . .
it
volv’g a single teacher and three classes, one a control class and two others -
using speci'a—lly written” djscovery lessons for a perxéa of elghteen weeks: 2
Pre- and posttests of achievement (SFEP) and critical thJ.nkJ.ng (Watson—Glaser ’
Critical Thlnkllﬁ Appralsal) revealed no SJ.gnJ.fJ.cant‘ dlfferences 1n {chleve-

ment attributable to the te‘ach:.ng treatment a s1gm.f1cant dJ.fference J.n . *\! )
critical thinking fav;rab;e to one of the exper:.rﬁe.ntal classes, and no s:.g-

nificant 1nteract19n between the Paching treatments and achievernent, ch.tJ.- o
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. ,' 2.\ D;scovery--Speclal materlals to promote discovery. . .
P~ 3. Transfer--Discov lus spec1a1 materials des1gnéd to promote trans- ’
§ ! : . fer aﬁ§;2i§}yt1c thinking methods. . *
Pre- and posttests of mathematics ach1evement reasoning, indugtive reasonlng,
. and cr;tlcal thinl k1ng plus & questlonnalre on att1tudes“showed that didcovery _ L
-: and transfer melhods progduced no significant difference .in ach1evement a '
greater increase in méthematlc‘l reasonlng, and positive att1tudes toward
mathematics ccmpared with the traditional methods. The transfer method pro- . -
duced a significant inérease in critical thinking, which, in combinatlggigith
//- . Ballew's mixed result, 1ndfd!tes that d1scovery teaching can produce in- ‘
<f creases 1n§cr1t1ca1 thinking abilities of students only if sped?al attentlon
is paid to cultivating that ability anq\\ts transfer. .
Two college 1eve1 studies compared methods in the, discovery/lecture fami-
'; _lies. Levine (1967)5;aught two classes of freshmen mathemat1ca1 analysis \
uszng a theory-to- appllcatlon approach in one and an experlence to-theory «.
. approach in the other.‘ Scores on posttests and delayed,postte s showed the a
. experlence-to-theory method super;sr for cult1vat1ng~student ability to solve '
problems in mathemat1ca1 analysis, ab111ty to genejal!ze, and ablllty to apply
new generallzatlons. The question of interaction with spec1f1c student popu-
lations is raised by dontradictory results from a similar study bv Caruso
(1966). Caruso taught concepts of abstract algebra to college freshmen by
what were essent1a11y rule-example and example-rule methods and found,the B
. former mgthod more effectlve. of course, differences in Subject matter and
cr1terlon measures 1n the two studles also comp11cate compar1son of f1nd1ngs.
%n any classroom investlgatlon of teaching styles, such as those’c¢ited .
above, two fundamental questlons cast doubt on any results. an_a number of
. ‘teachers cIéarly and consistently make thelr teach1ng behaV1or conform to
» a single d1scur81v 1y deflned method? Does the name of & method, for e;ample‘”
"d1scovery,"‘mean thf same thing to each of .the report1ng 1nvest1gators°
One way “to avoid the first dlfflculty is to present instruction through ,
‘y < an impersonal medlum such ad television or programmed 1nstructlon. Henderson
and'Rolllns (1967) used the latter method to compare-three types af disgpvery -
xeachlng. Analyzlng the logic of concept formatlon, they derived three

poss1b1e ways to teach concepts from geometry (1) agreement—-a series of

Y
s
* B

., , positive 1nsfanCES only, (2) paired instances of agreement and dafference and ’

(3) nonpaired 1nstances of agreement and dlfference. They selected ten . L

62\ e i L'




'~ "equal numbers of verbal and flgﬁral 1téms) wene—admlnl tered,to test the..
i,
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. concepts from high school geometry to be taught to elghth graders by jxhe var1—
dus' strategems. The strategems were written imto teach}ng programs and ad- -
ministered to the students. Although Henderson and Rollins hypothesized that
mlddle and low ability students would do better aunder Treatment -3, this was
not borne oﬁt'ln the achievement test1ng Apparently all thr2e-strategems
are equally effectlve,,suggestlng that critical interactions between treatmentf

* and ablllty lie in more subtle~variables. " A 3 "

- , The Henderson—Rolllns procédure is one way to solve the problem of re-
llq-lllty in teaching methodology research. Of course, 1nterpretatlon of such
results &s valid research on classroom teach1ng is questlonable. Another

.¢approach would be detailed behavioral definition of the methods and use of
classroom observatlonal technlques (discussed later) to insure conformlty to
the methods. This, however, sidesteps the second question posed above, "Does
'd1scovery réfer to a well' defined, commonly understood pattern of teacher

. o

behav1or°" This is an issue $till belng'v1gorously debated in mathematlcs ed-

. ucatlon c .
'(; The emerging point of view is that there ake probably mgny" forms of in-
structlon that have d1scovery components, The proper dlrectlon'of research
then is to determine the differential 1mpacts of each type rather than seek
some s1r!gle method Mor all s1tuatlons «sThus methddology research is

'shlftlng toward 1nvest1gatlon 3f the eomplex 1nteractlon between content,
s _ teacher behavlor,,student apt1tudes and student outcomes. The objective is
to find the spec1f1c teacher behavior style most effective for spec1f1c mathe-
matlcal top1cs and speclflc kinds of‘student popu{atlons. This emphasis, part
of grow1ng 1nterest in 1nd1v1duallzatlon of instruction,. is exempllfled in.
ATI stud1es, studies of Aptltude Treatment Interactlon. ® ”
Agtltude-Treatmen Interaction. The flrst challenge in ATI research,

still in an explor tory stage, is to show- Yhat instructional treatments can

be constructed that give ev1dence~of#ap¥1tude~treatment interaction effects -
on relevant outcome measures, Kropp, Nelson "and King (1967) devlsed four
packages of 1nstructlona1lmater1als for teachl/g/giementary set concepts. .
Each® package was des1gned to embody one of four treatmentS° (1) verbal-

deduct1ve, 62) verbal—rnductlve, (3) flgural-deductlve, or (4) flgural-lnduc-

was presented to 400 elementary school students 1n two

1tude tests and a 24 rtem crnterlon test (contaxnlné .o -

.8 Vg

A‘follow1ng,hypothe es: /—"‘"_——“- . A . . L
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1, Verbal ablllty will be more closely assoclated with success in ver-
- , bally Presented material than will £igural ab111ty, figural ablllty ,
"will be more closely as oqgated with success in flgifally presented. L

P . .,.'
'material, e -, ‘

-

4

2. Measures’ of inductive reasoning will have significantly higher re-

htoe
..

gression coefficients than measures of deductive reasoning when an

« &

inductive'mode of presentatien is used; deductive reasoning measures

' ‘ *will have s1gn1f1cantly hlgher regress1on goefficients when deductlve

. €
(2529 .
N

presentation is made,_ B : ’ A

Test data showed that for heterogeneous groups the treatments wege equally.“

z‘a :

effect1Ve° the indugtive-deductive interaction was significant at the¢ .05 level -
Qﬁ

in the direction hypothes1zed The failure of verbal—flgural interaction td K &

v}f“.{?

A

T,
appear m1ght be attributable to 1nadequate distrnctlonoln the treatments, 1n--f ff .

. * valid aptltude méasures, oR 1rrelevance of the verbal -figural d1chotomy\1n

- -

- . - the chosen learnlng task... °

. M '
. Two doctoral studzes der1ved from the game problem area (Behr, 1967 and

J Dav1s, 1967) examined the verbal-flgural treatment dyad in otherucontent

areas with subjetts at‘dlfferent age levels. Behr taught a one day programmed -
lesson in mod 7 arithmetic to 229 students 1n an élementary college mathe- Y
matics course. Half the prqgrams embodied a semantic:symbolic mode and half a

-

figurdl-symbolic mode: He administered ablllty test 1n two sess1ons, treat-
"ments in one sess1on a learning test 1n ‘the next sesslon and a retention test
two weeks later. The major result was high correlation betweeri semantic a- ¢ o,

blllty and success on the semant1c trgatment. Y

T
EN

Dav1s (1967) tested the semant1c-f1gural 1nteractlon in classes where the '
toplcs were flndlng the derlvatlve of an algebra1c express1on and multlplying

, Yectors.  He observed no prom1nent 1nteractlons. - '

)

In another doctoral” Study “of ATI effects, Becker (1967) deS1gned two.

' dlfferent kinds of «instructional treatment For teach1ng summing 6f number

ser1es. Treatment A gave ;the learner the correct formpla in both verbal and .- ﬁiﬁm
symbolchform for- summlng a, part;cular ser1es and then explalned the struc-
tural rEIatIoﬁ’hlp between formula and series, Treatment B broke the fearn-*
! 1ng task into many stéps leading to dlscovery of a formula. ’The treatments )

N e
¥

were wrltten 1nto prbégrams and adm1n1stered to Algebra I students, matched in .
. -~ '
pairs“according to verhal and mathemat1cal apt1tude° -7 : ' -
e et On tests of abxllty to recall term§ symbols, and formnlas, abllity to,
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find the sum of n terms °f,@ serges, and aplllty to devise a‘formula for the

, nth term of a ser1es, there wascno ev1dence of s1gn1f1cant apt1tude -treatment

fnteractlon. As in the Kropp, Nelson and King stﬁdy, lack of interaction
effect might be attrmbutable to 1rrelevance of the breatment varlables fov

< thé partlcular learnlng tasks., . v . o,

Text Provided by exic [
Y

Carry (1968) examined the 1nteractlcn of spatlal vr§uallzatlon aﬁh gen;
eral reason1ng abilities with two methods of teach1ng quadraglc 1nequa11t1es.
He prepared programmed 1nstructlonal treatments, characterlzed respectively

as graph:.cal and analyt:.cal. Students in nine geometry classes studied the

- s .

programs for two days.:@ , . .
. Resultswfrom an immediate recall learning test did not support the hy-

pothesis of aptitude treatment interaction. A transfer test did indicate

interaction,abut this finding was confounded by low reliahility 5f the trans-

« fer test. ‘ * - .. z "
% The importance of ATI effects can be conflrmed or denied only after
broader ekploration of poss1ble treatment and apt1tude variables., Use of _
programmed instruction has limjtations™as a research s1mulatlon of teachlng-
'methods but the value of clearly defined, repeatable experlments seems to

outwelght these limitations right now. .The brevity of teach1ng programs,

while useful for exper1mental purposes, casts doubt on the a pllcétlon of
P

f1nd1ngs to. long-teﬁh teach1ng methodology. )
Individualization. ATI studles are one important phase)pf the process

of justifying and designing programs for hppropriate individualization of

1nstructlon. One intevesting stidy (Ebeld; 1964) explored the 1ntegratlon

of an individualized component into normal classroom s1tuatlons; s
Using seventh and elghth grade classes studying SMSG mater&al Ebeid dee

signed an experlmental treatment in which one perlod a week (two durlng the
second semester) was devoted to student self-selected study. Although pre+ .,
and ‘posttests of achlevement (STEP and special SMSG oriented tes¥) and atti-
tudes showed no 81gn1f1cant dlfferences between\the experlmental and control ¢
classes all trends favored classes exposed to the 1nd1v1duallzatlon.com-
ponent. ) A T D "

Moody (1968) conducted a dlfferent kind of study tha%‘has a'bear;ng on‘
the questlon of individualization. He compared a student self-1nstructlonal
_procedure with a teacher-dlrected procedure 1n teachr’g/concepts‘of nonmet
geometry to fifth graders. Comparlng “class means for 19 classes (6 self;
1nstructlonal and 13 teacher-dlrected) he found achlevement in the teacher.
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directed classes far greater than 4n the sel'f—instructiaonaI classes. He also
1nvest1gated correlation between eacher and student knowledge and found that

the correlation was high on s:.mple def:.n:,t:.onal type Atems but not on more

-

|
complex items involving appl:.cat;Lon or problem solvmg with bas:.c concepts. . 1

The differences not1ced between the twyo methods of 1nstruct}on might be
due to weakness in the type of material presented to student$ for self—ln-

L}
sStruction or to lack of student experlence in self-instruction. ‘The results .

suggest, at least, caution in attempts to turn all learni'.ng over to student

self-instruction. . -
P ~ .

Disadvantaged Students. The original impact of new curricula in school |

mathematics was in programs for capable students. Now there is growing in-

,‘ ‘ terest in me thods of teaching low achievers and d:.sadvantaged students-~-a

/ spec:.al kind of apt1tude treatment interaction problem. .But the extent of -

- this concern is not yet reflected in reported research Four reported stud- .
1es--Easterday (196u),, Engel (1966), Castaneda (1967), and Jones (1968)-- T
involved dgvelopment and t¥fal of new proggrams for\ low ach1ev1ng and disad-

.

vantaged students.

- *

In a study with'more ge,neral'impl:].cations for teachiné low achieyers\\mh—/
B Wiebe (1966) compared three mgthods «of using prograrllmed instruction with s .
students.' The treatrients weré (1) programmed instruction with imediate re- . .
inforcement, (2) half programmedlinstructi'on with immediate rrceinforcerrlent and
half teacher—d:.rected 1nstructlon, and (3) half programmed 1nstructlon w:.th

delaved relnforcement and half teacher—dlrected 1nstwuctlon. Wiebe adminis-

..

N « tered the treatments to 236 experimental subjects for five days. Pre- and- -t

. posttests and a one week delayed posttest showed that Treatment 2 produced -
h:.ghest seore and s:.gm.f:.cant gain (p < .05). He concluded that low ach1evers
‘apparently need some mteractlon w:.th and instruction from a teacher to make

¢ ..

most e ffective progress. ) ) o

~

P%ychological Theory to Teaching Theory. ’I)he recent reconstruction, of: ~

the school mathematics curriculum has also led to a vigorous revival of in-

‘terest in the psychological aspects of mathema;:.cs learnlng, led by Piaget, )
Brune!‘\ Dlenes, Suppes, and Gagne. Such a comblnatlon of curriculum and |
psychologlcal research emphas:.s seems to reflect & belief that having de-

termnted the 1mportant mathematlcal 1deas and how chlldren"‘learn these 1deas,

. effectlve teach:.ng procedure is a rout:.ne corollary, There.is, however, a

‘growmg awareness ‘that the matter is not so simple; translation of learning

. theory 1pto meaningful’ gu:.del:.nés for teach:.ng is an 1ﬁﬁportan1: problem worthy -
s . ,,-v”' , v . - . I
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pf’the'best efforts’Qf ingenious teachers Evaluation of pedagoglcal theories
+ derived from learnlng theorles is an 1mpontant emerging area of research.

The Cu1sena1re method of. teachlng anithmetic is derived, at least in-
part from the P1aget1an theory that young chlldren s th1nk1ng is limited -to
concepts with 1mmed1ately available concrete referents. Gowder (1965) and
Hollls (1964) each compared effects of teacﬂlng arithmetic by Cu1sena1re and

conventlonal methods and found the Cu1sena1re method superior, partlcularly in

: concept learplng. .

-

In two other stud1es testing the pedagoglcal 1mp11cat1ohs of Piagetian

theory, Toney (1968) and Trueblood (1967) compared teachlng methods 1n which.

students manipulated concrete instructional materials with.methods in which,
the teacher simply demonstrated or descrlbed the man1pulatlon Resultsggzd

not significantly support the student manipulation method (presumed to ody.
the proper psychologlcal principles). The Toney study, however, involved a .
very small sample, and in both studies Plaget's theory.has been overs1mp11-
fied and superficially 1nterpreted in thq design of the two instructional

treatments. . - . \

.Woodward (1966) conducted an interesting¢experimen§_to test an idea of .

Ausubel that meaningful verbal learning,can occur only when 'more inclusive

relevant concepts exist and are/&eadily available in the cogpitive structure
of the learner. The idea implies that presentation of an—advance organizing
concept prior to &,_verbal learning task will enhance learning Woodward ex-
amined this hypothesi$ and a’Kind of converse which proposed that dlscovery
‘learning would be more successful if overt postorganizers were presented after
discovery, - s e

He taug%t mod 11 arithmetic‘to'a total of U4 college subﬁects using four'
methods--(1) preorganlzers and d1scoVery instruction, (2) preonganlzers and
verbal 1nstructlon (3) postorganlzers and discovery 1nstructlon, and, (4)
postorganizers and verbal instruction-~each mediated by computer A’learnzng
test (adm1n1stered one day after 1nstructlon) and a transfer test (adménls-
tered one week later)'yle%ped no s1gn1f1cant differenges brcxnreractlg%s to ,
support any of the hypotheses. An 1nterest1ng next *step 1n “this d1rectlon
wdhld be»comparxson*othhqsefresults with yet”a third treatment, no pre-
or.postorganlzersq reflect1ng Hendrix' admonition about prematureeverbalhz
*‘zation and its effect on discovery learnlng. : )
In another sort of testtof the advance organizers 1dea, Procter (1967)

tested the hypotye51s that student learnlng &nd class part1c1patlon would

* . rt'
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1ncrease s1gn1f1cant1y if (I) spec1f1c ogjectlves were clarified for the stu-
dent before presentatlon of the 1earn1ng task (2) effective feedback appa-
ratus was available during the 1éarn1ng task, and (3) there was an obJectlve
relation between achlevement of specified behavioral goals and course grades.
Proctor derived these hypotheses from Gagne's theory that every learn}ng task
can be described in terms of des1red behavioral objectives and analyzed .
into a number of prerequisite s1mp1er ob]ectlves. His experlmentatlon con- .
"firmed the learming aspect of the hypothesis, but 1evel of student participa-
tion 1n class was not significantly affected by }mplementatlon of the stated

-~

-procedures.

Yet another translation of psychological theory into teaching theory *
was reported by Farrell (1967). She attempted to devise an optimal approach .
to teaching h:.gh school geometry based on/the cogriitive act:.v:.ty of pattern
centering--the process of sorting information into categorxes or patterns and
analyzing constructed patterns to determine rélations among them. From analy— ‘;
sis of the sub]ect matter and the learning characteristics of the 1ntended
students, she concluded such an approach would be appropriate.} The crucial
translatlon into dctual teacher behavior prescriptions and tae%mg the re-
sults were not a part of the study, but an interesting hypothes‘s was sug-,

gested. . j . g . :
. ) / .' : «\ :

Media of [n ruction ' oo

Programmed instruction is playmg an important,research role as a means

of simulating classroom

.repeat ble condltlons. Programmed instruction, however, was orlgmally con-

ﬁg"i’ 'ceived as a replacement for traditional classroom teachmg—-—a’ tool wh:.,ch could
4!4': ,7.. Vio-
gffer pacing and feedback on an individual basis. Since mathemat:.cs has been’

a populan tgplc for developers of programmed material, there has been a great
c:l,gal of g?éearch on the effect:.ve‘ness of th:.s new 1nstruct1onal medlum. The
» % ‘ﬁost frequently debated and tested questlon has been the relat,lve merits of

programmed ‘and teacher-d:.rected 1nstruct1on. Re‘sults of med:.a compar:.son
’Of'

studies have falled to establlsh the superiority of programmed or conventlonal

instruction.- ) In fact, the ev:.dence is sharply contrad:.ctory Zen

-

Y, Zoll (1969) reviewed research in programmed 1nstructlon and found that in

13 such comparat:.ve studiés three showed significant dlfferences favoring pro-

grammed instruction, ‘thrée showed s:.gn:.f:.cant d:.ffere‘nces fayoring traditional
{ . . .
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instruction, and seven showed no significant differences. (See Devine, 1968,

. Kellems, 1965, or Dobyns, 1964, for example.) 3

Research in programmed instruction has thus, qulte properly, moved in ‘\/ S
the dlrectlon of studies seeklng the interactive effects between’ varz.ous
types of programmng, subject matter, and léarner character1st1cs and st.ud-

'ies of how programmed materials can be most effectlvely used in comjunction

with standard teaching procedures. For example, Morgan (1965) and Callister

(1365) exam1ned stress, anxiety, ‘and ach1evement interaetions in programmed

- " and conventlonal classes;”and Wiebe (1966) tried to find the most,effective
b ‘combin_ation of programmed and teacher-directed instruction with low ‘achiev-
P ing students, . 8 : ~ o, .
T In summary, it seems fair to conclude that, far from supplantlng teacher | ' ‘
classroom 1nstructlon: programming wlll probably prove: to be an important in- '
| structional device te be integydted inta a total instructional plan where
most effective, ' .
. .7 Televisibn is another instructidnal medium that has come upon education '
. l.offering great promise of improviné instryction. A)s “yet, the research evi-

» dence on}meshods and effectiveness of televised instruction in mathematics ,

is 51limy particularirin elementary and secondary schools.
7 .3,,_
Th best known use of television 1m elementary school mathematics in- (-

struction is Pattems 1n Arithmetic (PIA),, developed at the University of

ylsconsm. PIA utlllzes television rlessons and coordinated teacher manuals

and pup-.l.l exercise books if an arithmetic program for.Grades 1-6. The course

a

is. now being’ used by over 135,000 students 1n eight states.
) During the ‘1966 -67 gchool year, .the wlsconsm Research and Development
Center for Cognitive Learnlng directed a summatlve noncomparatlve evaluation
of the PIA program 4in first- and th1rd-grade-c1asses of selected Wisconsin
and’Alabama Schools (Braswell and Romlf erg, 1969)." Bot,h_siéndardlzed and N .
speclally deslgned ach1eVement tests were used to measure arithmetic concept ‘
. %attalnment, comp:tatlonal ability, and other spec1a1 goals of PIA. The re- ﬁ

sults were generally\favorable to the televised program. Furthermore, op1n-

" ion inventories showed that both ;eichers and students .hked the televised

. course. Lo o Sy . )
) -+, - i

. . ,Multlvarlate ana1y31s of vaman}ce was ,used to examlne the effect of .

~

communlty slze, st@e and socloeconomlc sta:tus ,achlevement nT‘PIA }‘he 2

only s1gn1f1cant difference 1nd1cat d tha’é&J scon§ in studentsmvdld better on .

. A
. R { ;
. - stardardized" computation tests th# their Alabama counterparts. . Trends

e
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favored hlgh socioeconomic groips, partlcularly on the st §nda} 1zed tests Jof 5 B

¢ =

concept attalnment. . . )
=

“In the secondary school, instruction by teleV1s1on is notﬂat all’ common, 4
*s&
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Colleges are the main users' of telev1sed 1nstructlonﬁ and this 1s more a
l reaction' to'exploding student populatlons in general mathematics courses than
"to careful appralsal of the merit in this medium, . - )
Nazarian (1967) observed that most studies have shown television to be
« as .effective as Standard instructioral techniques--at leasQLon gross measures

of achievement, He 1nvest1gated the response to telev1sion of varlous abllity

groups. Using two "classes each of hlgh and low abllity (measured by SAT
score) college general Wathematics students and @n experimental insfructional

pattern of two television classes and one rec1tatlon per week, he found that
ntrol standard lecturé method Broduced better achievement; high aptitude
students did better in the experimental course, but low aptitude students did

better in the control course, None of these differences was significant,
however, ’ : . ..

-In another college level television‘experiment Lane (1964) examined

several ways® of making up for the lack of teacher—pupll 1nteractlon when in-

struction,is mediated by television. He found that a programmed booklet based
on assigned problems was superior to a classroom hélp sess1on and to a klne-
scope problem session, . f . ’

From the ev1dence, or lack of ev1dence, in research, ’1t is- clear that the

S
possibilities of teleV1SAOn as a component in mathematics 1nstructlon have

barely been tappeda. Lo ’ - .

.

®  Teacher-Pupil Interaction - N .
- If teaching methods reseapch is,ever to~ uce rellable results in class-

" room experimentdtion, it will be necessa¥y to develop r1gorous behavioral-def i~
nltlons of teaching styles and observatlonal technlques that dependably and
accurately measure conformity tz the styles in question, Throughout educa-
t1onal research there %s a gréwing 1nterest in systematic, empirical study of

teacher—pupll behaviors thaf shows promlse of providing these nécessary be~
*“”‘”haV1oral concepts and observatlonal methods,, Appllcatlon of~these technlques
to study of mathematics teachlng in particular has been llmlted but promlslng.

'

-
D

Interaction Analysls. Flanders' system of Interaction Analy51s g1ves 2
procedure for quantlfylng direct and indirect teacher influence in the ‘class~

room that has_ been used to test a variety of conjectures cottcerning the
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o relat ionship between classroom climate and student achievement op attitudes.

In a study of-16 mathematlcs classes, Flanders (1965) examlned the followlng

N

[
o ‘ﬂ,\i‘(ﬁ
iglede
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.

.
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-

hypo;hese5° (l) Indlrect teacher 1nfluence increases student learnlng when

a student s perceptlon of ,the goal is confused and amblggggs. (2) Direct

j‘ teacher influence %ncreases learnmng when a student's percepgéon of the goal
;f“:\’ is clear and acéeptable. (3) pirect teacher influence restrlcts learning
.g;wwj‘ * when ans%udentts perceptlon%gf the .goal is amblguous._* . ,

Allﬁthree hypotheses were%supported. Sﬁccessful teachers consistently
exetted more indirect 1nfluence than dlrect influence. These successful
teachers also showed a tendency to move from extreme indirect influence at
the beginning of a unit of study, when goals were more amblguous, to more
direct 1nfluenge as goals of the unit bedome cldaver.

“ Interaction Analysis was,also used by Torrance and Parent (1966), and 1t,

X became part of an expanded 1nstrument uéed to study pupll 1nvolvement and

mathemat1ca1 content 1n the "Flve State PrOJect" atwthe Minnesota National

Laboratory. "& . .
. Jvh The "Five State Project" was begun in 1961 as a field study of effec—
tiveness of four expeblmental secondary school qsgﬁematlcs programs., One -
aspect of th1s evaluataon (erght 1967) was an attempt to describe the
- effect of experlmental currlcula on patterns of teacher-pupil verbal interac-
tion. Flanders dev1sed a mod1f1catlon of his original system to determﬁpe
‘8 involvement behavxors--the frequency and roles in which students are drawn
- ' into various aspects of classroom activity. A content orlented observatlona}
system derived from one of erght and Proctor (1961) y1elded data about the
patteng;of content behav1ors—~the gelatlvﬁ emghaslsﬁofftheéﬁetiﬁal.and'con-'

+ —T ~
ceptual mathematical actlvity in experlmental and control classes. ’

s pra “ Slxty-two observers used the involvement part of the observational éys-
; tem during the spring of 1964 ‘and spring of 1965, The procedure used required s
o the observer to note once .every three seconds whlch type of involvement be- !
" havior occurred. The categordies were: . h
‘k ’»: Teacher -~ (1) clavifying, encod%éging; summarizing, . S5
. (2) contacting, checking, (3) confronting; ' A
. , seeking, (4) soft or hard challengingy . “. o T
- jolting, (5)~informing, lecturing, (6) -
<oy directing. : ' . - SR
, { " Student -<#(7) receptive, passive, (8) 1ndependenf, ) )
.. o ‘ active, (9) curious, Creative . ! )
. - Lo -
v ° . » Q
32 - f - - RS - : . ) \
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General -- (10) sitence, confusion, orga‘nization. -
The accumulated data showed that pupils in both experi'..mental and control
ciasses rlayed about the same role--passive or limited to highlygcontrolled s .
responses amountlng to about 20 percent of all behav1ors. The two signifi-
s cant dlfferences showed that experlmental teachers asked more confrontlng, .

seéking questlons and thelr students responded more 1ndependently However,

this behavior con t;tuted only four percent of all act1v1ty / ',
, Twenty-five bservers useﬁ%?tent part of the observational system C
' during -1964 and 1965 also. The contefit behaviors were tallied every three
sec (%%m one of jthree major categomes- “
‘%'2" (l) Fundame tals/—v--conslderation of the body of knowledge presently at -
~ >,% /f command of the pupils. Subcategomes--structure and
’ 5 i te/g:hnigues., ’ y ‘ ) - e

() Relations- '-’consfderatioi/ of new or broader concepts in*mathematies.
5. / .S " Subcategories--deductive, inductive, and statement.

(3) Applications---use or practice of @ concept in specifi¢ problems,

.
PN

% eithér.in or out of mathe‘matics'.\Subcategories-- -
mathematical and other, ’ —_—

The dath presented no clear pattern of frequency or sequenclng amon& the con-.__ o
tent behaviors in either experlmental or control classes. There was slight T
1nd1ca‘t10n that class dlscuss1on in experimental programs pa1d more attent&on
to theore‘c;,’cal matters than that in control classes w1thout de -emphasizing
baslc problengfgfblvmg skills, * ‘

The lack of ev1dence of strong behavioral pattern 'differences between
- .experrmental and control classes might :indicate that curricula alone do not.-y

exert” the hoped for 1nfluence on classroom' procedure. There were, howeve

v

four quite different curricula 1umped together in the experimental classes.
Fur‘ther'morg,' the content ahalysis system does not seem sensitive enough to
fully ancf %curately record the structure of mathemat1ca1 discourse, .

Other Classroom Observation Schemes. Pate (1966) used a different kipnd— .

of observatlonal instrument to examine what he called Transactlonal Pattern . -
leferences between classes studying SMSG and more tr,adltlonal currigula, ‘
Contemporary mathematics programs generally placé more emphasis on processes

of - discovery and inquiry and use more. formal mathematlcal symbollsm. There- "

> fore,, JPate 'sought emplmcal evidence about differences . in teacher-pupil in- .’ 7’*#
, teractlon in SMSG and traditional classes and the extent to which SMS teach- ) -
ers 1mp1ement the d1scovery and inquiry uered on th He dév_eloped a « .
-k - ,(_. . . . o - . ' . ) [P ' .
7 » - ' <
S B - ) B
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.composite observational'instrument consising of a Teaéheeruestion Inventory,

‘change teacher behavior.

1
{
4 . s - -
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an Analysis of Patterns of Pupil Response, and the Prove Code (Hughes et al.,
1959).

fbservers recorded act1v1ty in forty classes, half us1ng SYSG and f
half. tradltlo<iz‘§rograms, twiné each. .
The data rrqﬁorate findings in the involvement aspect of the Five State
Prowect that is, the predom1nant pattern of interaction was one in wh1ch )
recall and recognition questlons were d1rected at individual’ students in a
climate of control. Although thé&re was some evidence that SHSG teachers
used more d1vergent and analytic questions to elicit spontaneous and cfeative
, response, this behavior was only a small part of classroom act1v1ty .
Evniience from these two stydies seems to indicate that duitably desl-gned"
experlmental curricula can have a not1ceable influence on patterns of class- —
e L
of behav1oral concepts whose referents are identifiable in classreem activity, S

w 0

room 1nteractlon. Moreover, observatlonal 1nstruments themselves, cons

offer an instructional framework and language for meaningful efferts to

- ”

In a doctoral study,.Buck (1967) used the Observation Schedule and Re- .

“cord (0ScAR) to compare teaching behavior of intermediate sfhool teachers wlth

varying mathematical ability and classroom experience. He visited classes of [
£ight

stales on the elementary mathematics version of OScAR reliably di scriminated "

teachers paired according to mathemat1cs ach1evement and experience,

teachers of varylng mathematics achlevement chus suggesting that knowledgecof°

mathematics is a factor in choice of behav1or

s 4

Two other 1nvest1gators, Stilwell (1967) and Fey (1969), developed spe-
ofal 1nstruments fo\ recording mathematlcally and pedagogically significant

aspects of classroom verbal béhavior. Stilwell devised 16 categories to i

eover possible behavior during prqblem-solv;ng activity'in geometry classes. -

Ihén using a three sedond time unit for,observation, hé “examined problem-
solving act1v1ty in classes of 12 teachers.’ - : St
Data from ihese observations were used to develop a profile of classes
for a "composite! teacher and to compare classes of 1n&§;:dual teaohers. . -
Like Flanders, Stilwell, comh;ned teacKer behav1ors into wwo classearto get. an ' ‘
E/D ratio indicating relative ambunts of teacker talk encouraglng and dls-
coyraging‘student involvement. He found that greater teach1ng experience had
a significant pos1t1ve correlation with amount of encouraglng behavior,
Another extremely 1nterest1ng result wag.the fact that all teachers differed

»

significantly (p < :005) from the-composite teacher!

-~ ’ =

~ ~
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Fey (1969) developed a system for ana1y21ng the pedagogical functlon, \
duratlori, content, mathematical activity, and logical purposes of each ——;_//
utterdnce in classroom discourse about mathematics. Following the lead of - |

Bellack et al. (;966), he viewed teachersand'student verbal commupications as .°,

moves in a classroom 1anguage game and tried to discover the ¥Fules of this
game“ﬁs it was played in classes of five teachers pa€t1c1pa ing 1n the
Secondary School Mathematics - Curriculum Imprdvement Study. The 1ﬁ§¥;ﬁﬁent
gave evidence of belng a sens1t1ve#;nd1cator of the patterns of mathematlcal
activity in secondary.school «lasses. ° . '
In both the Stilwell and Fey studies the major objectives were to develop
reliab}e and valid techn%gggs,foi‘des ibing verbal behavior in mathematics

classes and to genggate~hyp

ses forWfurther investigation. The valug, ins
this® effort can be_ngaia d_only if the studies are followed by experimental

classroom research’uslng ‘the obServatlonal schemes. R

- PR Y

. t g
- ¥ B . »

" Teacher Organizational Responsibilities’ N . \1

The centyal responsibility of a teacher iscactive leadership of class-

room learning activities. Thus research most often focuses on patterns and *

‘media of classroom instructional behavior. In preparatign for teaching and

during a given class session, however, the teacher is called upon tp.make'a )
variety of procedural decisions iﬁ%hlx;gg grouping of students, class sige, .
assignments, pacing, enrichment, and so on. A number of studies offer in-
sight into most effective choices in these procedura? decisions.

"Groué?ng. As part of the attempt to present students w1th a program %
suited to their 1ndiv1dual.level of mathematical ab111ty and ach1evement
homogeneous grouping has become a standard practice throughout the secondary
school. Three reported experiments examined the effects‘of various ability s
grouping arrangements. ; ’ 3. "G

Stevenson (1966) 1nvest;gated the interaction of ab&llty, achlevement,

and grouplng when 142 seventh ‘grade students Jere gvouped accordlng to diag-

- nostlc pretests before each of ten units. He found that an ayverage of sixty

students changed groups at the end of a unit; thefe” was 1o significant . -
dlfference in a¢hievement of arithmetic computation or appllcatlon ability ) “'
between thosésstudents who changed frequently and tho:e who changed seldom;

but those who changed seldom had a slgniflcantly higher arlthmetic .concept
gain. . -

.
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A similar flexible ability grouplng procedure was tested by Wlllcutt

(1967) He falled to find s1gn1f1cant dlfferences in achievement between ®

el . .
éxperimental and control classes, but,a‘31gn1ffZant di¥ference Ln attltudes
. - » .

°

favored the flexible _grouping procedure. . . ‘ﬁ )
- Campbell (1964) compared whole class instruction and a w1th1n class oy
grouping procedure in sevehth grade arithmetic 1nstructlonq In. each of the '
four experimental c1asses- ach1evement tests and teacher Judgment were used.
t6 ‘determine three subgroups. Each subgroup was placed in an area of the
classroom and given group instruction by the teacher--completing seatwork
while the other subgroups were instructed. Tests revealed no significant
differences bstween the-experimental and control class -achievement, but the
trend favoﬁedﬁ:he whole clasPmethod of instruction. Teacher attitudes
seemed to favor the grouping procedure. * ) .
-\ The most thorough and definitive study of ability group1ng in ulthemaths
’ instruction was reported by Nelll (1966) As .part of a 1arg% Beale study®
(Goldberg, PasSow, anquustman 1966), Neill's 1nvest1gation compared the
effects of enr;chment and acceleratlon on achlevement of 1477 academlgally

talented 3unlor high school students. Using the Lorge-Thorndike V&bal

Intelligence Test and STEP reading and mathematics tests to determine 1n1t1a1

status, and u31ng three different criterion tests, he found that a contem-,
porary mathematics program taught umrder acceleration leads to greater ach1eve~
ment ga1ns than an accelerated tradltlonal Jprogram or. an enr1ched program of
either tradltlonal or cdntemporary content. . ,

Neill also chetked for 1nteraction betyeen various teacher and student
att 'butes and achievement. He found that teacher characteristics contributed
substantlally less to dlfferences in ach1evement than@gtudent attrlbutes, the
ma1n teacher predictor being length of academlc preparatlon7 Sfudent attri-
butes closely associated with achlevement were 1nfe111gence, 1n1t1a1 readlng
and mathematics ability, socioeconomic Status, attitudes toward mathematlcg,
and self~appralsal There was no significant interaction of pupil and teach-
er 'sek, but classes taught by men were more successful (a result conflrmed in,

. the- Internatlonal Study of Mathematlcs Achlevement) ' I
Team Teaching. An organization of 1netructlona1‘responsibility that pro:

mised to make most effective use of the talents 6f 1nd1v1dual teachers, team

Egichlng has not gained Wide acceptance in mathematics. There has hardly been 2;

%
&
khough research into the procedure towgllow fair appralsal of its value. - -

. e -

AN




‘%

+

one control class)
to gompare team and traditional teach1ng “of Junlor high school mathematlcs

.

“Paige (1967) conducted a small study (one expérlmental and

‘Students in the traditional group were matched 1n palrs by sex, 1nterest,

mathemat1cal achievement, and previous grades with students in the team-

@

o
taught group. Three criterion measures--a posttestq a delayed posttest, and

&
L)

a relearnlng test--failed to gxye ev1dence ‘of si gn'f'cant/dlfferences between
* the two treatments, | g‘ %’,j RN
In another less t1ghtl§idés1gned study,MBhushan Jeffryes, and Nakamura
(1968) tried to reduce teachér;load (in termé of classroon contact hours) by
a procedure comblnlng large group (69 students) lecture 1nstructlon small’

group (23 students) discussion and problem sessions, and 1ndependent or
tutorial study. -

The varlexy of instructional procedures was made possible
by flexible scheduling procedures.

Achievemcut testing showed no significant
dlfferences‘betw

Y

A\

e

’ learning.

. matics were taught by d1scusS1on, lecture- laboratory, lecture, and mixed

N2

. Students).

’
e/fed in reduc1ng teacher class contact t1me without reducing

\. N\ r~
Class Slze. “The problem of optimal class.size, llke that of television,
effectlveness has been faced pr1

apparently ‘succ

'

.
+

«

.

m;;piy by collgge téachers of’mathematlcs.

Kerce (1965) examlned the -interaction between class size and teaching method.

Sma1l (13 students) and large (54 students) classes in freshman college mathe- |

methods. There were no s1gn1f1cant differences in the tréatments or class '
ize comparlsons. Surprisingly, however, ateitude measures favored large

class procedures.

+ Moore (1967) compared two procedures fn freshman college mathematics--

\a comblnatlon of large lecture and small study classes and ,the tradltlonal )
slgnﬁflcant dlfferences 1n achleve- T

lecture recitation metﬁod He fbund nj
e experlmental treatment' and . there

was a decline in debllltatlng anxlety under the same procedure (¢
In a’study of large'group instryction at the'h&gh school level,‘Madden “ e
51966) found ach1evement in ninth grade general mathematlcs was significantly

greater in laﬁge 61asses (70-85 students) than in normal 31ze classes (25 40

ment' attitudes and opinions favored t

C .
.

e

In thls study, however, and 1n all other comparlsons purportedly
te@tlng only the effects of class size the more 1mportant questlon seems to

be, "What methods of classroom teachlng are most effbctfﬁe”wlth groups of a

partlcular size, studants of partlcular ablllty‘levelg, partrcular mathematlcal

2
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subject mattep?" Moreover, to gef:a true nmeasure of the va’fectivene‘ss "of .
. TS

od g . .
' various:prodedures, it wi‘ll be necessar"yjto apply criterion tests that-

probe beyond. the, gross measures of-achievement and attitudes.

. s -~
, 8 . , ’

UICSM and The Madison Projéct.

With experimental reseaprch on mathiematics ‘teaching so cor{sis@:entiy in-
conclusive,* teachers have been forced to look elsewhere for fresh ideas about
their ihstructional tasks. The Madison Project, under direction of Robert

Davis, and the i)ng’.versity of Illinois Committee on School Mathematics (UICsM),

. under directioy of Max Beberman, have ‘botk had ‘an important impact on the

way teaching is in mathematics today,’ even though bbth are primarily curricu-
* -~ . * .

lum -developmeﬁt_‘ projects.

J':deas/énd made thﬂmportgnf effort to convey these ideas to téachers. The
most recent UICSM product is a junior high school program,low achievers.
It. consists of two courses--Motion geometg (1969a) and Stretcheps and .
Shrinkez‘§~ (1969b)x-written to especially appeal to. low achieving students and
agcompanied by teaching guidelines&\pund effective in clinical tests. .
:I'he Madison Project has more clearly concerned itself with’i)roducing new
teaching ‘ideas‘; but even le<?® than UI'CSM‘ with forrﬁal“expeﬁménta‘tz;on. Davis
and his colleagues are clinicians dpaw g..on 'ﬂ;e ins/ight and experience of
Psychologists, mathematicians, soeiologigts, anthroimlo/gists, and dven . T
occas.ionally'a misician to develop'povel approaches té mathematics inétructﬁon.
After formulgatir‘)g. the instr\uctior»)éi strategies in clwas.sroom.exploratiori; they
try to analyze 'g&:e teaching process-es to_det:erm.i.Pe thiose features .crucial for

Sucgess. These' observations are then i‘épqrted as clinical' cor;’t'ri.butions tof -

, .
~ - . k] i

a theory of mathematics inﬁttruction.
‘«%?: " & L i

—;ﬁ"I ‘one_thorough report Davis (lQGH)‘discuss‘e the: i;‘dad:isgh.Projec't's view~
L35 N R . . [ o ° * ros . ~ I
oint bn (1) the kinds of mathematical experience that. shoulq be provided “for

» e

'Eﬂildren, (2) criteria for selecting expériences‘,'(/s) teaching,vas a flexibly

programmed ‘discussion sequence, (4) classroom reinforcement strategies, (5) x, .
studeft fréedo_m', motivation, and learning, apd (6) the'inter'pretat.ion of =«
B o [4 -

.

Piaget's concépts of assimilatjon and accommodation in teaching practice. But

_ these findings are presented as .the observations of an ésfut’g’ classyoori
. I ! 4'_, 5 i "N %
e coteacher; how do they gualify agehesearch?

-

« controlled experimbntal studies of %&dching /in the, traditional’ format., Instead,
o~ S o, R P N . -

‘Y P% -,
' .

4/ . !
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e
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' Davis (1967) argues eloquently and persuasively that h1s ev1dence 1s the se-

e should be accepted as bona f1de regearch evidence.

. »
. Teacher Education

! .

. . Quence ‘of films of Madison PrO]ect classes in actlcg‘and that these f11ms

These films’and other

, Anserv1ce education.

econdary Teacher Fducation

* -

Fisher (1966) strveyed the e
prepara fon i
The Nati nal Sc1ence Foundatlon, th

educating 1nserv1oe teachers.

.EMCW’ \a‘“ :

P e R \k‘
A .

'691«:’ G

) * - . S _ o S
e, £- btone $o college teaching positions. i
B E) Cfr -~ D ’ -~ .
A . R - .
. L] -,
At - N ,’.‘
N ‘¢ ui *
N Ty
S ‘,7 ;‘ , - - Li' Vf-.i
» + . .
w s . 785

tent of cha ge effected

best known programs. of this type are 1nterd1sc;p11nary in scope.

1 vo1v1ng preparation for claésroom mathematlcs teachlng behav1or.

d. statisticg remalned weak.,

pro]ect work do suggest many 1d%as for further experimental research and

Shortly after the new curricula became widely used),

larly in elementary teacher education, others haveahyamined the impact of

_ these changes on the d@ypetence and att1tudes of newly educated teachers.

8 practicdl suggestions for classroom teachers, so-their acceptance as contri-
.butions to understanding mathematics teaching--and thus status as research--
Anyone 1nterested in building theory on instruction in mathe-

- matics would be remlss 1n overlooklng these 1nforma1 but highly in81ghtfu1
A

- PR : PN '
The quality and origlnallty of recent research into characteristics and

g 'behavior of effective teachers are not at all evident in studies of pre- and

I

. e recommendatlons were presented by CUPM and the Cambrldge gpnference for
1mggovement of teacher education in mathematlcs. Several studies have ex~
-, plored the extent of 1mp1ementat1on of these recommendatlons and, partlcu-

Only & little research offers fresh 1ns1ght 1nto the phase of tgacher educa-

Thé

gram 1n Mathematics of Ere Maﬁhematl al Assoc1at1on of Amerlca (1960, 1965,
| mss 1 by thes
d¥tions and found noticeable movement in the suggested direction.

geometry and probablllty in

institute as a-stepping

.

’

o~
., The major recommendatlon for change in the educat1on of secondary School

mathematlcs teachers has come from the Commlttge on the~Undergraduate Pro-

recom-+

Only

ough its extepsive proéram of 1n-'
°§e ce, summer,'and academlc-qear 1nst;tutes has been a major force 1n re-
?Z: The notable result’ of two different evaluatlons
of Académic Year Institutt programs (Irby, 1967, and Wllson, 1966) 1s,the fact
._ﬁthat'over 40 percent of all participants use the s

o
t
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As part of a larger cross natJ.onal study of teacher educatLon Wiersma !
(1967) compared the aca;lem:.c ach1evement of mathematics majors preparlng %o

teach in the secondary schools. Prospective teachers were examined one month . :
be fore completJ.on of the1r teacher preparatory programs im the Un1$d States, ¢
England and Wales, and Scotland On six achievement measures, the United

T
States students scored Iowest on four (1nclud1ng mathematJ.cs), mJ.ddle on one,

and highest on blolog,lcal sciences.- A var1ety of explanat:.ons were offered

for thes® results, suggest:.ng hypotheses for experimental teacher educatlor'

¥studies. ! . ) ’

Moser (1965) and ‘Steinen. (1966) pach 1nvestlgated ways of 1mprovmg stu ' ?
-dent- teach1ng experlence by prov:.dlng increased feedback on performance. Us-

ing a techmque employed widely ip other disciplines, Moser made tape-record- ¢

1ngs and an interaction analys1s of observat:.ons in order to carry oﬁt an -

<

objectJ.ve analys1s of the teacher performance. He trJ.ed to determ:.ne Whether _

£ “ R
patterns oflt’eacher b av1or could be identified and whether the feed&ck -

» procedure had any 1nflu)ence on teacher behavior patterns. . '. w’.

N #u‘

After each opservation, the supervisor and the teacher played badk the " 7

: ’ tape’ and discussed the lesson within the framework of interaction analysis. ) LT
* Although teachers seemed to value -the 1nformatlon Eov:.ded by the 1nteract1on vt ”,«‘
T analys:.s, it appear&d that they un.ckly sought @ personal style of teachJ.ng oo
g and adhered to it rigidly. Of 1nterest in connection with the StJ.lwe%.I st'u“dy'?-' *
,, is the fact that popular teachers d1d not have s1m11ar styles as measured by N

.~ the 1nteractlon analys1s. ) A ’ : ' '

-
e v - . B

Ste1nen used three dJ.fferen't’ sources of feedback--t student teachers~

-«

themselves (they tayght the same topic to ¢ s on"e or two days out of T ,'
( 3 phase;) “Fellow studgnt teachers (the stude ere palred in .teaching teams) ;‘% )C
‘ and pupils (they completed anonymous questi pairesy). Although the mvest:s—_ ey
It gatlon was prlmarlly explora:tory, evidence *seemed to mdlcate aji three ex~' . v*
y er1mental procedrres s1gnlf1cantly more successful Ehan nor'ma procedures. 3’ ?f
' ; - S ; S S
’ Elementary Teacher Educatlon S - T e A tL .

« > 3
E - Increased preparatJ.on in mathematlcs is one of the most not‘z.ceable T

. changes in- recent e),ementary t’eacher education.’ The assumption beh1nd this

‘ change 1s that 1mprow}ed competence in mathema’tlcs will lead to better atti- =
! ! »

"tudeé toward the subgect and more‘ effectlve teachlng* : 5 .

v .
. ’

o
..

wzith an apparent . s

'\
VA




- . ,1 - * . - L .. ’ ;:’ .-. ~ :
e . {‘ ~ . -
. i’ . o . .. .
- “ ~ L . ?F:
o - , - 3 Y sﬁ}' 4
/ - . ST
FEY L . i !
< " . ’

trend for 1ncrease in understanding of mathematids to be accompan:.ed by more

pos1t1ve att1tudes. McLeod (2965) foupd no cérrelation betweeg{z achlevement

on a concepts test and attftudes, amthmetlc skiX1sf years of expe;ueb .
grade level of a group of 1nserv1ce teachgr ¢ PRupcell £1964), fourgv aztiu.tudgs }%{
. understand:.ng of concepts, and grades in’ a hefds course not s1gn1f1cantly N

_ related. Gee (1965) and Tddd (1966), however, did devect; s1§n1f1cant posi~
- tive Ehlf‘ts in +tudes accompa~ying growth in mathematical understand:.ng
Reys (1966) noﬁsox‘ne trend '1n the sam\e dmect:.on. ’
There s almost no ev1dence to support or deny claims of cormelat:.on
between ‘teacher owledge of *mathemat:.cs and classroon effectiveness Haukebo
(1967) tested the freguently stated assumptlon that study of numeratlon sys-

tems enhances and rel;‘Eorces understandlng ‘of decimal system, and the hypo-
“ - '! i

& thes:.s was not supported, ’ 2 ) : o

g -
" What kind of mathemat:.cs instruction is most effect‘i,ve for elementar'y

t@acher ? Slnce the crucial crn;emon-- effectlveness\of the prospective R !

teacher in the classroom--is’so d1ff1cult to- apprglse, ;nathematlcs achieve-~

3

ment and attltudes are normally offered as 1nd1cators. -A variety of experi-

mental 1nstructlonal arrangements | have been reported v : -

at ’ *

* . Dutton (1966) found 1nd1v1dual \e\ instruction could be achleved by us-
. i'.ng’ programmed instructional mater als,f Foley (1965) found no s1gn1f1cant
{-: . differences ibetween the achievement of students!,ln a large class (203 stu= i\ «

dents) and those in a normal size class. He also detected nd differences im .
. P . - U3 N

attitudes. ' 'O ’ .- ., N

Northey ('1962) evaluated three methods of teaching elem%ftary teachefé
determined by var'y:.ng "t:lme allotménts to le@iture and dlscu881on act1v1ty. Us-

.J.ng computatlon sk:.lIs., att1tudes, concepts leamlng and re‘t;ehtlon and unlt 4
S 5”4% achleVemerft tests as Jcmter:.a he} ’found no signjficant dlfferences overall ,

.t according to t'he tre tments but & vam'ety of 1nteractions between treatment . .
.° *and 1nd1v1d1fal ‘cmtemon measures and ab111ty o t b j } [
o ‘ Bassl{er' 1966) compared teach:.ng methods, d’ete&*mlned by two types oj rein-
o forcement (mgnedlate and delayed) and. two types of| probleg exerclses (p ysi- 2 -
cal ‘world and mathematlcal settings) w1th standard d'evelopn;ental teaching. .

He found that neltner type of problem-generated /& ach:.ng was as effect:_ve as

v ’ normal teachlng and \there were nd 1n;t:era'ctlons of student ablllty and treatment.
"N, - . - He veportéd no relnforcement effects. .o PR .

. | ) '
* Lo Henkelrﬁlan et al. (1967) repof'tfd us¢ of a behaviéral object' es and /task

t

' j s anal sis approach to, sdévélop an experlmental 1nserv1ce ,teacher e uca‘tlpn
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program. Deslred behavioral _outcomes were-analyzed into hierarchies of sim- <

Ple components and an 1nstructlona1 sequence” was dev:.sed that would most

efficiently lead to student acquisition of the des:.red behdwiors. No data

J.nd:.cat:.ng comparative achievement was -incluged 1n ‘the report. :

Telev:.s:.on is beg:.nn:.ng to play an important role*in the immense task
of pre- and 1nserv1ce mathemat:.cs education for’ elementary ‘teachers,. but. thé
‘tests of effectiveness ‘for this medium are inconclusive. s X
_ Pehtel ({::8) compared thpee methods of closed ircuit television: '(l)

- Straight television, '(2) television and discussion, hnd (3) lecture w:.thout (
television. He found no s:.gm.&-‘:.cant differences between the three trea‘tments -
but a significant interaction between treatments énd ability- of students.
ngh ability students did better with the mlxed television and d1scusslon

e ) ‘ method than/with -the nontelevision method., ! T

. Dwight et al. (1966) reported & comparison of mathematics instruction fog
eleMteacheré by telev:.s:.on and by standard classroom methods. On a - .
~battery of. e:.ght pre~ and posttests,a regular class. averaged better than the - -
telev:.s:.on class, and the difference increased with tJ.me. - =
In doctomal studies, Green (1967) anc/LByglt (1968) evaluated aspects of T
a mult:.medla syst%m for teach1ng mathematics .to eiementary teaﬁ]ers. Lessons -~

» -
1n the system Modern Hathemat:.cs for the Elementary ‘Schocl Teacher by Greep T

and Kalin consist of a pretape worksheet -followed by d:.scuss:.on with an 1n-l

Structor, a televised lecture, posttelevision worksheet, homework, and a )
’ * - 4
summary. s - . . .

-

Green tested the system by eompar:.ng its effectiveness and that of regu- .

lar 1nstruct@ with 142 inservice e1ementary teachers. Achlevement and re- :
. ‘tentlon tests reveaJ.ed no s:.gm.f:.cant d:.fferen‘ces\between the. treatments.

o- Then Byrklt ubstltuted a:progr I ed text unlt qor the initial wdrk heet

'

and teacher dlscusslon and comp red effefctlveness 'of the rev:.sed system and .

another approach us:.ng only the audio’ pQrtJ. n .of the television ta es. He -

found no dtfferences between these two tre Tﬁ)@ T . !‘ . \) a2

: : sStochl (1963) comp‘?ar\ed the effu:%wen ss of pr-act:. e teachlng bserva- \
v

~ tlons made in" person with"

3 ose done 6n v:.deotapes. s1ng ﬁche methods course . s
- T fmal exam and-a’ speca.al f:.lm test on,

achlng mathemata.cs as crs.ter:.on - DS

.t

D ‘measupgs, he found no s:.gnlfq.c‘antf dlfferences*bé een the Atreatments. PR ‘ .
“ . [ Ina noncompar’éuve stuéy M;l]s aqd Kopéﬂ:em (1965) evaluated an m-w LT

»

feo serv;ce. course “in. mathemaths for eleme‘ﬂ'tary teac.ers 1n5w ich v1ew1ng of 30 -

—..-.

% 1%
- m:mute telecasts i}zaé “f‘bllowed by semim,arw

of' 15 1essons and-was viewed~at l2’sz,lot cente;:s in foun‘ reglonai cen;ers"‘
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+ Pre- and posttests of arithmetic skill, structure of the number systems, and
arithmetic 1nsgﬂht revealed that the 1928teachers who completed the entlre
televised course did not benefit s1gn1f1can5%? On.the, other hand thte
'(1963) found that a different telev1s1on course in arithmetic dld lead to
highly positive att1tud1nal éhanges in a group Qf 92 prospectlve elementary ,
teachers. * - . L

In both of the ppecediné studies, the results are only appraisals of
particular televised courses, not evaldations of televisipon itself. The
approprlate questlon, and the most- promzsing d1rectlon for future research,
is "What use of television is most appropriate for a given subject and stu-

dent population?" - .

Co. - .

k3 - i ‘jSummagy -
Recent research in mdthematics teaching has produced nio mafor ;reak-
thﬂSugh in the search for personal characterlstlcs, educatlon, r class-
.Yoom behav1or of effective teachers. However, several promisin trends are
4emerg1ng in the focus and techniques of research. ° . , o~
First, there is a growing, reallzat1on that effective teachiﬂg is the re-
sult of a complex 1nteracxlon between teacher ab111ty, attitudes, and.be-
hav1or, student aptltudes and attltudes, and the struoture 1nherent in.mathey
matloal topics. The tradltlonal dearch for a. simple proflle of a composlte
. "good teather" is giving way to investigations that ask "What kinds of. teach-‘
ing style and subject matter organlzatlon are mést.effectlve for teachlng a

part1cular topic to some part1cular student populatlon°"
. [

‘J Second,.there is a peallzatlom:that Student ach1evem§nt on some stand-
ardized test 1s a grossly 1nadequate measure for teachlngisuccess. More com-
P ehen51Ve dlagno t1c assessments of s udent outcomes must be develop%d and

,},ed.. 9"",‘ ‘ / .. T - .

Third, several~preV1ously unlnvestlgated classes of eachlng varlables

of‘success. ,Class-

) room.obServatlonal technlques offer powerful new methods in the study Ofx. ?u

teacher-pupll 1nteractlon variables. The most effectlvg 1nstructlonal usé of, :

television, programmed materiaI“ and computers is as.yet undetermlned. And
¢

the pedagoglcal fmpllcatlons of ecent developments 1n psychology ard Jus

beglnnlng to. be explored. ’ ' ) Tow h y}f

, i' Fourth the wide, range of search results bearlng on the actaV1ty o

. Sl
classroom teaching must e inte ated by a theory of‘mathematics t Achlng and

e b Ly S . < .
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translated .into programs”of- teacher education. Although these problems are

receiving attention elsewhere in educafioﬁ, little has been done to consider
the particular implications for-mathematfés.-

. A ) . .
Resudts of:resear’ch on mathematics teaching have often be

‘able and fnconclusive,.but there is promise of mere rigorous and creative’
work in the near fut

ure( . P
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. Although most of ‘the research andidirect applications from.' Piagetf’én

. tHeory currepntly focus bn preschool- and elementa.ry/ school situations, $he in- *
A si\ghts_ into human leazfning and cognitive development that can be deriv§ from
- a Piagetian point of vieﬁ are equally applicable to secondary' sch s:ltuations Lo
and particularlysto mathematics te‘aching‘ and learning. fThe*prese:?)l-paper., an

. attempt t'o"subStan,tiate the preceding opinion, is divided j:nto,si‘x sections,
* some of which may be of greater interest to,a particular reader than others.
. ' The first section consists of a brief ‘descri'ption ‘of the main features of v )

P:Laget s Theory of Intellectual }vellent The secdnd sectlon summarlzes .

- P:Laget s v1ew$’ gn Factors Influenc1ng Intellectual Development a top1c less -

frqﬁuently dlscussed “in the l:Lterature than the. t}i'neory ‘of stages of develop-
ment ifself. The third section 1s devoted to conveying the nature of some of

the Elementary School ~Piaget “Related Research that has” been completed nd that

seems ﬁo/st relevant to arithmetic teachlng and Iearning. THe fourth sbction . o

describes a few of the very few Plagbtlan Studles in Secondary Schoo Settlngs

that have been carried out. Then there is a section on Efdu,catlona{ﬁnpllca—

-tlons from Plagetlan theory and research, 1nclud1ng particular references to
secondary school mathematics lear‘nlng and teach:.ng s1tuaTons F:L'hally, some

spec:Lfic Sample Mathematics Teaching Approaches that fit a Plagetian frame of

D

' :
reference very well are characterlzed. / . .

PJ.aget "s theory of 1ntellectualud?r/elopment clearly* describes true or

11v1ng learning as om.glnatlng from the child and his own 1nterests anq .dr.w.es
7 ub

chool learn:.ng" ‘as a process of master1ng .,

Too often the ¢hild comes ‘co/*vz.ew/"
. this or.that sKill " for }he teac er" or "to get by," or "to beat the system "
Whereas in real life the ¢hild
ment doing things that ,,are vi 1ally 1nterest1ng to him and for h:Ls own wel- )
s. and modifies his behaViour and ccnceptlons_o.ﬁ_v,%

: the world by meangﬁ:f bas*:.c éelf -fulfilling drives. ;Gan a .child beledto )

operate this way i the W ld of mathematics? Some clues as to how this mlght o

AT
a v - -
-

’ "o 3

arns from active 1nteractlon w:.th his env:.ron—

fare He explores, .experime

! be done can lpe',found ,m iagetian theory. . . .

’ - - . ¢
v 3
K

Lo lA preJ.J.mJ.nary ‘vepsion &f this paper was presented at thé 47th Annual
. Meeting of the Nationdl Council of, Teachers of Mathematics, April, 1969, .
Minndapolis, uypder the title "Plagetlan Studs.es and, Mathematlcs Learning and L. .
8 Instruction. " ~ < . ) . RS
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HARRISON S S
o ° ! . . . . ’ . .

A basic notion in the thedry developed by Piaget and his colleagues in

Geneva is that of a schema, a cognitive structure which has reference té a )
. == o
class of similar action sequences from past experience (Flavell, 1963, JPP- 52~
53). - A schend can be thought of as the structure‘common to all those acts -that
an individual considers to be ‘dquivalent. For example, 1f a child's experi-
ence has led him to believe that putting three abjects w1th four objects re-
sults in a group of seven objecfs he possesses a basic schema that will enable

him to ,understand that "3 + 4 = 7." - ,’ }
’ . .
Any problematlc situatvion requlrlng behaviour which is already generally

Se rgpresented in the child’ s mind is handled by being assimilated to the schema.

%, ;earnlng that "3 + 4 = 7" is assimilated to the knowledge that 3 objects

o° and li objects make, 7 objects. Furthermore, a child with such an opera-

. f.‘ tionallschema is in a position td understand that three hundred plus four *
B hund)ed equals‘seven hundred w1thout ‘ever havlng to count out that many beads

;’ "or matchsticks (Skemp, 1958, p? 70).
. ‘pose that a person has ]ust arrived in a large.city with which he is completely

o, " unfamiliar. He wants to walk from where he is to another location in the city.

Piaget's Theory of ‘Intellectual Development o
- .

As’ anqther exapple of asslmllatlon,.sup— .

e

.4 ®

24

«©

Chances are that he mlght purchase a city map, find .out which direction ;s

north, and proceed to plan a route for his walk that will take him tQ his desﬁ )

tlnatlon. *Such a sequencé of actlonS‘wouldQ .in al%;llkellhood, involve an’

aSS1m11atlon of the situation in the strange c;ty to what he would have ddne
R
n inzan unfamxllar part of his home. c1ty .

{ -

to proceed to a locatlo

o " . On the other hand, "if the, oindividual possesses no completely relevant

1hstructlon, or both to enable ex;stlng schemata to accommodate to the new
L] v

s1tuatlon. For e ample a tonsiderable amount of relevant experience and,

1]

%0

—AF———-—-sehemay—aew»behaV%oural—seqﬁenees—must~be—butlt%threughrexperrmentation or . . |

traiE;Bg would 1ik ly be. necessary to enable a person who has lived in c1t1es .

y--
all his life to find his way in a wllderness region, let alone survive, even

. - though ,fhe city dweller might be espee&a&ly—prefxctent~am~f:ndrng—hxs way 1n

urban areas.
reg a

He would need new relevant experiences to produce modlflcatlons~

\ “
of h1s‘3ehemata~to accommodate to the coht1ngenc1es that mlght ~arise out of the

Adapt

./

. 'w1lderness settlng. ation of an 1nd1v1dual to’ hls env1ronment ﬁesults°
". ' g:" from the 1nterp-lay:of asslmllatlon and:accommoditicn. o R x"’

A ° Anothef)bas1c 1dea\$n Plaget s descrlptlon of the dévelopment of knowledge ;.: )
R "18 that of an operatlon. " An operatlon is an-interiorized action whlch éSn ’
'l '_ modlfy objects of knowled . For example, an operatlon could consmst of»con-

. ﬁgtructlng 3 classiflcatlon of objects of putting things- in a serles, of
e e Y; ) ‘ e ) - o : o C .
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counning, of measuring, of imagining an object being modified fwom one shape
{ v )

-

to another. . . .
SO o N
- To know an object 1s to det qn ite, To know is to modify, to tra
form thé object, and to understand the process of this transforma- -
tlong and as a conSequence to uﬂderstand the way the object is “con-
‘Strutted (Piaget, 1964, p. l76)
S
An opération is revers1ble in the sense that if can take place in both dlrec-

tions (e. g.,g]olnlng and separatlng) //The attainment of revers1blllty nequlréé
more.than an ablllty to actually undo an agbserved transformazlon, in that the
1nd1v1dual must anticipate in theught a return to the state prior to thertrans—

formatidn (Inhelder, 1362, p.,35). o - .

In the child's development of dperatlonal structures, the basis-of kfhow>
ledge, P;aget has distinguished four main stages a sensory-motor, pre—verbal
stage extendlng thrrugh_approx1mately the first, elghteen months of, llfe, a pre-,
operatlonal stage extendlng from about eighteen months to about seven years, a.
concrete operatlons stage from about seven years ta about. eleven or twelve

. years, and a formal operat}ons stage which begins at about eleven or twelve

*
years of age. Althougl the order of success1on of stages is constant, and 1s

the 1mporta;( notlon the chronological ages correspondlng to the stages vary

a great dea frqp culture to culture amd 1nd1v1dual to individual KInhelder and»

Piaget, 1958, . PP- 177 l78 Flavel& 1963, p 86; Inhelder,|1962 pp. 26-27)."

/

Durlng the sehsory-motor stage (flrst 18 -months) is developed the practi-=
cal fnowledge}on which later repr,sentatlonal knowledge is built. For example,
the schema of a permanent ob]ect is copstructed so that -toward the end‘of th1§

stage° the 1nfan¢,wlll trv to_flndealpnevabuslyrseeﬂ—ebseti_ﬂhaﬁ_lﬁ_iﬁ_gﬂfiiﬂi

his pereeptual 1e1d whereasgﬁawould not have done so 'in the first few months'.

Consequently, a notlon of practlcal or sensory-motor space is” cbnstructed along
with riotions of temporal SucceSSlQB”th elementany,sensgny-motor causallty ‘»
\1.‘,{"" .,

(R;aget l96 » *be. l7?) . R

- .

The pr;jéperatlonal stage'(up Yﬁ;about 7 years) is marked by the begln—_“

- o| .
*

nings of la guage, "of the symbollc function -and consequently, of thought or
representat on. Reconstructlon of all that was developed on xhe\sensory-motor ;
levell must occiir at the‘level of, represeptatlonal thought. Throughout thls
|. stage of pre operatlonal representatrgn,‘there is no evldence of. conservatldp
(perceptlon of+ the baszc elements of a s1tuﬂtlon that remaln constant under
"certain transformatlons :- the. psychologlcal cr1terlon of the attainment, of\'
reverslble operaflons).- For example, given two equal balls of plastlclne and .

asked to rol¥ one dﬁ them into a sausege shape, the Chlld Wlll assert thatlthere,




nding \on whether =~ ' -
‘ L}
he focuses on the lncnease in length or the decrease in diameter.” He cannot
1

seem to: “relate dlfferent aspects or dimen ions to one anoth r, and he tends to \
\ I . . e .
R be decelved by hlS perceptions. He cannotl mentally lmaglne 3 i \

K re- rolled into a ball of the original size|. His concrete tholight processes

are irreversible (Piaget, 1964, p- l77

P
1
» o l,‘.-

T In the stageinf concrete\qggratlonk
~.
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v that can b% carrled out s1multaneodsly ~1el contrast with eensd —motor ac- T

tlons which are carraed o&x ohly in succﬁss1 n. The operatlons abve corcrete,

»

. element@:ya
L NI

. ‘as a necyérocal re%atlonshlp (Plaget, 196 s P- l 7 Inhelder, 1962 b. 26)

-~

Younger ehlldren .are basically egocentrlc and have

Ve
b ) %hemselv®s from any glVQP‘SltEatlon; ”

N . . \ .

-

o fotmal; abétra&%&é@dpght operatlons w1th wh&ch the ado scent can reason in
. terms of hypotheség'aaédmgg only in terms of objects. N ior #q this lev 1 af

,' development the’ cﬁ?ld thlnks conEretely rather than ﬁeflectlvely, dealink wrth

each problémALn 1solatlon and not 1ntegrat1ng his solutlons by means of LA

f’ -
o <

geney _ §é¢m Which he cduld abstrac% a common “principle.” “n eo trast, T
¥
.the, adolesce %'most interested in *theoretical prdblems and in constr «txng

theqret;kal systems (Plaget, 1968, p. 61). The adolescent can, identify 4 1,;

JRTA A

poss;ble factors relevant to a problem under anestlgatlon and he caq foh

-

-q
- * all po lbﬁe comblnatlons of “these factors, one at a time, two at & time, three

Y

] at a time, and s¢ on. He can form hypotheses, construct experlments to tp sf”the .
. ‘. R
hyﬁktheses agalnst reality, and draw ancluslons from hlS flndlngs He ed no

longer confine his attention to hhat is real but cAn cons1der hypotheses *a{
4%):% L9 . S . . U “e - | . -
(€ . . ’ A ¢ -
) ‘[EIQ\L(:‘ i . ' “1,():3 \ A NN D :

. , . . .
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/- fmay or may not be true and work out what would follow if they were true. That
ae 1s to say, ‘in, addltlon,to considerlng dhat is, he can consider what mlght be
The hypothetlco deduct1ve procedures of mathemat;cs and scuence~have,beco e~ '
“open to him (Pzaget 1964” pp- 177 178; Inhelder-, 1962, pp- 21, 27- f% Ad; er, o~

1966, p. 579; Ber‘lyne 1957, pp.* 8- “10).

. 4 '’ . ' .

An example of formal operatlonal thought is that carried’ on by the adole- .

L3

.. .secent in coplng/hlth a problem in which he is glven f1ve bottles of colourless -

L~ .‘p-llquld of which the first, third and flfth combine to form a brownish colou K

- -

<. the sécond is neutral, and fourth bleaches dut colour Thé problem is to fin
~ . “%ut how to produce the coloured solution. The adolescenr discovers the combi-

natorial method reasonlng tﬂrough the constructlon of a table of all possible ‘

d) comblnatlons_and experlmentally determining the effect of each factor. Thls‘l

typé of regsonlng is beyond younger’ chlldren (Inhelder 1962, p. 2%). | M
b

L]
' "~ A o A N - i
. . )
. - - \
" .,
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Factors‘Influencing Intellectual Devel;pment' ‘.

Accordlng to Plageta_the development from one set of mental structures tQ
another is expialned by the operatlon of four factors: maturatlon experience,

- " soc1al %ransm1551on, and equilibration. : He states that nore of thése is suffi-

- c1ent. 1tself to %ccodnt for the grece ing descr1pt10ns of mental development,
but heXconsiders the fourth, equlllbratlon or self-regulation; to be the funda- .
v ¢ .
mental factor (Plaget 1964, p. 178). ) ok .-

4 »
- “ . v

* ven thou o} maturatlon of the nervous system- plays an 1ndlspensable role
g y P y

' in z:velopment, it, does not explaln everythlng because the average age at which

each\ of the Varlous stages occur (but not the order of occurrence) varies

widely fronbsoc1ety to socxefy‘fpraget,‘lgéu“‘p 178 ). L o

¢

Experlence of objects, of‘phy51cal reallty, Ls also a basxc.factor 4n the

development of cognitive structure, but it does not explaln everything. For

example, some of the’ concepts which appear at the stage of concrete operations

cannot be drawn from experlence alone. Con51der the fact’-that a child becomes

< cognizant'of'conServation,of substance at approximately age eight, but he does
not assert that weight or volume is.conserved unfil some time ater. Weight *
and ‘yolume can be p;rc ived directli; but how can the amount of stbstance bé

.Ac6n31dered without notions of wefght/and volume? The ¢hild comes to under-

. ‘ stand that when there is a transformatlpn of the shape of a quantity, of plasti-

cene, for 1nstance, sof ethlng must be conserved because the transformatlon can

bg reversed $0 that th plastlcene can be returned to its orlglndl condition.

L1

Since it is not yet the welght and nbt yef’the volume that is seenvto be » _ ' .

o ) S S ' - . .
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conserved, the notion of conservation of suhstance is simply a logical neces-

sity -- no experience car show the child at this' Yevel that there is the same e

N . .

amount of substance. Furthermore,‘experience is of, two psychologically dis-* ©
tinct kinds' physical experience and logical-mathematical experience. Physi-
cal experience conforms *to our usual notions of acting on objects and gaining
somé knowledge about the objects through the process of abstraction. Logical— ~:
mathematical experience, on the other band, is drawn from the actions effected
on the objects. Por example, a child discovers that, no matter how he arranges
* ‘aicertain set of pebbles "and no matter in what direction he counts them, he <
alway$ has the same number.' To make a sum, and to order the pebbles, agtion is
necessary. The child has discovered that the action of putting toge;her ¢sum-
ming) is independent of the actistn of ordering -- this is a. property of the -
actions, not of the pebbles. Herein lie the beginnings of mathematical deduc— ‘
” tion, which are further developed by the interiorization of the actions so that
they can be combined without the need of pebbles Before the farmal opefations
stage, the coordination of such actions requines the support of concrete materi- @ﬁg
al, but it later leads to logical- mathematical structures in which operations
are combined through the use of symbols arld. eanlier logical- mathematical struc-
; tures are used &s a point of departure in thinking about new combinations. The .
source o logic lies in the coordination of such'actions .are joining together .
+ and ordering. Lﬂgical mathematieal expe%ience, and experience of the indiVidu,
) * al's actions, not an experience of the objects themselves, is necessary before

‘r . . there can be operations° (Piaget 1964, pp. 178r180). : ‘ «

.

. \
. : . N . . et . . A . .
\ . Social transgission, linguistic or educational, is a third basic factor?
. . - >
As an example of so jetal effects on development, consider Piapet's observa- L

tion that the emerg nce of formal thinking torresponds to the age at.which

- x»sbciety;expects the child to begin assuming adult roles. Not the omset of
puberty, but the pressure to assume adult roles is the distinctive feature af.
adolescencd~in medern civilizations (Inhelder ‘and Piaget, 1958, Pp- 335- 336)

However, in order for a child to"receive information from soCieiy he must have

. a structure tpat enables him to assimilate the information Consequently, *C?
social transmission by Ltself is not adequate to explain developgegt . " Ordi-
-t narnly a five year old for example, cannot be taught higher maﬁheMatics be-

cause he does not yet have the structures that would enable him to understand
L}

(Piaget, 1964, p. 180). ! N A o
. .

Equilibration, the fourth factor serves to relate the other“%hnee factors.,

An individual engaged in the act of' knowing is led to reaqt to compensate for

"external disturbances so that a state rof equilibrium can be reached The- .

.
e
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prqcess of equilibration leads to op~ratlonal reverszbllaty, whigh i's character-
ized by an equlllbrated system in whlch a transformatlon in‘one direction is
compensaxed for by a* transformation in the other d1rectlon. This active process
of self-rggulatlon embodies the& concept.of feddback from the indlvidual's inter-
actions with his environment “and it takes the “form of*a succession of levels of
equlllbrzum' A system. is, 1n equlllbrium when a dlsturbance which modifies the
" state.of the system has its counterpart if 3 spontaneous action whlch ¢tompen-
satES for it. Levels of equilibrium can be identified according to‘the probq
ablllty of the occurrence of varlous poss1ble forms bf compensatlon. Laws of
equlllbrlum determine,’ at ach stage of development, the best forms of adapta-
Ltion compatible with maturatzbn, experlence, and influence of the social mllleu.
For instancé, the pre-operational child can only cope with one dimension at a
time and is led to assert non- conservatlon of a substance whose perceivedl form )
is altered, whereas a child in-the concrete operatlons'stage is able to take
account of compensatlng changes ln dlmension (focusxng on the transrormatlon and
not ‘on the flnal conflguratlon) to a;rlve at the notlon of conservation (Plaget,
- 1964, pp..l8l -182; Inhelder and Piaget, 1958, PP - 368-369).

N

N In the formation of the ability to conserve quantlty, for example, the

v

followzng stages of stratégy are distinguished: (1) cons1der1ng onL dlmens1on

. to-the neglect of others is the most probable strategy in the beglnnlng,
. (2) emphaS121ng the second dimension becomes the most likely as a pesult of '

- employment of the first strategy, and (3) oscillating between observed compen-~
satlng changes in the dlfferent damensxons becomes most likely as a result of .
the preCedlng strategles. " The process of equlllbratlon Starts at the level of

self ~-regulation and sensory-motorqfeedback and leads to operatfonai reverszblllty

‘———_"anﬂ‘Tnt'IITg€ﬁf‘fﬁ__1TF'""—HIgﬁer—levels of development. Every new problem pro--

duces dlsequllelum which is recognlzahle by the dominant types of errors made
Jn coping’ thh the situagtion. A solution is often arrived at by synthesizing a

new operation from formerly dlstlnct operations to produce a new state of equl-

librium. Consider, for example, the derivation of-the concept of ordinal number

1. from the process_of cardlnatlon-gnd the actlon of opdering.i The "second" element

in a row is the one that has one predecessor and the "third" element is the one

»

‘with two predecessors, and so on (Plaget 1961, pp., 279-281),

-

Con the development of cognltlve processes are well known,

Piaget's views
but what' can be' said about his view of the ﬁbarnlng process? He malntalns that
the learning of any loglcal-mathematlcal structure can<be accomplished only if

7 .the teacher can build the structure to be learned from.slmpler, more elementary K

"logical structures. Thls view is derr'gd from the notion that <logical structures
4 s L d

» - : L]
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are not the result of direct physidal éxperience. They can be grasped only
through the function of 1nternaI’eaull1bratlon or self- regulatlon in copxng with
the characterlstlcs of varlous/actlons. By way of example, Piaget and Inhelder
have led five-year-olds to, £rasp conservation of number by gettlng them ta drop
- beads s1multaneously into a glass they ‘cart see and one they cahnot. Usually
children ‘cannot grasp conservation of number until seven or elght if they are
presented sltuatlons in whlch a one-to- one correspondence between two.rows of ;
objects is set up and then one row is spread out. The former (hidden glass) :
’ structure is analogous to the latter, but it is embodied in a simpler situation.yf
It has been found that children can generalize from the simpler situation to L
ool /

ture is possible if such learnlng is based on natural development from and per-

sp the concept in thé mgre*difficult setting. Learning. of a a complex struc- .
ceptlon of relatlonshlps to more s1mple structures. In short, the learnlng of N
structures seems Yo obey laws similar to those governlng the natural development
of these structfures. Learning is subordinated to development?’ Learning is only
effectlve if it is lastihg, if it can be generallzed to new é;tuatlons, and if
the Yegrnér' s operatlon level 1s ralsed - Naturally developed cogritive struc-

res satlsfy hese’ criterla, and~"learned" structures should satisfy nothlng

0

o Fu?thermore, learning is possibTe only whens there is active assimilation.
_on\the part,of the learner, assimilation in the sense of integration of reality
into cognitive structures (Piaget, 1964, pp. l82—l85). '

Thus ﬁar‘some of the theoretlcal ideas underlylng Piaget's experiments have

been reviewed andinow an attempt is made to indicate the nature of some of the
Plaget -related research that has been carr1ed on at the prescheel and elementary

school level and that _seems most relevant to arithmetic teaching and learning.

.

Followxng that, descrlptlons are given of a few of th
e

. stud;es that have been Carrled on in.second

ew Piaget-related

§Chool 'situations, The balance
of the paper .is then devoted tg,dlseuss1ons of educational implications from

* . =
Piaget's theory’that sekp most relevant to mathematics teaching and learning.
s S - e ~ M . . . - » .
.. - .

Elementary School Piaget+Related Research

4

. o Piaget's The Child's Conéeptlon of Number (l952) has 1nsp1red many repllca- .

tlon studles, which 'haye, on the whole, coqflrmed his £ ndlngs that the child's

e
ablllty "to conserve number (i.e., to understand that the numben of elements in
a group does not change no. matter how they are rearran ) 1s argived at gradu-

) ally and that the Chlld passes through three stages in attalnlng number conser-ﬁ:

vatlon. Flrst, there is a perlod of nonconservation 1n which the ch1ld s gudg-

/ ment regarding the equivalence of two sets 1s‘dominated by perceptual 1mpress1ons.

Q S 100 - ’ ['v‘ . .
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Following this is a transitional stage in which the child vacillates "between
conserving and non-conserving, depending on the:nature and extent‘ofdthe‘oh- .
served "transformations. Finally,<a<9tage is reached in which the dild's con;~
ceptions of number become stable -- he isono longer, deqeived by appearances.

}OW

"He sees that the number of elements in a group does not change no matter
they are spaagd out or rearranged. He has attained conservation of number

(Almy, 1966, pp.22-34). * o ot

For example, a Chlld of about ,four years of age who is in the nonconserva-
tion stage will typlcally apprbach the'problem of f1nd1ng enough eg; c £i11 2
'row of seven egg cups by.making an equally long row us1ng perhaps only four
eggs When he is asked to put one egg{in each o\p he is surprised that there .
are .not enough eggs. Similarly, if he 1s presented with a row of twelve eggs
having the same length as a row of seven egg cﬁés, he wil] typically assert
that all twef&e eggs wyll go into the cups. Even after being led to match a_,

set of egg cqp%;one for -one w1th a set of eggs, he doubts that the two sets are
equialent when they are no longer lined up. In this early perlod number situ-

ations are responded to onxa- purely perceptual bdsis even if the ¢hild can “count

TN - “
SAlmy, 1966, p. 27). :,3; & g .
b .
“ In the second, tr ns1tlonal stage the child has no’ d1ff1culty setting up
a one=to-one correspondence between two sets of objects, but he cannot maintain

i it when the arrangement of the sets is changed.(Almy, 1966 p. 27).
. v .
. In the thlrd, conservation stage the child dlscovers that any change in the

Spatlal arrangement of the ob]ects can be corrected by an inverse operatlon >
The Chlld retaims access, to the information he derived from his observatlonxof
1 1

- a one-to-one relatlonshlp and he can use thls informatgon in splte of ang per-;“
. ceptual d1screpancy {Almy, 1966, P 27). N d o 4

Y K
. - { « pPRY *

Piaget's propos1tlon that discrimination, ser&atloﬂ and numeration’ follow
1n that order in the Chlld s development of number congepts has peen borne out
in a study by David Bakind (1968, pp. 56-75) involV1ng ninety chlldren %anglng
in age from four to six. Following Plaget s pyocedures, he administered thrg;
tests 1nvolv1%g two sets of nine size-graded SthkS (the second—set was inter-
medlate in size to the f1rst set) In the f1r$t test, a d1scr1m1natlon test,

vhe child was presented with one ‘set of * nine sticks in dlsarray on a table. He

.

o

was given a score of one point for\suo\essfully being able to do each of,ghe
followipg thlngs @1nd the smallest ﬁ;nd the largest find the smallest -&fter

o
est appeared larger than. the other

the st1cks had keén arranged so that mhe sm
SthkS, and find the 1argest after it had peen\ isguised (four polnts altogether)
The secbnd test, a ser1atlon test, involved pvesen ing the Chlld w1th,n1ne stlcks

3
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. . ¢
disarrayed*and asking‘“the child to make a stairway just like one that the, ex-

perimenter. constructed and then dismantled. If the child was not able “to zo
this with nine, five were removed. If he was successful id maklng a stairway BN B
with four stlcks he veceived one point. If not, he was nox tested further.
ff succ£ssfhl he'das asked to, build a stairWay %ith seven sticks (for one

‘more 201nt) if successful again, he was asked to build a starrway wr;h nine

Ta

sticks (one point). Flnally, if he sicceeded w1th nine, five more’ “sticks
* selected at random from the seconﬁ set of stlcks were brought out anddthe thld ’
was asked if he could put them where they, belonged (for one more poxnt) The .
th1rd test, a numerathn telt, 1nvolved presenting the child with an intact ~
- N stalpwaf of nine st1CRs and asklpg,‘lm to count the number of sticks (one -
point).. Then a doll was placed on the first stair and the child was asked:’
"How many stawrs does the doll have to cllmb ‘to get on this stalr?" If the
child was able <o' answer correctly when eaéh stair in the stairway was gplnted
_ . . .toin success1on, he was _given one more point. A further point was given ;f o
[ ‘ the Chlld could answen the preceding que;tlon vhen the ;edrth stair was TR N
Y p01nted to and when the seventh stair ‘was pointed to. Flnally, the sticks . -
A were mlxed and again the fourth and then the’ seventh sta1rs were pointed to

and the ¢hild was ‘again asked how many stairs the dolﬁ Jwould have,hadcto climb

(for one point). The purpose of giving the ‘numeration test was to determine j

whether the child could coordinate an ordlnal pos1t10n with a cardinal value .

“

. (the number of‘stalrs cllmbed) All three tests were-gxﬁ@n'fﬁree‘tlmes a} 1

fe oy " intervals of | one week uslng st1ck§ one’ t1me, slats another and blocks the th1rd

~

* " time (different groups were pfesented with the materlals in different order).
XElking, 1968, pp. 59-61 ) - .

- K3

.o
L - z

L When Plaget used tests like these he found that the dlscrlmlnatlon test

was generally passed by four-year-olds, but he found three stages 1n chlldrenJ f
ahlllty to sériate and numerate.s1ze dlfferences (ElElnd 1965’v

. o o -
« At the first stage in the development of serlgtlgn (usua v, at age
- 4), children geherally are unable to seriate §titks abow é small
: number “(three or four). At the gecond stage (hsually at age S5),
children are able to .make,a correct ser1at10n after considerable -
e trial and error, but axe unable to insért the second set of *sticks
- within the completed stairway. Children at the third stage (usuallm 3 ,
7 at the age of 6 or 7) are able to fprg a stairway anqw;o -insert | AP
\ . correctly new sticks within it. Piaget observed paréflel stages in.
‘ . o the development of rumeratdon. Children at the first stage
[ . (usually at age 4) are unable. t°)59 -correetly and ¢annot .
b determine* the number of staits:the aof1 had" ¢limbed. At the second W .t
LI stage (usually at age 5), chlldren are abl to teIl how many staibs « ' .
" the doll.'had cllmbed when the J¥airway wa 1ntact but not after it . i .
3 was destroyed. Flnally, atwthgethird-stage’ (usually at the age of
B or 7), ehlldren are able to say how many stairs the doll had N
elimbed whether the’ stalrway was together or was in pieces (p, 58),. L e

e
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i

Elkind, in I‘epllcatlng these” tests, found slgmflcant mcrealses in.mean .

s scores on the tests of'dlscrl.mlna‘tion,.ser1at1,on, and numeration for groups of .
childrer of ages 4, 5,.and 6 .Some differences in dlfflculty related to differ-
gnt materials used (stlcks, slats or blocks) were also found (E?lkmd 19,68

' .
pP 52 67), i . ke . . « 1 A . .. .

- ! ‘ . > 2 ’
- ..

: "WOhl_w_J.J,_L's\(l,e_GuBA . p.,?isf—lou.)' scalogram .analysis of cfeye&opment of 'tlhe' .
nurber concept was designed t:o'pr'ovide experimental’ suppor°t for' the ‘thebretihcal
premlse that development of a goncept, wgr,oceeds from d1scr1m1nat1ve abstractlon
through elaboratlon of mental structures whlch leads to a state "... in whlch .

_the concept ex1sts as a purely repr;esentatlonal symbollc entlty" .(p. 76).

The apparatus used m Wohlwul's study was a vertical board wlth three
doors bver. whlch "choice cards" were hung. Behmd the doors were receptacles
to hold coloured chip "rewards" for correct chgﬁces Each subject* was given .
a ‘p’z\actlce trlal" in wh1ch the cgolce cards d;splayed two blue dots, three
blue dots, and two purple concentr;.c cﬁ?cles, respectively. ‘ The "sample card"
also showed two purple, concentric circles but larger than on the -correspondmg /
‘choice card. ‘The. exper;ment'er told the subject that he would hide a Chlp be-
hind one of the doors. and the subjeétyshould try to find it. The sub]ect would c .

be. able to make rccnfe‘uﬁtwlce—every—t—me_ﬁ_he_laokpd carefnlly at the sample ]
card,,which would te}l- h:.m thl r1

door. If the subject made an incorrect

choice he was allowefl to cor t it until he found’ the chip and he was wrged to

Look very closely at\the MSampleccard. ’Thls corregtion procedure was USed only‘ -

[}

in this single practice tz:al (Wohlw1ll’ 1968, p. 78). T “"_ SR
Then the sub]ect was’ glven a series of training tasks in which the chblc{e .
cards dlsplayed two, three and four blue dots, respectlvely The eighteen f‘,’}-.. L
sample cards” used featured two, three, or fSuI’dots in varlous conflguratlo‘ns
] ! The crltemon for retaining a ‘sub]ect for part1c1pat10n in the rest of the
experlment was that he should Jnake at least.six consecutlve correct responses
* (matehing sample card w1th approprlate,‘. cholce card.) If the cr1ter10h was not
met 1n\_9nt.y erght trials, the s,ub]ect was dlscarded from the experlment ‘

}) D . -
(WothJ.ll, 1968, p. 80). ¢ Y

1

4 N el
e &

Successful sub3ects= wm then glven a-serles of trq‘nsfer tests which are
described below in the order of difficulty hypothesized by the exper1menter,
beg;nnlng w1th\thg least dlfflcult (WOhlw:Lll 1968, $p. 80- 84). .

o ’ 2
. Test A, Abstra‘ctlon: The choice and sample cands used varied not only, in
"number Jbut also in form (little'squ'arés; circles )l or trz.angles) and colour
.. [Y
(green, red, blue). The sample card matched each choice card on only one of ...

- “

"o . b}

g o " ) ) ,




> ° HARRISON ‘ * ll . -
, , ]

the three d1mens10ns and the subject was forcéd to,abstract the d:Lme-ns\fon of

number f¥om among the other, irrelevant d1mens10ns‘ -

s . Test B, Ellmlnatlon of Perceptual Cues: The choice, cards used were the .
same as those in the tr‘almng ser1es -but the sample ~cards wereag.c.tangles

Iy - [ N
- d1v1ded into. three or four adjacent Squares. ~ s ’
k . - .

. Test C, Memory:‘ The sample cards were those of the training series, hut
: -t

.
.o s N . / . , -

: Lo o
the choice cards were remo‘ved rover the doors. - e , -

.
’

Test D, Extensicdn: Slx, seven or elght Kiue do%s appeared on the ChOlqe

cards afid sample cards to give an extensign of the tra1n1ng series,to"a higher

portion of the number scale. @ ° -7 e L, o -
- & N - )

t, *. . “Test E, Conservation of Numbetr?’ _The cholce cards displayed six "se'ben or £ A
LN

i
elght dots as in 'I"es.tLD but 1nstead of Sample cards a number of small buttons L e

o

.+ . were used. Flrst ).'hi buttO'ﬁs were arranged in a pattern exactly upllcatlng
the conflgurahon of dots on_‘th'e corresponding choice card. The ‘sub ct was
asked to make a ChOlCQ but was prevented from openin'g the door of his chvice., .
. - Then the experlmenter.*scrambled the buttbns by hand" as the sub]ect watched.
Then the subject was asked to open the door under the approprlate choice card.

He was prevented from count:mgothe buttons. . F a '

.

- Y __,’_ e e e e e e

-Tést F, Addltlon and Subtractlon. -Instéad of sample ;:ards but‘t;ons were

agaln used as im Test E, but thls tlme either one butt%n was added or taken

away before <the sub]ect was allowed to open a door. -7

BN

4
..s

Ny

¢ /. . TesI_G,_Ordlnal—Card-lnal Correspondence. JLhe_chome car(}s use& «ere%hose,
©of the or1g1nal tralning serles but .the sample cards showed a set of eLght

e 'bars arranged verticaXly. :.p Qrder‘.ofsmcreasxng .length. The bars were' all PR
dlfferenfly coloured and ‘a red- bar was used as a cue bar in either the second
:thl!‘d., or’ fourth pos1tlon. The sub3ec't was told to look at the bars and notlce
where_he found the red bar among all the bars. Thls would tell him which door

. “ ¢

) ! eIy 0
was the correet choide. e . T
[ RN . . ’ - . *

- THe crlterlon for passing each “of the tests was' five, correct responses

"‘: T . out of gix tr}als. Seventy-two subjects in- the age range 4:00 to 7:00 com- --
v pleted all Lthe, tésts. There were thlrty flve boys and thirty-seven girls from
k1ndergartens and primary schools in Geneva. 'I‘able I from Wohiwill. (1968, . -
p. 86) displays the number of subjects who passed each test.
. L] -
. e A ~ . T L
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w"’I‘ABLE I

?

THE NUyBER OF SUBJECTS PAS SING - EACH TEST

Eliminatidn of Perceptual Cues ug -

Abstraction 46 '

€. Memory PR . 32
E. Addition and Subtraction’ 214/

Extension . : . 21
Conservation / o,
Ordiral-Cardinal Corresporidence/ Y-

7
M /

. V{ohlwill"s scalogram analysis did’ suggest that the set of tests did re- .

presept a single,, cumulative scale.’ He 1nterpreted Tests A through ‘C as involv- ,
J
ing matching of part1cular numbers’ w1th varymg degrees of perceptual support

Tests E through G were cons1dered to 1nvoke h1ghe.r-order relat1onsh1ps among

numbers . Test D was cons1dered to be 1ntarmed1ate,.dema17d1ng an aba.llty to -
enumerate (Wthylll 1968, p. 96). - «’r - Co .

S I v N - ! / ! i
The r‘esults were vlewed as giv, ng support to the postulat:.on of. three .

stages of development an 1n1t1a'l, precopceptual stage 1h wh1ch number 1s 3;2?*

reSponded to in purely perceptu 1 terms,, an mtermed:.ate ;tage in which reduced

-]
A -~

969" ;-' o i o L
R AR Z) _ *_ VRN ”y}“‘}«wp!,.);&iﬁl‘*‘v ..«,i,.k\. ,5-3.,«@};%- -§“$*°*

A 'someg:hat‘ detaile descr‘fption of Wolhwill's study h been given becay
of 1ts or1g1nal fairly tidy approd h .and because 1t J.,s sdg%estlve of how
standardlzed P:Laget:\. n tests might be developed for assess.’tng Mhlld's evel

v

of performance to aid teachers in. plannlng appropr1ate learnlng act:,v/lx:.es/ /

' tlyt

exh:.b,:.ted the lo est l ‘?%i of conservatlon of numerousness perfo ed 1gn1f‘1-

cantly less wez‘{ on a test of add1t1on problems and a test of a d1t10n facfs/
x " N :-)’ ' ’ > - - L)

“>than: d:.d‘the; 1‘1’dren in the hz.ghér levels

7"“S'tormnexl

'Plagef*s desacmp‘tn.ons of the format:.on of nun_lper concepts

!..

196'7) gave " 150 beglnnlng first grade stud?n.s .a test basdd on




S e

¢
v

ey found that the. preschoql child's ablllty to count is ® !

’ not a rellable 'femon of ‘whethef or not he has"achleved number conservat:.on
/ey also fodnd that concepts of q;ardxnal and ordlnal number do not dgvelop - .
A4 " .
w N 7-conaurreptly - ! ' -,
5 7

almer (1968, pp. 6- 7} produced ga1ns in chlldren s abll ty to conserve “
er by pr clng(cognltlve conflict' 1n two ways" by expressing verbal sur-
pr1se whenever a child responded as a conserver .and by expos ng nonconservers
to the contradlc‘tory céngluslons of their own peers who _were already conservers.
*Two months later), thes gains produced by these forms of 'tzramlng were found to

N 4 t

have. ;c'emal ned stéble, .

T, .

/ However ‘Piaget has& some reservations about the advlsablllty of attempt-
ing to accelerate the developmental pattern. , David Elkind (196;7) has relayed —

- L]

. an mterest;mg (secondary sources) quote from Plaget ;hat conveys these reser-,
‘ vatxons very well. J

.
Y .. .

Yo Probably, the organlzatlon of operat:.ons h s an optimal time:.. for o
? . example, we know that it talks nine to twelve months before bables .
’ deﬁelop the notion that an object is still there even when a sgreen a

'us ,placed in front of it. Now kittens go through the same stages

'_ o as children; all the same ubstages, but they do it.in three tonths - '
. _rsn_tbfy_areéi&mnxhs—ahéd—ef—bab%—ld—th&s—af%advan tage—or

isn't it? We can tertainly see our answer in one sense. The kitten

v is not going to 8o much further. The child has taken longer but he

K ) " is capable of going further, so it seems to me that the“nine months
, probably’ were not for noth.1ng (p. suo) . . N ’ ;

- P “ -

,‘ Nevertheless, many—studrles, partlcularly 1n the United Statgs have been

H’eslgned aroynd training programs for 1nduc1ng conservation in nonconservers,

and,, hence, Fo accelerate the grow'qh of loglcalluthought. Many dlfferent I
2.8 5 T - .,

-

v
SOF DN
.

approaches have been used Some tra1n1ng procedures%ave been derived from , *
K . Elagetla% theory (e.g., cognltlve conflict s1tuatlons) and some have come from

behava.ourlst notlons (e,.g s dlrect reinforcéd.practice).- No slngle tralnlng

procedure appears to have been equally effectlve for all cases. Tralnlng | -'»(

effectlveness seems to be mlrtually dependent upon the child's developmeﬂ;al

v, -~

level the ﬁature of the conservatlon problem, and the kind of'tra1n1ng tech-

: nlque usedy (Slgel ‘and Hooper, 1968, pp. 258-263). ) . o \‘
. /"f ' . Smedslund (see Slge§ and’ Hooper, 1968, p' 1260) has found that expoSure to |,
HRR donfllct situations is e fective in 1nduc1ng %servatlon of quantity for some ‘\
i ”_7 * chlldren, especlally :m s1tbatlons 1nvolv1ng c>o servation of d:Lscontlnuo’us s
RN quantlty (jars of beads, fob examp‘le) He found similar yesults in regard to ’
’ length conservatlon k] a e L ‘ _ ., ‘ \
v - - P o
. PR . . - ) . ? ]
2 N . . K . 106’ . .
El{llC:.:x- oo R |

~
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Gruen (see Sigel and HooPerT-lQGB, p. 261) found that'a combination of

. verbal pre tra1n1ng, 1nvolv1ng terms such as _more and same, and cognitive con-

flict exper1ence to be superior to d1rect, re1nfo/9ed practace in inducipg
S mﬂ\ -
number conservation. J * /// . : Lot }z

LR ‘e \
rl Beiiin {tsee sigel and Hooper, 1968 PD. 961-262) fou;é/yerbal instruction
1

techhiques which produce cognitive confllc to be success in producing signi-

EEY

. 3 ES .
o Sigel @nd Hooper (1958) believe  that the training studies « .
4 ‘ . - ‘.b
. ...pro¥ide two valuable guidelimes for the educator: First, they
provide criteria by which, curriculum units caX be analyzed for
- sequence and relevance the development of cogn1t1ve behaviors; N .
+and setond, they assesg teaching strategies relative 'to these ' 7
’ curr1culum considerations (p. 263). ) T s
L) . k-

s Conception of Geometry (1960) descr1bes the ch11d' ﬂr&’

\ flcant posttest , d1fferdnces in pumb::/and length cdnservation.: f.'
Fi

Plaget s The Chll

conception of spéce and 1zs measurement as. develop1ng through an jnvariant -~

./

sequence of stages,.beglnnlng with atta1nment of topological concepts (perw
ceptlon of, propertleswwhlch_are 1nvar1ant under distortions of an, obje;;??

proceedlng to proJect1ve concepts (by wh1ch objects are seedf as being doordi-

nated 1n space rather than as isolatéd ént1t1es) and, f1nally\Euol% ean con-
c?pts %uch,as angular1ty, paralle11sm and d1stance (sigel and Hodéer 1968,

3 T

. Pm) ) . RN ' SR A

- An' experiment by Dodﬁell (1968, PR; 118-140} did, on the whole, corrobotﬂ
// rate this sequence but some difficulty was encountered in asslgnlng any g1ven

chlld to a part1cu1ar stage of development . - ;; ‘e
Cor . -

Lovell Healey, and Réwiand (lQGB, PP .- 140- 157) found a more clear-cut .
sequence of developmental stages than Dodwell d1d when they analyzed the data

h ) £rom twelve conservatlon of length, measurement and loci exper;ments caprled S
. A ,)‘w '{\, . N -
o ¥ q> out w;th children of ages five to nine, . X L S

Wl AD .

The d1scusslon so, far presented regardlng P1aget1an stud1es in elementary
‘ s‘:{ol sett1ngs represents only a very small sampling of the great number of
‘ studies-that have been completed.” The purpose has beenlto convey somé f
idea of _the types of studies that have been carried out and of typlcal f1nd— 4
1ngs from theSe stud1es Several other éXcellent recent’ studies that hav% not jf'

been referred to d1rect1y are 1ncluded in the Additional References Sectlon.
. A .,z&

v ' ’ ' TN '
’ . 1aget1an Studies!in Secondary School Settdng_ ' -

Inhelder and Plaget, in The Growth of ;;glcalaThlnkggg from Childhood to

‘ Adolescence have described 1nvest1gatlons that illustrate the.g.ntrasts between

e -

KT
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- ‘oncrete operational thought (that typigal of children of roughl seven to
R rd
eieven years of age) and formal operatiohal thought (that typical of adoles-
P g P

cents of about age eléven or twelve and above). / , Iz

* Irr the first experiment described in The Growth of Lo jcal Th1n

‘

(Inhelder and Piaget, 1958) the subjects were given the task of éhootlng a ball
out of 'a plunger that could be aimed so that the ball would h1t a target on the’ -
. table after reboundlng from a cushioned bapk " Eath subject was questloned about
what he observed to see lf he was able to induce from his various attempts that
 the angle of incidence equals the angle of re-lectionu Concrete-operational
subjec#s were found to be limited to asserting'specific lnstances of the rela-
tion and to making practical use of it to shoo éccurately; they were unable - °
to state it in }ts general form as a law. 0ngt e other hand, adolescents seemed
! to look for general pr1nc1ples from the outset, forming general hypotheses about .
the regular1t1es they observed and putting Ihem to experlmeptal test (Inhelder -

and Piaget, 1958, PP- 3 19; Flavell 1963, pp ?u -348). - - '

Ancther experiment requlred each sub]ect to e plaln,why bodies of varlous
B s P
densities and sizes would float or sink in Water Concrete operational Chll =

PE

-
.ren woild try to arrive at an exﬁlanatlog by mean% of a double -entry cl%%flfl-

cation o£ observatlons la?@%’heavy, small-heavy, large llght, and small- llght.
— -+  They would 1dent1fy the class* of<small-heauy o ‘;;ects.as-the-aon-ﬁleattng"ciass—'V’_~~
: They.dld not arrive at a concept of den51ty because they could not th1nk in © . e
terms of the volume of water dlsplaced in order to relate the welght of the
object to the weight of the water dlsplaced jhe only volumes. that could be

4
® emp1r1cally observed were the volume of’the object ‘and the complete volume of

watert 1n thé container. ‘Therg is no emp1r1cal correlate to density for the
concrete-operatlonal child. However, formal operatlonal sublects, about. age,
eleven or twelve, were able to eliminate contradlctlons by casting their expla-'
natlons in terms of an’ integrated system of varlablES Rather than4a double:
entry clas f1cat1on, the formal-operational sub]ect would utlllze f logical
structure involvlng reciprocal 1mp11cat1on and the notion Tof i 1ndependence .o
. between two_yarlables. He eventually would postulﬁteathat a given ob]ect
floats only if its welght 1s”ilghter than that of aﬁ'equal volume of water LAY

v
- t

(Inhelder and Piaget, 1958, pp. 20-45; Bruner, 1959, pp. 366 357)
‘. i
' " “The adolescent'’ s growlng skill in sc1ent1f1c reasonlng was 1llustrated by

* .an exper1ment 1n wh1ch the problem.was to dlscover the variables affectlng how ’
much a rod wouId bend under a given set. of cond1t1ons.‘ Th; materials involved -
' and procedures employed were such] that,it was possible to lsolate five varlables &
as affecting the amount of bending of any partlcular rod: the type omeeﬁal of ' o
‘ . ' ’ sl ﬁi@g Py ‘3' ’ - },
fc*-“ 5‘\3‘“ : . O ’ ¥ 4 ) . - .." ﬁ_‘/i
ey ! ,,' i e TE b - ‘

i . . ey - TR saa L
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whlch=the rod was made, the amount of weight supported the length of rod the .

rod's thickness, and 1ts crosss sectlonal form (round, square, or rectangular)
Mostladolescents succeeded in dlfferentlatlng the five var;ables Uslng their
* comblnatorlal ablllty, they” systemat}cally tested most or all varlable -present,
varlable absent comblnatlons For example, they might vary th;ckness holdlng
the other variables constant “Younger subjects cpuld dlscover some of the
varlables, and thegy did make crude attempts to test thelr effects, but they
were undble to employ the! hal1- other -things-being- equal". method to demonstrate
the individual effect of eaoh varlable The dlspo§1t10n for systematic -proof
>~ ‘seems to be the special domain of" the formal- ogeratlonal thought structure \
(Inhelder and Plaget 1958, pp. 46-66; Flavell, 1963, p 348) *. y

LSRN

The experiment involving coTourless liquids, some combination of which

would produce a colcur,’ §;§"31<§;:y beeg.referred to on page 97. In this ex- . -
* periment, it was found that conc te'oﬁ"atronal.chlldren did test "1 by n" N

.

and "n by n" com%fnatlons (loglcal ultlpllcatlon), but they did not do so

systematlcally to, find out whlch ¢q

\
“could not systematlcally ellmlnate va 'ables In contrast
subjects generatéd systematic combidat

'natlon(s) would produce the“colour. They

ormal-operathnal R .

tlons that were “net adequate (Inheld aget ., 1958, pp. 107- 122 Bruner, ’ T
. ¥ ~
1959, p _367-368) —— i
13 % hﬁ—._‘__‘__“___
o . y—-r

. : DA ]
* The eRﬁérimean just Wescribed] and the others in The Growth of Dogical

¢ 3 .
. Thinking, served to demonstrate, th

e . sq% f}gant dlfference between ado- _
lescent and pre-adglescent .thinking i thé abllxty to operate propos1tlonallya.
rather tha#;concretely The adofescent™ formal th1nk1ng structurés enable - N
him to geét past the, errors inherent in limised concrete tests by employlng the .
stﬂteen binary operatlons of formal logic aftlrmatlon, negation, conjunctlon,
d1s3uncgﬂon, 1mpllcatlon, etc.) to generate systematlc tests by whlch.relevant > -

variablés can pe 1solated (Bruner ”1959**p* 35&{,%,3 Gl i} s §_ .
Rl A AR o * ‘ P P

K. LOVell (2961, pp. 143-153) “has repeated ten of the sixteen experlments
described | 1n The Growth of &_glcal Thlnklnér Each of two hundred subjects,

who were mostly between the ages of eight and elghteen was examlned individu-
.ally on some selectlonfof four of the ten experlments, thh everyohe doing the

' combinations of colourless llQUldS experlment descrlbed prev1busly. Plaget'

* clinical approach was used and, on the bas1s of the protocols so collected .
the performancé of each student was ranked accordlng to nine stages: one stage L

of pre-operatlonal thlnklng, four stages of concrete thlnk;ng, and four stages-

of formal thlnklng. The results confirmed the exrstence of the three main .
stages in the growth of logical thihking as probosed by Inhelder and Piaget. ~
[ K 4 - ¢ . , ¢ e ‘./_',"fy_v
' S L 109 : N AP
. Q . H - . . P v i i S (‘——t&
FRIC = e ool D g e e
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~the state of formal,thlnklng and that 1 he ablest adolescents, though not all

adolescents, do exhlblt forflal thlnking processes.-

gested that the lgast able adolescents do not pass beyond the concrete oyera-

tions stage (Lovell, 1961, pp. 1u43-149).

«

)

7

Some of the evidence sug-

.

/

o

Sﬂpport was found for the contention that only rarely d phe-adolésce

R
L] -
als rgac

\

.

I

N . ..

-

Analysis 9f the ranklngs for each student from‘the four experlments parti-
cipated’ in showed cons1derable .agreement among thE levels of thinking displayed

in each of: the experlments. ,ﬂhere the kinds of 1deas encpuntered in scme of

v,

8- overlapped school experlences, only a minimal éffeot on the
rankings was observed

-

the experiments

Examlnatlon of the.protocols led the lnvestlgator

QLovell l96l) to conclude that instruction seemed to have been of greatest

v

value when ‘the requlred thinking skills were almost, er actually, avallable td

the suhject. . ’ .

( ! - > Ty

If the power to think, at the requlslte level is not present, knowl-

T edge gained by 1nstructlon is either forgotten, or it may remaln
rote' knowledge - and be regurgltatgd‘when requlred (p Sl)

P T N

. The experlments were found effectlveun to separate students olasslfled as fast - . -
or slow learners in a w1de variety of school subjects, leadlng the experlmen-

ters to conclude that the types of thinking processes lnvolved in the PLagetlan_L~-m,
experlments are broadly appllcable rather than. oﬁly belng relevant-to sclen-_——_n.

I’

“tifieTgr tecﬁ“lcal problems .(Lovell, p

‘e

.
W

N4

Plaget has found that seyenty-five percent of the subjects he has tested have
- ev1denced conservatlon of substance by age seven to elght,\conservatlon of

. weight ?y age nlne to ten, and conservation of volume by age,eleven o twelve.
However Dav1d\§lk1nd'

s
y Piagetian experlments showyd that only twenty—seven percent of a group of(

1961, p, S51) first repllcatlon of the relevant

eleven- to twelve-year old Amerlcan children had attaifned ¢onservation of
volume, A brief account of another of Elkind's replycatlon spudies, thls tlme

“with' a'groUp of trelve— to elghteen—yearvolds, is reported in succeedlng para-
"‘graphs . R . . bl .

. 13 > ‘

p’lug -153), . y
° \““ sow oot
To. set the stage for ‘another, Piage lanJrepllcatlon study, consider that

-~

2

-~

oy

SN

»

X " Elkind's second repllcatlon study was des1gned to determlne the 1nfluences

N~ of age, sex, and IQ on-the attalnmest of abstr;ct conceptlons of quantity (1 e.,
. N pu— g B e * o A
! conser;atiog of quantlty or judgment of sameness despite perceptual change) in
. ado&ésgﬁnfs 1n addltlon to extendlng the repllcatlon of Plaget S experiment to ‘
i} the tivelve- to e1gh?§§%—jéév~old-age group. Pour hundred sixtysnine Massachu- ’
setts~junlor=and Senior high school students with a mean IQ of 100.4 Werp T
given group tests of conservat;fg (Plage; s,experament and Elkind's first
« 7 ~. ’ . . . - R
vy . _',‘ : -. o IJ J ,*?):h- > ¥ }. ¥ '., M
Q ‘ e . ’ 4 A i PS
5. (O pn—— o
. ey -z F . ’ ‘ ”
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- “eplic‘ti~. had used lndlv}dual tests.) The material uged were two 1den
one and orie- half inch clay balls and a small balance scale ' Tests for cons r-

vatlon of mass, welght, and volume were given in that order In the test for‘ ’
conservatlon°of mass;” rf"ﬁ?w explalned that the two balls were 1dent1ca1 inwe 5 s Yyl

every way and that there were no, tricks in the experlmenf? Several students . PO

were: asked to verify that the two balls weighed the Same by leng the scale. L
Any students wlth doubts were asked to voice them, and the use of "same amoUnt".
+ * was clarlfled so that all students agreed that the bal}s were the .same. The -
“students were then asked (Elklnd 1961): - Cn
" . .l . R G S
e (a) "Do the balls both contaln the same amount of clay?" (1dent1ty . T
question); (b) ! Suppose I make one of the ballg into a sausage, d
*+ would the two pleces of c¢lay still contain the same amount of clay?"- I
(prediction questlon),,.., (after one of the balls had actually been .-
. rolled into a sausage) (c) "Do they both conta}n the same amount of -
. ! clayinow?" (judgment question); (d) "Explaln yolr answers."
. (explanation question)- ¢p~-552) Ce e . ‘- '.f\_*:
The test for conservatlon of welght repeated the above procedure with ”welght" *

substltu;ed for "dmount" (after the experlmenter had rolled *he sausage back -
into a buall shhpe)~ The test for conservatlon of volume followed the same

procedure except “that "yolume" and "same room or space" were used instead of

"amount." A test was cons1dered passed only <if the subject answered all four «

questlons'Tldentify, predictiony—judgment, and explanatlonJ so_that conserva-
* tion was clearly ev1dent As a special check on the conservat19n of volume -
test, students were ‘asked what would occur if the ball and sausage werezplaced
in identical glasses fllled equally h1gh with water (Elkind, l96l,;pp. 550-553).
RN r <

As verbal misunderstandings were carefully ‘avoided by usxng the éxperit e

ot

‘mental technlques described, 1tIWEs asserted that students who failed any of-.

e TICEpLions . Those.
K y_the same, =

but they predicted, Judged, and éxplalned that changes in shape produce- changes

L
. -the conservation tests did so solely because of 1nadequate c

who failed the volumestest had a&greed that the balls were in

. * in volume. (One cannot heip wondering?! 1f this mlght not result from»fhe common

;kperxence of squashlng a container only\to flnd that it no longer holds as "o,
.« -much a% it formerly did. Could there be conquLOn between the internal capac1ty

«\ " of a container and the volume of substance in a solld°) Most of these same
L

students had preVLously asserted that mass and welght werelconserved becguse

. noth;ng was added or tﬁken away, because changing the shape dld not chghge the

“

amount, or because what the sausage lost in wldth it galned 1n length + They .
. »
failed to generallze thelr notlons regardlng mass and welght té the ¥ituation - o
' 1nvolv1ng volum , which ;hey treated as an entipely dlfferentlproblem They <.
’ ! . -
' e S ° -
.t ¢ - ' v b <! ) .
{ i .o, . v
» 4 v L3
e ud 19 2 o
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1led to dlssoclate their subjectlve, senSorl-motor~cdhcep?ions from thezr

\ . objective, logico-mathematical conceptlons (Elkind, 1961, .pp. 553-554).

. Of the students tested, elghty severr percent demonstrated/tonservat1on
weﬂﬁmass and weight, but only fortyaseven percent hadoabstract conceptlons of-
'volumé”” In fact, only in the oldest age group (mean age: l7 7 years) 'did more
than seventy-ﬁlve percent exhibit conservation of volume. Piaget's f1nd1ng

that eleven to twelve- year-olds had attained conservation of volume was agaln

not confirmed. Howevér,- a steady {ncrease w1th age in “the percentage of st:7 .

dents exhibiting conservation of vblume was observed (thirty-eight to sevent

nin€*§€rsent for‘bovs'in groups wi mean ages of l2.§ to 17.7; tuenty:six \
to sixty-eight'percent for girls in groups wit an ages of 12.6 to l7,7):
At each age-level a s1gn1f1oantly hlgher perce:?e of. boys thanm that of girls

exh1b1ted conservatlon of volume. (The observed chi-square was greater; than
P that requ1red for significance at the 0.01 level.) A low, but pos1t1ve,

polnt b1serlal correlation (O, Sl) _between IQ and success in the volume test
- was calculated (Elkind, 1961, PP- 554'5557 S~ .o

.
. N

. i . Accord1ng o Plaget s theory, the major1ty of chlldren ef e}gven or
" twelve should be ready to attain conservation of volume because this conceptuall-

R zation requires only concrete operations, which are® presenf in most chlldren by

_;_“:, ._.'age~seven3-and’SEcause they have~had sufficient concrete experience to.form
abstract conceptlons of mass and weight, the structural prerequ1s1tes‘for con-
servat1on of volume. Howevef, the age at which the adolescent is read}te _
grasp conservatlon ofuvolume s alse the age at which formal operations are ’
develOplng Whereas concrete operations are concerned with immediate reallty,
8 e formal operathps are concerned with constructlon of systems and theories
l . designed to 1nvest1gate,pos31b111ty. Accord1ng to Elklnd the appearance of

. formal operatlbns thus, pr es new lnterests wh1ch tend to reduce. one's con-'
, __ﬁ~’cern w1thm£nduct1ve conce:iﬁgplzatlon fromAtheephy51caluenulronment in. favor‘pf R

- hore theoret1cal interests. The possibility of spontaneous d1scovepy of the

. ¢onservation of volume is thus réduced. The adoptlon of adult roles, beglnnlng
abd6% age eleven or' twelve, also leads the adolescent to be more select1ve in
his cholce of experiences. For example the prospectlve scient¥st would likely

choose different expe iences from those chosen by the asplrlug mechanlc. It

would seem reasongble to csnjecture that those-adolescents who atta1n vonser-'
. vation of volum displte decreased motivation have simply adopted roles con-
\ ducive: to the fdrmation of such conceptlons, On the other hand though réady,

many would not attain conservatlon of volume because their roles do not provide
the necessary experience (E;kind,'l%§a, pp. 556-557). ' ot

: . . .
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The greater percentage of boys attaining conservation of volume is con-
sistent with the.hypothesxs about the effects of various roles. Considering
that the mean IQ of the glrls in the e&perlment was somewhat higher than that

A

" of the boys and that there was no significant difference between the sex groups

w1th respect to atta1nment of mass and weight conservation, the difference with,
e A

reSPect Yo attaxnmeq;_of voIume conservatlon cannot be attrlbuted to innate
dlfferences 1n conceptual ability between the sexes. - It seems reasonable to
conjecture that the boy' s traditional role of soc1a1 ineptness but scjentific
expertise as constrasted with the glrr's role of soc1al skill and scientific
aversion’ would gilve more boys and girls the opportunlty to gain‘an abstract
conceptlon of volume (Elkind, 1961, p. 558)

Richard Skemp; a psychologist at the University of'Mancheéter, has
déveloped ‘a theory of mathematlcs learning that is derived from a Piagetian
point of v1ew In the course of . test1ng his theory, whlch is particularly
relevant'to mathematics learning: ln ,the secondary school he deslgned an
experlment to measure student ability to form and to manlpulate concepts and

‘ operatxons He emphasxzed manlpulatlon in the design of the study bechuse
conscious manxpulatlon of concepts and operatxons requxrés that these be for-
mulated, a reflective pracess, whereas.the formation of concepts and operations
may or may not require reflective activity. Furthermore, he consldered that
the chief ability requxred in mathematics at the secondary school level is, thé

' skillful comblnatlon and use of known concepts and operations. Accordlngly,

8mp (1958, pp. 156~ 157) developed two two- part EFStS to measureistudent abili-
ty to form and reflectlvely manipulate concepts and operations. -

‘gor the flrst test 1nvolv1ng'concepts, flﬁteen propertles were‘chosen that

* -could be possessed or“not by simple llhe drawings (e. g., be1ng curved, cont1nu--

, ous, closed, dotted, or self—crossxng) For Part I of this test, Skefip drew
three exemplars labelled "Examples," three’ non~exemp1ars labelled "Not
Examplesh" and threé "Test Figuves" for each of the fxfteen propertles ~The
subjects were asked to try to discover the property held in common.by the
"Examples" and to indicate which of the "Test Flgures" possesSéd‘this property‘
The "criterion 'was the ability of the Subjéif to use the concept thus 1nd1cat1ngN“
he hgg formed the particular class- concepf, rather than his ability to verba-
lize or formulate it. Since Part II- of the first test was to be a measure of
the student's ability to manlpulate the concepts of the flrs},partjya pre11m1—
nary trlal,thh twelve-year olds was carrled out, and only those concépts which

most ch11dren were able to grasp were retatNﬁd (Skemp, 1958, p. 157).

)
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. hag, respeqn.vely, only one off the properties, the® other property, and neither

mathematics scor%s and their scores on Part II of the first test and Parts I

s

o

: - . 1
Part II of the concepts test was desigred to measure the student's

ability to manipulate concepts., For this part,‘thirty-five pairs of the ‘e

properties used in Part I were chosen, and three exemplars of each double
The thre

property were drawn. non-exemplars drawn for each double property

property The sub]ects were, sked to decide whether or not each of three :
"Test Fi;ures" possessed beoth gropérties. fo grasp and ¢ demonstrate each
double coﬂcept the subject wofid have to think reflectively, not only _being

epts but deliberately comhining and separating

-

aware " of *the s1ngle class-con

them (Skempy 1958, p. 158).

~ (A -~

The operatidns formatio parth'i.e. Part I, of the second test consisted
of an answer sheet and a dem'nstration sheet giving th;ee simple abstract-line-
figure examples of each of fifteen operations such as clockwise rotatien
through a right angle, reflettion in a horizontal line, and interchanging the

numbers of figures in two groups. The sub]ects were asked to disqover what

each operation was from the demonstration sheeq after some similar operations
had been explained They were then asked to,gﬁ%ry out the Jperation on three
specified figures on the answer sheet

spaces (Skemp, 1958, p. 158)\\

drawing the resultsgin provided blank

A

,.
.

N /m

.

.Part II-of the operations test mknipulation of operations, involved com-
bining and reversing the operatigns~f§§m.§;nt I. Both of these processes in-
~yolve reflective activity and ar%ﬂrelevanf&ﬁb4mq;hem§fics,‘in which practically
every operation has its,%everse (or inverse). ahd 1n which successful problem
solv1ng derends on suitable choices from amohg'the obmbinations of one's avail-

able operations. Of the fifteen problems giyenl“thé first five involved carry- '

; b

N
ing &ut two operations jn comb;nation, one after thq other, on three figures
out the reverse of a single cperation on three figures, and the third group of '

e ’ - ' e . .. - .
and showing the regult The second group of five problems, involved carrying

o

s ‘o L .
five involved conceiving of the reversés of two operatlons and then carrying

the r

[ ’\ . I3
everses out 1n combination one after the other.
the su ]ects were given the answers to Part' I, after theiy own answers had been

Before beginning Part II,

collected, and these were explained to ensure that the basic operations were
understood. Demonstration sheets were used by the students in Part II, ag .
"in Part I, so that no memorizing was ,required (Skemp, 1958, p. 159).

,

] -~
Fifty-fifth form (twelve- to sixteen-year-old) students WPote both parts

~

of the twd tests and they.all wrote the same gener&l certificate of education

The correlations between the students' G.C.E.
-

(G.C h') mathematics exams.

-
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and II of the second test were 0.58, 0.42, *and 0:72, respectlvely " The

multlple-correlatlon between the G.6.E. mathematics. crlterlon and an optimum .
welghtlng of scores from Part II of .both tests was' 0.77 (Skemp, 1858, pp. T

\\ l62 223) Especfially cons§der1ng the nature of Skémp's tests, the observed

correlatlons with the mathematics achievement test are ‘quite remarkable and

support the notion that the exercise of reflectivé intelligence is 1mportant

in mathematlcs. ) ( o . .
vy ) ! .
. +Educational Implications ) . .

» -
’ N
. . [ .

A number of interesting implications from Piaget's cognitive theory Qf

1ntellectual development can be found -in an/hrtlcle by .Irving Adler (l966, T-

pPp. 581-584)] The present paragraph summarlzes somg of those implications.

The mathematical experiences a ch1ld is given at ‘ardy age should be experiences ¢

“' he is ready for in terms of the stage of mental growth he has reached, and. "’ J

’
.

they sho\&d help prepare him to advance to the next stage. Before 1ntrpduc1ng
J a child" to a new concept, one should test. h}m to see if he has thg.prerequlsltes .
for formlng the"concept, and, if he does not, he should be prov1ded3w1th appro- ',
prlate developmental exp%paences * ESpeclally in the lower grades, concepts

should be bu1lt from appropriate concrete experlences, rather than by, using

the eas1er but less effecthe dev1ce of "telling. " To help ‘a child overcome
. his errors in thlnklng, pr6v1de himgith exper;ences tha; wWill expose the

ertrors, thus assisting the process of accommodatlon that willd eventually lead

him to cope adequagaly with the s1tuatron at hand Flexlble.thlnklng is based -
'.. on reversible op?ratlons. By amelogy; it would seem benef1c1al tQ teach opera-

tions in inverse pa1rs and, to stress their relatlonshlp {e.gs, " the relationship

beéween addition and subtractlon) Chlldren in the stage of concrete opera-

tlons can be helped to gain a better grasp of relatlons among subsets of a set

r

1f they are gluan experlences in man1pulat1ng Zets of pbjects to explore rela- A¥e
tlonshlps among sets, subsets,,lntersectlon, union, and h1erarch1cal 1nclu51on.
Comblnatorlal analys1s is based on the formatlon of Cartesian products of sets.
Chlldren can be readlly taught systematlc wayss#of forming these products by
using tree d1agrams and rectangular arrays. Sihce mental growth is encouraged

. if one is given opportuhities to see things from many p01nts of view, geaching’ °
should glve children the opportunlty to use a w1de variety of approaches in

) tackllng probAems. For example, in teaching geometry., not only the traditional ©

L A -

. . z

T . . . z
R -

. K . .

0 The Educational TeSting Serv1ce is carrying out a very interesting project *,- .
in New York City 1n which ingeniously devised tesys and developmental experi~ .
- ences with a Plagetlan flavour are be1ng used with figst graders in place of .
the. usual.1.Q. and."readiness" tests. . :

3 .
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o Plaget has-stated that an individual's apparent fallure to grasp the most

v . . ' >
synthet1c approach should be used, but approaches using analyt;c technlques,
vectors, and 1sometr1es of the plane could also be 1nclﬁded. As @entai growth )
is associated with discovery of invariants, a systemat1c search for thé féa-
tures of a 51tuatlon that remain unchanged under a group of transformatlons
should aid in developlng awareness of apd understanding of the‘relatlonshlps *
involved in the s1tuatlon. Since the onset of formal thlnklng beceurs at about
age eleven.or twelve, it would appear psychologically sound ‘to 1ntroduce short'

units of deductive reasoning from hypotheses as early as thé€ sixth grade. .

An 1nterest1ng and 1ns1ghtful further observatlon made by Adler is that
the concrete operations used by an individual are "Concreteﬁ in the sense that ,
they are mental operations involving some system of objects and relations "that
" is perceived as real hy the‘person: What is "concrete™ is relative to the
person's past experience and mental maturity. While the kindergarten Chlld

considers the union of two beads with three beads as a concrete operation but

the additior of 2 and 3 as not the 1ntroductory algebra student cons1ders

L

2+ 3 as concrete bu't not % +y. The student of introductory abstract alge— “.

bra cons1ders the"additive group of 1ntegers as c0ncrete°but does not cons!'er

‘.

the concept of an abstract group to be concrete. So the progress1on goes, and

it is evident that "concreté" operatLon§ are used- fmﬂrﬂqniy—tn—the conereteh————- -

operations stage, in whlch.they are .the most advanced operatlons of whlch the
Chlld is. capable but also at all succeeding levels of ' learnlng In the
development of new concepts at any level it is necessary to proceed from what .
the learner perceives as concrete to what to him is abstract (Adler, 1966,
p. 58u4). - ' o .

basic concepts of elementary mathematlcs stems nqt from a lack of any .special

aﬁkltude but rather from affectlve, emotlonal blocklng or inadequate prepara—‘ \

-

' [

tion. Furthermore, the frequent fallure of formal education can be traced to‘ ;4

the, fact that it begins with language, 1llustratlons, and narrated actlon

rather than real, practical act;on. Preparatlon for mathematics educat1on
should begin in the home wlth the encouragementt\f concrete man1pulat10ns that
foster awareness of basic logical, numerical, and mensurational relatlonshlps.
Thls practical activity should be systematically developed and ampllfled
throughout the primary grades until it takes the fcrm of elementary phys1cal

~e

and mechanical experiments by the time secondary education begins (Piaget, 1951,

" pp. 95- 98). 1In a similar vein, Eleanor DuckWorth (1964) has-salav

’ et
sy

You cannot further understanding in a child simply by talking'to
him. Good pedogogy must involve presenting the child with situa-~
tions in which he himself experiments, in the broadest sense of

’ ~— N ;
116
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that term -- trying things out to see what happens, manipulating N
things, manlpulatlng symbols, posing questions, and seeking his

OuWn answvers, reconc111ng what he finds at one time with what he
~ ‘finds-at, anothér, comparing his findings with thdse of other

3

s

- a, .

"In much the same line’ of thought Piaget ‘has been c1ted as hav1ng taken issue

\
with those who recommend that chlldren Dbe tanght the Mstructure" of a subject

3,area so that they will be able tS relate 1nd1v1dual'aspects to the general

r
P

“1964) .

$ <

structure. During a"discussion period at a cobference, he said (see Duckw&eh,

X .

~ The questlon comes up whether to teach the structure or to present

.
Y

the child with Situations where he is‘active and creatés the struc-
tures himself ... The goal in education’ is not to increase the
amount of knowledge, but to cfeate the p0551b111t1es for a Chlld

) to invent and discover himself ..., Teaching means creating situa-
tions. where structures can be discovered; it does not mean trans-
mitting structures which may be assimilated at nothlng other than
gyverbal 1evel (p. u98}. - - s . /)

.
-
* .

In anotler context, Piaget has warned agalnst the dan&er often inherent in -

school--learning of leading the ¢hild to false accommodatlon .to words or to
authority rather than to rea11ty as it-presents 1tself It is preferable for

a teacher not todcorrect a child's schemata, but to prov1de situations that

~—

.

« Will lead the child to cor:ect them himself (Duckwgrth, 1964, p. 498).
J

o

In discussing teacher educatids, Piaget has been reported as saying that
even adults’ can learn better by doiny than by being told abaut sucn things as
how té teach effectively. ~ Eucthermore, he is of the opinion that prospective
teachers should have’ the opportunlty to question chlldrenfln a one-to-one -
situation so that éhey will rea;;ze how difficult it is to make oneself under-
stood. They should also have occa51on to pursue an oeriginal 1nvest1gatlon to

determlne what children actually thlnk about some\problem. In endeavourlng to”

communlcate 1nd1v1dually with a number of chlldren in this way, 1'he prospectlve

teacher may be able to overcome the 1llu31on “that he can fdlk successfully to
a whole class of children at once (D“§§¥°rth’ 1964, p. 498) -

4 hd »

,’

L]
formation of overt- actions 1nto mental operatlons, a ki} contept in Piaget's

:theory, a teacher 'would do well to assist the 1nterna112atlon and schematizay

EE

tion process by hav1ngfstudents perform actions with less and 1ess direct

In 1ine with the viewsthat 1ntell§ctu&l-development brlngs a gradual trans-

support from external,entities. For example, the Chlld might be led to operate

directly on physical objects, then on picterial representatlons,.then .on cogni-

tive anticipations of operations not actually being performed, and so on, until

the original extgrnal operations take place internally and independently of the

RIC.
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environment. Furthermore, since social interaction is essential in developing

the mhltiperspective view essential for rationality and objectivity, group o
act1v1t1es in the form of projects and discussions should be encouraged =~ P
(Flavell, 1963, PP 368- 3§w) ¥hen Piaget says that the child should be

actlvely engaged in the Learnlng process he means not only should the child .
actlvely manlpulate and exXperiment with materlals but he should: also actlveI”m

- compare his findings with tho;e of other children. Arguing ‘with his peers

) “forces the chilé;ﬁo\rehson with himSelf (Sigel and Hooper% 1968, 'p. u31). -

- © As Millie Almy (1066) has observed, Plage%'s theory maKes a strong case
) against allowing a Chlld to learn a ?rocedure for getting an answer without
being able to retrace his steps or without being able to»}hlnk of alternative
gpproéchés to arrive at the same result. To do so "... is to encourage the J
erection of a verbal superstructure that.may'crumble under even minimal cog-
nitive stress" (5 132), Almy (1966) also provided an interesting example

* from a flrst -grade teacher whose studenés )
. have been successfully completing exercises that required them
to suppay the sums for rows and columns in a series of diagrams.
L Then comes a set of exercises in which the sums are presented and -
,they must write in the appropriate figures for the rows and columns. - .
_ The numbers,lnvqlved .are small and the context provided by ‘the dia-
s grams_has not changed. Nevertheless, the children who presumably
' have been relying largely on memory in the previous probIéﬁE’are
thoroughly confused The/teacher commented that these children
are not reéally "operatlonél" in their thlnklng Piaget's analysis
¢ helped’her to understand the ppoblem as it was viewed by the
. children. It-also led her to questiog whether thgse children had
¢ had sufficient concrete exRerlence to build & stable concept of
number, or whether the earlier exercises had been 1nsuff1c1ently N
varied (p. 132). . . . d

-

Piaget's method of interrogation, in which a suspect answer from & child
is carefully probed by the use of other questions and theé original question is
repeated, rephrased, or related to manlpulatlon of relevant materials, can be

.__,_“"_--“used by teachers to help a child-to revedi his own. thoughts rather than_ parrot
) a response that is thought to be the one the, teacher wants (Almy, 1966, p. 133).

« .

It -is. meortant to be”aware that a child is often'lnf%?enced more by his
own way of looklng at, materials and objects under con51deratlon than he is by

the questions ask® of him about the objects. 'An example related by"’gy (1966)

of a child turning an adult's question into his own way of thinking had to do ]
with a group of metal blue cans and red cars. When the child was asked if
there were more metal cars or md?é blue cars, he reﬁiaed that,there were more,

blue. When he was asked to mepeat the question asked he said: '"Are there more.

blue cars or more red cars?" (pp. 133-134). - ©.
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Millie Almy (1966, p. 134) has found that even though teachers of youmg
children often find Piaget's ideas difficullt at f}rst they invariably sense

the relevance of such ideas to their teach ng and, if they work through one

importantly, to greater insight /into the nature of children's learning tasksn(

- i . » - ~ .

- ' ! x - . > h’,’ .
. .

Sample Mathematics Teachin Approaches
SIS | \ 4
An—approach to the'teachyng of mathematics that ties in very ‘well w1thr

Piagetian ideas is that developed by Robert Davis (1965). of the Mad;son Project
The Madison Project mafer1als stress: learning cf really fundamental mathe- -
matical jdeas such as var1able,,funct1on, graph, matrix, 1somorphlsm and so on;
. an active.role for the srudent learning of concePts and terms 1n context (be-
ginning with tasks rather than def;nltlons) enabidng students to search for
- wMa»themaﬁcal patterns and ""discover" fﬁéﬁr?fﬁr?hemselves, a nonauthor1tab1an
teacher role; 1ntr1ns1c mot1vat1on, leading students to want to go beyond what
happens in class- and to feel that mathematics is "fun" and "exc1t1ng" (Dav1sg .

1967, pp. 3- u) Davis feels very straongly that ch1ldren must develop theéir own

mathemat1cal systems: R . : ' e ,
. 1f a child has discovered concepts himself, has devised tec nigues T
w - himself, and has elaborated a mathematical system himself, he

really knows "how" and "why" it works in a profound way that is not
poss1ble when the isystem is handed to him or told to him...
Children really learn only by some kind of active participation.

The best math students have always actively developed-mathematical
ideas in their own heads -- as.David Page says, one of the objectives®' -
of the "new math" programs is to get every child to think about
mathemat1cs the way the best students always havge (p. 1).

e v,
T

At the risk pf overslmpl1fy1ng the-approach, in wh‘f’?ellows an attemptg;s
made to briefly illustrate how Davis leads students to generate '"The Axioms of
| Ar1thmet1c a Algebra." He has sucdbssfully used the approach with ninth
————+Avgrade—students—HS‘wel1 as fourth and fifth graders and at var1ous grade levels

E

in between 10ne of the key ideas (Dav1s, 1964) in the approach is "... active, °
- creative, original student part1c1pat1on . The students choose sets of axioms,
. and ther teacher argues with them about limitations of their chosen set. The

X% : 1
i teacher accepts "wrong', answers and waits for some students to challenge them!
. - R . ~ e
. (p.o9): ! ; : -

' - . " N A

. . + . - .,y
. After having experienced "informal exploratory'experiences" and game situ-

ations.in which.aré developed concept; of "open senténce," "the meaning of °

equal' " "truth sets," "use of variables,”" and "pr1nc1gle of names" (any true

o

’ " i ) T
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P statement remains true if any name in the statement is replaced by another

name for the same thlng), the students are led into generating an extremely

long'lxst of 1dent1t}es of their own invention. p

. >

Typically, to 'begin with, the students are asked (bavis, 1967):, "Can you_-
make ,up an open sentence that w111 become true for every leggl substltutlon?"

(ps. 171). Students often.lnltlally ‘make up open sentences like:

T ., - ’ xx0=° .
- " . '
x X1=x : ¢
. L3 ¢ - -
TR . X+ X =X, x|, et
o, - X+x=xX2 .

After a nnmber of such open sentences have been contributed by the students and
' d1scussed the term identity is introducéd to refer to this special kind of ¢
open sentehce and the students are encouraged to make up and record long llsts

of identities. They find out_how to generate more complex locking identities .

from simple ones and the class is divided into two teams which take turns com- .
peting for points by maklng up identities and having the other team try to
decide whether the open sentences are or are not <identities. A cumulative list

) ~
. of all the identities that come up is kept.

Lists wf identities that are all or nearly~all specific instances of mord

general identities are presented (as the work of students) and’ eventually some °

student sees the general pattern and suggest a "super-identity" that handlés

. all the partlcular cases. Fdr example, the identities s
v v .
- * N
'y | \\,E/Xj“"“ C
& ? =~ 3
T A X x = X 4
r. ’ <. T b3 o e e :
\ . . - p 5 Xx=x X5 -
' . . * v- ‘b
are generalized to ) . ) .
o ! P . X
R4 X X =X XYy. .

o

Notlons of 1mpllcat1%n are” introduced in fne confe 2 'f P&

, of glven statements withoyt losing any 1nformatlon, “For example "asked t& shor-

ten this list (Davis, 1964). - [
. . (a) My coysin plays in thé Little League. 5
‘ o’ v+ (b) Only boys play in the Little ‘League.' P e . L
(c). My cousin is a boy (p. 166). ’ f 0 ﬁz
. - D)
some students will point out that if you siy the flrst two stafements, you_aon t
) g need the tH4rd, i.e. no- information is lost. . o, s p:
. o M . a -~
j$ Eventually, the students are confronted with the followxng problem (bavis,
- SN 1%72:‘ . . [3 . i : L . ».-’q’
» . oo T o
¥y e oL b . : o ‘ T T




°o : , : PIAGETIAN STUDIES

a

Take your list of 1dent1ties and shorten it as much as poss1ble,
without really losing anyth1ng What does your final 1list loock .
like (p. 180)? : . !

They use generallzatlon and 1mp11catlon in the process of.shortenlng their list
* . and eventually, after much discussion, arrive at a list of ”ax1oms K which come
‘ve%y close to being the set of field axioms, from which the students feel they

can. derlve all possible identities. Here is a sample dérlvatlon (Davis, 1964): °

'

/

Thedrem: A + (BX C) = (€ X B? + A .

Proof: A+(BXC)=4A+(B X\C)

A+ (BXC)=(BXC)+A ' ©

. A+ (BXCY="(CxB)+a :

. o O ’ Q.E.D, " . 167
What™is"truly iremarkable about the process is that the students develop their
own mathemat1c 1 system and that they do so w1th great enthusiasm. An inter-
esting problem to them is whether or not they can wrlte a der1vat1on from their

basic axioms ¥ob-a statement like (x + yy(x +y)= - + 2y + y2:

Another exal ple of a teaching approach that fits ir®very well with Piage-
tian 1deas can be found in a recent article by Sigurdson and Johnsop(1968), .
VA D1scovery Unlt\on Quadrat1cs " The article should be of particular interest
to classroom teachers of mathematics because it deé%lls eleven act1v1t1es which
have been ysed sucdessfully in leading several groups of Alberta grade eleven .
N students to d1sc0ver all df the important properties of quadratics virtually ~
on thelr ‘own. Each act1v1ty began with a broad questaon whitch the students .
wereuagﬁed to eek answers for. ‘Given a chance to explore the problem 1nd1v1du—
ally for a whlle, the students*were asked to hypotheslze solutions and evaluate -
edch other's hypotheses. The|teacher accepted each hypothesis w1thout evaIu~ D
ative comment and acted\merely as a d1scuss1on leader. Omce the students had,

focussed on the valid hy eses friom among all those considered, they were Ied

|

_to participate in;"summ" up" and :Euactice" sessions’ ‘ <
‘ The first activl\\ consisted of using an overhead projector to display a
" coordinate grld and gra -h of the parabola generated by y = 2. The students
were asked to come up w h a rule relat1ng the coordlnates of each of the points
in the parabola Among he hypotheses offered were: a verbal description of
“the symmetry of the' curwel; x2 -y=0jy = x2; and a verbal description of the
"over by one'’s and up, by l 3 5, 7, ..."-feature. R

\

The second activity cantered on investigating the effects bn the rule of

moving the parabola homdzon ally or vertically. The students were given

-
d A . '

‘ . . . 121 . .

FRIC - B g
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y = x2 parabolas plotted-on onionskin paper along with babkgrodhd grids so
that they could move the parabola around to suggest hypotheses. Moving the
parabola "n" units up the vertical axis was seén td chénge the rule to

y = x2 +n (generated from hypotheses about motion of 1, 2, 3, ... units).

) ’Attempts to descrlbe the effects of h&glzontal motions eventually led to a *
224
y.- (x - n) hypothes1s but not until several incorrect hypotheses vere

ggﬁ%uggled with and tested : g .
L

X

\\ B . . *

L :ﬁ; jﬁ " Next, the student-lnltlated problem: "How do you make a gra;h\zfder or
REY' “a.:,.‘f) " - . R ) h 2 - 1 2 2
!hib uﬁnarroWer? was lnvestlgateg using grap sof y = & o Yes ? X, and y = 2x

to generate ideas. Moving ese parabolas both vertlcally and horxzontally at

the same time led very naturally to exprESs1ng the rules relatlng the coordi-

.
[

nates in "vertex form" (i.e., .y = (x -43;) +Ay).

A fourth activity involjihg the graphing of quadratic functions expressed

in "standard form" (y = ax“]+ bx + c) led to student desire to Mcomplete the

square" to get the rule in the vertex form which they preferred.

.

e sas . . P ! -,
Seven other activities described im the article focussed on "axis of

symmetry," "range,"'"x and y interéepts," "proots of quadratic équations,"
"quadratic formula for roots," and "maxima and minima problems." -

Yet another approach to mathémat;cs:teaching and- learning that is conso-
nant with a(Piagetian point of view and that is presently generating consider:
able interést is that used in "mathematics labs." Kieren arf@ Vance (1968) have.
written of thelr experiences in u51ng a mathematlcs lab approach wlth students
1n grades seven and eight. Thelr artche contains suggestlons for su1table

<
¢

klnds of activities and lab organlzatlon. . < -

.

An excellent source of ideas for'Piaget-based activity oriented teaching
approaches is the set of "Nuffield Mathematics Teaching Project" Teacher's

Guides (see Nuffield Mathematics Teaching Projegt).

Perhaps “the- common feature found,ln each. of the examples of mathematics
teachlng approaches cited is that each in some way marages to make classroom
learnlngﬁﬁihe ‘like real life leavﬂ(hg and, hence, more effective, more lasting,

more useful, and more enjcyable. .

Aruitoxt provided by Eic:

.
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COMPUTERS 1IN MATHEMATIC\\TNEfRUCTION

Larry L. ‘Hatfield i
Unlyerslti of geo%gla

‘

The use of computer technology within 1nstructlonal systemskis relatlvely
new. A decade ago almost. no«one was serlously engaged in thettype of journal
writing which today is commanding serious attemtion. None.of the more than
60 funded projects of today were in .existence and most Were probably not even
in the early planning stages ten years ago. In fact, even-a modest survey ‘of

the literature reveals that almost all of today's activity has a history

’

. dating post~196ua With such a narrow temporal base you m1ght be’ 1nclﬂﬂ§d at

th1s p01nt to assums.a very skeptical posture. To be sure, our ‘experiefices
have been thdt reAl edycational change has an entropy-like character (a sort
of "lag of the seasons" not unlike Minnesora in April--a full month after thee
OfflClal start of spring!). You may be countlng on this 1nertra to proteqt
you from change for awhile. Or we in mathematlcs.educatlon may feel that,we
bbaveql;eqn a part of & ”revolutlon" already and now i's not the r1ght time for
another.,.a sort of "let us catchaour breath for aWhlle" att1tude. _0r you
may see the onset of computers into the classroom as another ivory-tower fad -
whlch its advocates herald’ as the ”messlah of educatlon" but which you feel .
wlll eventually enjoy the same mediocre 1mpact of so many-prev;ous lnnovatlons.'
In my oplnlon there can be little doubt -that cémputer 1nvolvement in
instruction, in‘one form or another, will make a-substantial 1mpact tn educa-
tion durlng ‘the next<decade. Further, computers can, if used correctly, bring <
about profound and far-reachlng !mprovements thhln educatlonh--and even with
1earn1ng 1tself.u These are‘strogg statements whlch most ‘assuredly, require
som further clar1f1catlon. I wiili’%tempt to prov1de some 1nformatlon in
support tliese claims by cons1der1ng three' spec1F1c arpeas. Flrst how can
computers ass;st\ulth instruction and why is there &.rapidly grow1ng interest
‘in it today'> Secondg what is the current state-of the art in terms, of the
research and development act1v1ty, partlcularly in mathematlcs educatlon?

P

J g- And;ﬁhgrd what” are some of the trgnds and future prospects for using com-

* puters in mathematics 1nstructlon'>

v

s
° A paper presented ta the National ‘Council of Teachers of Qathematics
Annual Meeting, April,, 1969, Minneapolis, Mlnnesota.
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* JI 3 Rl
. Use of Computers to'Assist in Instructlon ' i

. T~

What is computer- -assisted instruction? Some confusion and disagreement
with this label has already occurred. In most circles "CAI" is the acronym
used to describe the learnlng situation where a student sits at a terminal
connected electron1cally to a computer. Stored in the computer is the learn:

,1ng program which' is the complete package of information, instructions, and
loglc with wh‘gh the student will interact durlng h1s learning session. The
term1na1 Whleh serves as the interface between }he computer and the student - -
is typlcally a typewrlfer keyboard and e1ther a paper roll or a TV-llke screen
upon which the communications to and from the computer are rgcorded. Some !
termlnals also involve various audxo and/or v1deo projectors, such as video
or tape recorders, and slide, fl}m, or movie projectors” ﬁgrmlnals with TV
screens, often called CRT's for "cathode-ray tube,” may also accept input .

from'an electronlc light pen which the student may use’ to point to his re-

Dl

. .
. sponse. .

-

-

= Partlally because a great deal of the current activity is focusing on °

the pedagog}cal approach advocated by Sklnner, Crowder, and other programmed
learning en%hus{asts the term "CAI" is often used to connote ;nly using the -
L compurer to adm1n1ster the-klnd of frames found in a good pnogrammed learn—‘

-ing text. 1t” 1s true that a great deal of the work with computers has been
;nitiated‘by beople well versed in programmed learning_ methodology As a re-
sult of their influence, there.may be a temptatlon to say that é?l is merely

the next logical extension of programmed instruction and bas1c§hly prov1des

just a new hardware capability. I believe that this would be an extremely

limited view to be taking at this time. . -

“The 11terature descrlbes the computer giving assistance in the jdstruc-

tlonal process in a wide variety of ways. Suppes has 1dent1f1ed three levels

.

- of pedagog1ca1 involvement in the approach most often labeled CAI (Suppes,
1966; Suppeg, 1968b; ‘Suppes, Jerman and Groen, 1966; Suppes, Jerman, and
Brian, 1968). At the most.supepficial.level of student-eomputer 1q£eractlon
are dr111 and pract1ce systemi which he descrlbes as merely Supplements\to a
regular currlculum taught by a teacher. In the next level of interaction,

.j N cglled tutorial systems, the aim would be to significantly assume the respon- ]

. sibility for, teaching. The third and deepest level of interaction 'seen by

. Suppes would allow a genuine d1alogue between sgudent and the learnlng pro- =

o

gram. He notes that such.dialogue systems exist only as very elementary pro- 4

totypes. It is these_three types of systems which have generally bécome T TS

. ~¥nown as CAI today. In each case, considerable programming by an author ‘or, .\;)

¢ . z ~ - . o
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teacher has been performed Today, one can find only a few drill and prac-,
/’tfye and tutorial systems which are being used to adm1n1ster mathematics in- )
struction. Some of these systems will be rev1ewed in a 1ater séctlon‘ , 4
f/////’ The most widespread approach to using the computer in nathematics in-
st

ruction is often called computer-assiqted problen’ solving. This use has .

been a natural outgrowth of the way the computer was first used by the SCléB’u

tific communlty that 1s to o,accept, process, and prlnt output to a program

which makes use of the machine's capab;llty to store and’ access 1arge data e
. bases make quantltatlve decrslons, and perform detailed‘_*mputatlons, all at

very great speeds. -Several mathematlcs educators have 'suggested that the

activity Sf des1gn1ng computer algorithms offers a pedagoglcal approach that

can- improve the learning of mathemat;cal concepts. Some of the speculation

and research dealing Qith computer-assisted problem solying,géll be reviewed

in a later section also. o - , . T

.The two approaches I have described thus!¥ar (CAI and problem solving) - '

picture.the computer belng accessed by the student. A different uge v1ews

the computer as a tool in maklng instructional management dec1s1ons. This

could mean that students neveﬁ interact w&th the'actual computer d 1ng in-
. structlon.. Rather the machlne may be programmed to administer tests, record

student ré»ponses, and perform tire kinds of data-crunching necessary to pro-

vide the teacher with student diagnostic information to be used in evaluating
1earn1ng and prescribing Ffurther instruction. Of course, such 1nstructlona1

management procésses are typically an integral part of CAI systems which ad-

m1n1ster stored 1nstructlona1 materlal . . v

. % To bé sure, these three categorles descrlbed as CAI, problem solving, » ;

R
e and lnstructlonal management do not neatly exhaust the klnds of uses to which

computers are now be1ng put. For example, a pro]ect-oﬁ.the Board of Coopera-

tive Educatlonal sarV1ces of Erie County, Buffalo New York, (Eisele and ’

Ce ot Harneck, 1967; Harnack, 1967) developed a number of computeribased resource .
" units designed to prov1de the teagher wi#th assistance in offerlng mdre in-
d1v1dua11zed 1nstructlon to his students. Each unlt 1s a computer prlntout

: of suggéstlons-to the teacher géared to (1) the spec1f1c mnstructlonal objec- .
tives chosen by the teacher for the total class, (2)"the spec1f1c obgectlves .

-

for each pupil, and (3) the 1n31v1dual characterlstlcs of each pupll. Once/

-
H
v

the computer is fed speci fic 1nstructlonal objectives and the characteristics
* of an 1nd1vidual pupil, the machlne generates a resource, gdide printed as a
.content outline, suggestions of’ large group activities, small group activities,

. . * . . . e ) '
ipstructional materials, and measuring devices for each ohjective chosen for | Yo
ES g N ‘

. . 10
.
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. . v
that pupil, and suggestions for individudl instruct%onal activitied and ma-
, - terials: I suppose this use of computevs'as information storage and re- .
trieval devices, contributing to instruc 1 decision making, might be
/)aeaea‘as part of the 1nstruct10nal magaiizent approach, ‘

. In a conventional phy51cs ¢ourse at Florida State Un1ve?§Tf§ students
) QWere 1nv1ted to use asspecial CAI review service which con51s¢ed mainly of

N e test items from previously used phxslcs examlnatlons. How does one cate-
¢ 7 gorize such a use? And then there is “the appeallng area’ of simulation and
gaming’whicﬁ will surely continue to receive attention. Simulation is al-

. ready used ingfhe aerospace industry, conventlonalaalrcraft pilot training,

" driver training, electronic manikins for medical training, asd in physics and.

oo

chemistry 1aborgtories. Computer-controlled games are usually simulations in-
volving situations of competition or conflict. Among the Jore 1nterest1ng
are the econodics games developed for elementary students in Westchester

County, New York, (Wing; 1964) and the Inter-Nation Simulation developed at

L the PLATO project of the‘University°of'Illino{s (see Hickey, 1968). "L
. 7 ‘ “w .

X

.
.
’

Current Interest in Computers for Instruction

- -

Why is there a reasonably widespread interest is using cemputers to
assist in %he instructional proce555 Robert Bundy (1967) believes that CAI

- is really the result of a number of converglng technologles, 1nclud1ng pro-

/ grammed learnlng, audi?v1sual communlcatlons,sthe data prqpe551ng fleld and |
. data communlcatlons. Atkinson and Wilson (1968), from the Stanford CAI Center,

attribute the rapid rate 9f growth of CAI to “the rich and intriguing poten-
tial of computer-assisfed instruction for answering today's most pressing
need im education--the indivigualiaation of instruction" [p. 73]. Other

* facto;§ cited by them are the development of prog?amﬁ%d instruction, the mpush-

rooming of electronic data processing~in generals but in particular the advent

of tlme shar&ng systems, and thg increasing aid to education by the federal
government. Sarnoff, president, of RCA, obsqrves that tHé& technology revolu-
tion in educatlon is belng hastened by the staggerlng growth in the volume of

knowledge and the epormous increase in the number of students. He claims

that:by 1970 every third college graduate will have to b¥ome a teacher if the

o

re

“
T preésent pup1l—tea—FEF‘FaTIB‘iS‘matntalned——~———~—7\4~4-_a,wa

Stoluroy (1962 1968), who has a long history.of involvement wlth CaI, hav»
1ng been in the pioneer center at the Unlver51ty of IllanlS and currently
director of the center at Harvard, sees in CAI three key capab111t1es. {1)

individual izing instruction, (2) doing research on teaching under controlled

~ .
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’ condltlons with the ability to collect detalled records of student performance,
_and (3) develeplng ways of assisting authors in the development of 1nstruc-

tlonal materlals Other appllcatlons seen by Stolurow, aside from 1nstructlon,

1nclude the development of teach1ng models, curr;culum planning, man—mach1ne

relations, and evaluation of student performance .
Another recognized prophet is Gerard (1965;1967), Dean of Graduate w o
Studies, University of Callfornla at Irv1ne He lists these beneflts CAI )
will bring to the student (1) better and faster learning singe the student
can time his learning at his conven1ence, go at his own pace, and catch up
missed t1me, (2) better teaching at many “levels and "in many areas; (3) per-
sonalized tutoring; (u) automatic measurement of progress; (5) and the
L opportunlty to work with vastly richer materials and more sophisticated pro-
blems. For the teacher, the system (1) takes, away a great deal of the- drudg-
ery and repetition; (2) allou\updm to be updated effectively; (3) encourages
frequent changes in the actual material used; and (4) makes more time avajl- *
* able for teacher-studEnt contj?f/ ' -
- Several -writers recognizé the usefulness of CAI as a research tool in
educatdon. Bundy (1967) submits that "the concept of a learning laboratory
is the single most 1mportant reason for the developing interest in cAI" [p.
3453. This emphas1s probably stems from a recognition that mush’%ﬁg: can .
now be said about CAI is couched in the’ future tense--what CAI might e enth—
ally be ahle to do as an instructional device--but the immediate job at hand
with CAI ls to increase our understanding-and oontrol of the variables of
"~ learning. The computer is particularly well suited o this task. Consider,
for example, the capability of the computer for storing and manipulating data.
,As @ student works through a bAI program, a complete trace of his learning
path is recorded. nhis data tells the researcher exactly dhat the student
' d1L in respond1ng at every step and gives the researcher an exact measure of. =
' the response latenc at each‘step The data can be presented to the re-h
+ searcher during the,learnlng sesgion, if desired, and thus.can be used in a_
fdrmative evaluatioé to modify the presentation while it ié in progréss. ’
Further the data cgn be quickly manipulated in many interestihg ways to re-
ve?l various types of statistical summaries and, comparlsons for é&agnosxng :
th arnlng varlables under study, such as compéplsons w1th prlor penfor-.,ll_ll,_l"_.

s mance, effectiveness of diagnostic questions in the learnlng sequence,.and "

s .. . aps s . b4
' cérrelations between step size and efficiency of learning.” ! -
] i
1

The cegputer's bapablllty as a communications control device adds stﬂ%2;
b

another dlmenslon to its usefulness.' Many forms of educatipnal media can

P3 3 - 5 - .
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- employed in a single l€arning program, and their presentation, either sepa-

rately or simultaneously, can be operated under the complete controY of the

‘computer. This can provide a richness and versatility in learning that %s .
difficult to achieve today, certainly in the conventional classroom. But’ "
most important, it allows us to study the effects of a near-endless var;éty .
of 1nteract10ns of medla presentation modes and subject matter, and cgnse-
.quently, to learn better how such modes should be dlfferentrally used. .
The capablllty of the computer, coupled w1th data communications tegh-

" nology, immensely aids the editing and d1str1butlon problems related to d?—
. N 7
veloping and circulating educational programs. Many students in widely, !

scattered locations can use the same computer at the same time on a time~
sharing basis. Much data is thus simultaneously being acquired which 9aﬁ'
greatly facllltate the editing functlon, even while the prograﬁrls in ses—
"siomw if desirable. Changes that must be made are easily stored»;n the, cen~

o e g
tral computer, and thus the dlstrlbutlon problem is considerably SQmpllfled

Stolurow (196u), succlnctly summarizes many of these points as follows

> " ’ K
@ ' ...the automatlon of instructioh by meanﬁipf a computer-based < N

system provides education with a génuine®laboratory facility.
. E@cation no longer needs to settle for makeshift laboratories - s~ N
as it has bee# forced to usezup to this'time. This contrlbu—*iﬁ; ) ’
tion of CAI & a substantlal one. Armed with effective tools e ! ~
in the form of af educatlonal laboratery, instructional ma- K<
terials and methods can be. used repeatedly so that studies can . 2 e
varlatlodz spgclfled and introduced with con-

et

be recorded that the learning process ®tself comes under . 5
controlleg/experlmental observation and becomés.ayailable for T
experimepfal and cdénceptual amalysis. In addition, the re-
sponses/which the students make arg recorded in a form that
~ can bé’lmmediately processed by the same or a different computfr. -
Consequently,.control, convenience, speed and accuracy are, gl A © J/,
v achieved at levels not heretofore pds ple for instructional )
fesearch. The advantage of the compuzer for research ¥n in-
) . structlon is clearly in the data collection and datp réduction
oo // capabllltles. Computer-based systems can add epormously both
: Y to the rate at which research on instruction can be accompllshed
* and to the accuracy. of .the .results preoduced (see Bundy, 1967,
p. 346).

What about the approach called computer-assisted preoblert solvxﬁé’ Why

(SR 1)

v ‘ is there such a rapldly growing interest in this instructional approach? ~ The

N . Natlonal,CoUncil of Teachers of Mathematics has maintained an_attentive e%r. L

- to the poss1b111t1es of using computers in mathematlcs 1nstrucmlon for several
years. The ext Computer~0r1ented Mathematlcs, An Introductlon fof Teachers

(1963a) and the Report of the Conference on Computer-@rxgnted Mathematlcs and

* < . l - 4 v
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the Secondary School (1963b) are indicators of the Couﬁcé%ﬁgLearly concern.
P
The productLve and active Computer-Orlented Mathematlcs,Commlttee developed
KN

1mportant guidelines publlshedlln the article "Computersﬁfor School Mathéma-
t1cs" (1965) and in t\e\pamphlet Computer Faci'lities ' for Mathemat;cs Instruc-

tion (1967). The recent pamphlet An Introduction to an Algorlth dugge ‘“‘ !
— T — e
(BASIC) (1968) is an indigator of the emphas1s on the use,of a simple pro- T X

gramming language and.on the design- of several vels of algorithmic soph1s17
t1catlon. “The, M ch, 1969, Arlthmetch eacher hs devoted to CAI and the new ¢
department on "Computer-Oriented Mathgmaﬁécs" began in the April, 1969, Mathe-
matics Teacher. “In addition to this act1v1fy of NCTM, one <an find analogous
act1v1t1es belng conducted by the Commlttee on thé Undergraduate Program in
Mathematleg\gf the Mathematics Association of America (1964), by the National
Sclence Teachegs ASSOClatlon (Darnowskl, 1964), and by the School Mathematics

Study Group (1966) and the Minnemast curriculum pro]ects ( Rosenbloom, 1963).
?he CRICISAM Project at Florlda State Un1vers1ty is developlng a computer
or1ented calculus curriculum (Center for Resear'ch, 1968). )
Several speculative statements of ‘the effects of using this style of in- T
struction .can be idemtified. Fop example, John Kemeny (1966 1967,1968) de-
veloﬁer of the language called BASIC and mathematician identified with the
well-kriown Dartmouth time- sharlng computer center, submlts that .studerits use
the .computer to more effectlvely learn those procedures. taught theoretlcally .

in class. 1In the publlcatlon Needed Research 1n Mathematics Educatlon Kemeny

* (1966) states . ' PR .
. w I feel that the rlght attitude is to faach them the algorlthms / .
in pr1nc1ple and then the rlghg way to do the algorlthm in ¢

practice is to program. it Jor a comfuter. Thus the computer
is being used in such a way as to force the student to explaln
\\;heglven algorithm to a computer. If-a student succeeds in this,
e will have a depth of understanding of the ‘problem which widl- *
be much greater than anythlng he has previously experlenced (p.i0].

Bruce Meserve (1968) notes that the- ”avallablllty of time- -sharing proce-
dureé is maklng classroom use of computatlonal-facllltles both educat;onally
. and flnanclally feas1ble"[p 113]. Regarding the effect on learning, he con- .
jectures the following: "Students who acquire a working 1ntroductlon to al-
gorlthmlc languages while in high school gain an opportunlty for greater in-

51ght 1nto both the1r hlgh school and their college mathematlcs+eeMost high—*ﬁ‘*“—————

school students’strive to 1earn patterns and general cases., In this sense, R .
the use of the computer may be cqnzjdered as & 'next phase',in the student's N

# - - -
mathematical development” (p.113].
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Hoffman (1963), from Wayne State's computer center, commenting on the use
of mathematical settlngs to teach computer programming, recognizes the
possible,;ﬁns in learning the mathematics involved:

In the experiences which I have had along this line, it has
been quite clear that students acquire}astonishingly high 1n51ght
into the mathematical problems which haye programmed for solu-
tion on a digital computer. It is easy y this should be .
so, as a computer program must take into account all posslble '
cases of a general nature....To generalize this, by using the com-
puter the student is forced to acquire insight into the general
algorithm, the condltlons under which it applies, and the general °
class of problems to whlch a given procedure can be applied as
well as’ to those~53261al cases to which the general solution is
not applicable. This is clearly what we have always been trying
¢ to teach mathematics students, and contict with the computer makes

. it easier to accomplish the desired ends {p. 20]!

v

These viewpoints suggest the utility of a computer program as a dynamic s . w

Anrnh1émL:yalnlng—:ool.__ﬂigL44se<£ni~a-natural programmlng language and the or-
: ganlzatlonalafeatures of a program provide the studentsg with a settlng for im- - .
. posing precigion on themselves. Any computer program, good or bad, 1s an
active object. With it, the student can command the comptcer to do §bmeth1ng
which he can observe, study, and modify. Thus, the activity of programmirg
.should foster an/experlmental approach\toward solving mathematical probiems.
- Dorn (1967)s from the University of Denver, advocates the use of computérs
to provide such a laboratory sett1ng in math matics. In a beautifhl article

which focuses onj the Flbonacc1 sequence an

contlnued fractions, Dorn (1968) » f‘

, hotes -that

-

...the éomputer can be introduced in a traditional classroom en-
- vironment and does not*require any major change in teaching prac- -
> *  tices....the mathematics computer .laboratory can supplement the = ‘5
Usual mathematics lecture and recitation much as a physics or .
chemistry laboratory supplements lectures in those subjects... ",
- e .
It appears quite feasible then, for many schools to establish
a mathematics laboratory to carry out experiments that motivate
the student to study certain mathematical topids\gnd to help him
 develop his mathematical intuition. It is important to kegp in
mind, however, that such a laboratory is best used to teach mathe-
¢ matical coricepts and to extend the' range of the mathematlcal :
a’ topﬁcs that can’be taught. .The laboratory is not intended to be -
a device to teach programming or computer science, although some
knowledge of those subjects w;ll be a by-product of the laboratory s »
use, ' To quote’from Computers in Higher Educatlon, & report of - .

N

the President's Science Advisory” Copmlttee ...it is important
that computers be higed to extend rather than displace the students —
s grasp of ther subject matter.' [p.79]. . ’

.

Ik;l-A“ One additional point of.view _seems particularly worth notlng when specu—
1EEr

-lagéng on the problem—solvlng usage of computers in school mathematics., It
. - . . Ns
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seems”to me that pervading the use of computer algorithm design in.the teach-

ing of mathematics is the recognition that formal knowledge is only part,of
- ¥ . L2 .

what we try to impart to our mathematics students. Heuristic knowledge, con-
cerned with the art of solv1ng problems, is particularly emphasized when stu- .
dents write programs to solve problems. The_design of computer algorithms . /
seems ideal for experIenclng suchsheuristic precepts as "formulate a plan,"

"flnd a related problem " “observe special cases," or/;s1mpllfy the condi-

tlons " Thus, writing computer programs seems a ndtural context té make.

more concrete the approach to-teaching usually attributed to George Polya.

This approach to problem solvin} is, described by Feurzlg and Pagert (1960) in

a paper devoted to the prospects of using programm;ng languages as conceptual

1

frameworks for teaching mathematics. They state: -~

N

<

Solving a mathematical problem &s a process’ of construction. )

The activity of programming a computer is uniquely well-suited to. 1

transmitting this idea. The image we~would like to convey could, -

roughly speaking, be described thus: A solution to a problem is '

to be built accordlng to a preconceived, but modifiable, Elan, out

of parts which ‘might also be used in bu11dlng other solutions to

the same or other problems. A partial, or 1ncorrect, solution is

a useful object; it can be extended or fixed, and*then incorpprated .
* ‘into a larger structure.. These. remarks are, true of mathematlcal :

thinking in general.! But in must contexts they are too subtle .

. to be meaningfully taught. An important example 3f how programming

brings them down to earth is the use of the proess of Mebugging _

programs as a paradigm for the crucial--but neglgcted--aspect of

_ mathematical thinking that has to do with turning errors to posi- #
tive advantage [p.12]. . ’

I will briefly cite some of the background ii for'matlon dealJ.ng Jith 1n-‘___________

A}

structional management. Why are numerous educators. and prOJects d1rect1ng
attentlon to the use of computers in designing and 1mplement1ng instructional
management systems'> What is the nature of the speculation being cited for

such uses of computers? Stated s1mply, the efforts to organize individualized
instruction, particularly continuous progress programs (of the type used in .
the Duluth elementary schools), has led to a recognltlon of the inadequacy of
teachers to monitor and’ prescribe such 1nstructlon. Cooley and Glaser (1968) .
from the University of Pittsburgh's Research and Development Center whlch has - -
prOduced the Individually Rrescribed Instructlon (IPI) cﬁrrlculum dgscrlﬂe , "
instructional decision making thls way/ ’ . :_--~

All teachlng 1nzolgg§ decls;gns_ahgut_how_lnstnuctlon»sheuld~pntr—
ceed. Particularly characteristic of individualized instruction !
is the,necess1ty fow instructional decisi'ohs relevant o each T PO
sty en't. The;;diff®ential dec1s1on-ma¥1ng function in 1nd1v1du-
alized 1nstructlon is’a central 'issue. These decisions requlref
a great variety of information about thesindividual student,- .. ‘

suéh as (1) w?ét criteria of competence should be applied? (These ' 0
: . . the RD. TR
*a . ~ . .- -~ e v‘ﬁ%h ,’2}: 2
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have traditionally been stored in terms of test grades, teacher *
. judgments of quality, etc.)’ (2) what is the background of the
student'> (This has been stored in the student's written record
in terms of 1ntell&gehce test and aptitude test scores.) (3) how , .
+ does & student proceed in h1s learning? (This i3 usually the
teacher's impression of the’ .student as slow or fast,  or attentive
or distractajhle, and rarely takes the form of dpchmented informa-
tion.) (4) Wkt instructional means are available for teachipg
ccertain lessons? (This has beep catalogued in the teacher's - :
. héad or'on a resqurces list.) .57, ) s e
In the model of individualiaﬁafinstrudtion envisioned by Cooley and Gla- &
ser, a sizable amount oﬁ\i::crmation is needed on a daily basis for each
student. It %s ocbvious tKa some form of assistance is necesgsary to help

the teacher collect,, store, adﬁ act in terms of such dath. They outline six
features of a computer-managemert of ins@suction (CMI) model: '
(1) Specifﬁcation of goals, subgoals, and decision nodes.
: (2) Measurement and dfagnosis of the irfitial state or behav1or with
which the student enters an lnstrdctlonal situation. .
(3) The assignment of instructional alternatives. | :
(4) Continuous monitoring and assessment.. * .

(5) Adaption and'optimization,

+ (6) Evolutionary operation, » *
‘—
« The detalls of .such a CMI model 1nclu3g‘knowledges which do not

clearly:avallable glven today's theories of instruction. But I wil® discuss

s . .
this point ‘later. - ’
e ) / ' ’ °
o - '.i .
WHAT 1S THE CURRENT STATE OF THE ART? / B
—— —— — — p————— — t———— @t ’ L]
. . * » o L3
. Let us now tutn to revxéqgng the state of the art. Wwhat”is the experi-

mental ev1dence ta support or refute these uses of cqhputers in n°1struct10r1'>

How far have the developments progressed'> In this reV1ew I wlll examine basi-
~calky 1nformat10n which deals with mathematlcs 1nstruct10n of course, some .
information may have implications for teachlng mathematlcs but which has not

been determined using school mathematicsias a setting.

.

In the October 1968 dpcument Comput%r—Ass1sted Instruction; A Survqy ' o

O RN >P

of the Literature (Hickey and Newton, 196§) avallabie from ENTELEK'{an 1n— .

formatlon processxng centgr orlglnally funded by the Office of yaval Research)

" here are listed and-described 14 unlvers1ty ce?ters, five 1ndust;ial;x:gaseg___w___

thh CAT research development and ap llcatlon Approx1mately 500_1 -
ual public and Bp;vate schoclswnagg least a limited CAI capaﬁlllty ard oyer }
i
50.separate organlzatlons have,ﬁully operational t1me-shar1ng s Stems., |
~ . \ n
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of their problem, draw a flow ,chart, and write 2 "documented program in one o

MPUTERS

< Charp (1967) reported the resultsg of a 1965 surve§ of 85 schools using

computer programming in their ‘curricula at a-cohiference on The Computer in
American Education (Bushnell and Allen, 1967). In the same conference Karl
Zinn (1967a) another pioneer of CAI activity at the Unlver81ty of M1ch1gan,
provides a very comprehen81ve annotated listing of the multltude of projects
involved in the programmed learn1ng type CAI. Snater.(1968) reported the
responses of 50‘§chool syStems selected because of their involvement in
u51ng the problem-soiving approach Thus, it would appear that considerable'
-activity is underway in both cﬁtegorles of CAI and problem-slving.

What measures of effectiveness of the computer- a881sfed,problem ~solving
approach are available?’ The Computer Utilization” Program of the Altoona
Area School Qistrict, Pennsquania, is probably the only high school project
in the country to operate its own full-scale time-sharing teleprocesging
system owned bp\the districét and located in the high school (Information Ser-
vice Départment 1969) Started in 196u as a small, government- funded in-
structional unit for some 200 vocational students, the General Electric sys-a
tem has been expanded in well planned steps until today the computer is seifs
supportlng# serv1ngkb090 Studentséln 16 different schools across flve cehtfal
' Pennsylvania counties, g .

- .,

Computer utilization in the mathemat1cs and science department is in-
tegrated into the curriculum. BASIC is taught to all eighth and ninth grade -
stidents and FORTRAN is taught to all mathematics and science students in
the senlor'hlgh‘school. It is felt that if 1nstruct10n in programming is °

introduced early in junior high school, the programming work can be incor

porated directly into the curriculum.. The student learns just enough P

ticular matheﬁatlcs and science ciasses In solv1ng the1r problemi/ students

do all their uork outside Qf class. Students arte requlred to make- an anglysis

the languages. The students program is punched onto paper tape at one of the
numerous teletypewrlters and transmltted to the computer Teachers fre- !

quently asked "Where are we going to ¥1nd the t1me to cover all the required
material and stlll teach programming?" Through actual experience with a test

group, however, it was found that less' t1me had to be spent on drill work to

2

EE

“Teinforce a-difficult concgpt“since the student had to analyze his problem ¥

w s N 4 . , N » ‘
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completely before programming. More %aterial coutd be covered since less time
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. similar time-shary]

’ port is not available.

Mwo classes were taught in bpth°yeaqs by the experlmenter

second year.

¥
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AlSo, problems that were bypassed.

.

was requiréd for the tedious’ calculations. '

*before because of their complexity and lengthiness were now tackled with

‘success.

Y

The one bit of experimental evidence reported from the Altoona pro-.

ject states that experimental. groups who have .been taught BASIC and computer )
.
usage for algebra problem solv1ng have attained a higher level of léarning,

expeclally 1n arithmetic reason1ng, than control groups mnot s1m11arly ex-
posed.

‘. ‘ {
Jesse Richardson, Massachusetts State Dept.

i
of'Education, describes a
g project whlch uses the TELCOMP language in grades 6, 9,

and 11 (see Hickey“and Newton, 1968).

At the t1me of this paper, a final re-"

A \

The only avallable comprehens1ve research results whlch I was able to |,

.

.

locate .hgave stemmed from the two year Computer -assisted Mathematics Project, ™
better known as CAMP, conducted at the University of Minnesota High Schopl.
Operating under a grant from the Gemeral Electric Foundation, David Johnson

<

. : . * .

(1966) directed a development and resgarch program at grades 7, 9, and 11,
The purpose of the project was to identify apprdprtate matérial in the exist-
1ng mathematics program which m1ght be more effectlvely studled by deslgnlng

computer programs.

~

The grant supported the single teletypewrlter terminal and

the time- shar1ng coptracts over the two years
Kleren (1968)63eported a two yeangstudy conducted w1thjeleventh grade Lo

mathematics students in the CAMP projects " The 36 student§ from the first year

N

and the 45 students involved in thé second‘year were\randomly asslgned'to ';i‘ .
eitler a computert or a noncomputer group. F3r purpsses of analys;s the L ¢
classes were blocked into average, and high prevﬁoﬁg§§fh1evement groups. The - .

Ihe texthook used

$he d%fﬁsrence in® the

tpeatments was that the computer class, learned mucﬂiof their ma%hgmati&s by

ertlng BASIC programs which involved the problems, concepts, and skills.*from.’

‘in the course was the SMSG Intermediate Mathematgps

€ o,
~ l“

oﬁ- 3 o
l ’ A‘
,Q;

| &
variance and covar1ance were applied to these measures in order to test hy )

the regular mathematlcs course while the noncomputer group d:dtnot—us
H

computer 1n any way .

Varlohs measures of mathemat1cal achlevemenz were

i
ta1ned dur1ng each of the two experlmental years Methods of ana

ysis o
Also, the pro-_/?

i ]
were examaned for 3&8 test items used 1n@&he

. <

potheses of no dt#ﬁerences in group means after 1nstructlon.

o

portions of correct responses
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Kieren reported one reject:on/out of eight of the null\hypotheses of no /“J
treatment effects during the first year. This re1ectlon favored the mean of / : /

Lo e . :
the computer c¢lass on the, standardized Contemforary Mathematics Test, Advanced .

Level, NG 'significant differences of treatment by previous achievement level /

interaction were found for the eight significance tests. ‘
During the second year, the achievement of the computer class was found

to be s1gn1flcantly higher according to the mean$ for the Unit Test on Quadratic v

Functions when the analyéis involved the pretreatment STEP 2B and Unlt Jest on 4

e v

Functions scores as cdovariates. Using the same eleven .tests and the analysis

of variance procedure, Kieren rejected the null hypothesls of no differences

due to treatments for the means of the,ggit_zgst on,Trigonometry and the COOP .
&rigonometry Test in favor of the regular class. As'in the first year, the .
test*of interaction revealed no significant differences. However, an inspec-

.

tion of the cell means suggest that the Somputer seemed to be relatively more

effective forLitudents of average previous ‘achievement. Kieren (1968) states:

"It'is of intdrest to note that the rejection favoring the computer cliss came

in a ynit which vas deemed 'extensive” in terms of computer use. The re- ) Ct
jections in favor of the-regular class come in the trigonometry unit where

the c?mputer use was deemed 'moderata(\in the des¢ription of the treatment" .
{p.1257. )

The null hypothesis of no difference in the proportion of students cor- #
rectly responding to a test 1tem was rejected for 43 of the 348 items in-
cluded___{nﬂstugylag—these items, it appeared that the computer had little
positive effect on simple skllls such as computation with complex numbers and -
geomettrical tre\tments of trlgonometry . On the other hand, the compiter . .

"seems to make its strongest contributions . in the areas of complex skills, y
organization of data and drawing conclusions therefﬁom and the study of !

infinite processes" [p. 127-8] Kieren suggests that addltlonal research

needs to be done 1nvolv1ng more subjects and using carefully dgtalled written

materials to 1mplement th1s use of the computer. ) ,-' 43
I was able to complete a second study (Hatfieldl 1969) as a part of the‘ :
CAMP profect: My research 1nvolved seventh graders over a two year period.
The design and 1nstructional procedures are analogous #o those described for‘
Kieren's study. Subjects were rapdomly assigned to treatments. In.the com-
puter threatment, students wrote computer programs 1nvolv1ng the same mathe-
matical content taught in the non- computer treatment. Special supplementary .
materials were wrltten qnd used with the computer gréup to teach BASIC pro- ;
grafming, to identify thecontent to be pro d, dnd to guide the wrltlng

- ' 1 A {
A } ¢ [ :-) i } . . - o
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a
3A test. Analysis of variance was used to compare main effects due to Weldt- .

~Tnificant "skill" items, the control group was favored

. B . ) .
of programs, the study/of output and the,processes of "debugglng" or refine-
ment toward a more general algorithm. Zlmparlsons involved Several con-
structed testsY commerclal standardized tests, and a selected problem solv-
ing test. Revisions df the supplementary materlals and constructed tests
were sufficiently extensive to require that each year be treated Xa L
EJ?bloaked

separate experipent. For purposes of analys1s, "each treatment w
into three levels of previous achivégment us1ng scores on the STEP Mathematics

mehts and differential effects of treatments across previous achievement
levels. Comparisons of proportions of students respondfng correctly to a
test item were used tc(%xplore in greater detail the partjcular contributions
of each treatment.. Each of these items had been classified~as a "skill,

"concept,'" or 'problem': item by three mathematlcs educators who applied *a con-
struct specification developed by the experlmenter. <

" During Year 1, the effect due to treatment as measured by group means was

significaai.::: only onf (Numeration Systems) -of the eleven criterion tests.
This differe fa%ored the noncomputer treatment with the greatest difference
in cell means occurring at the low previous achievement level.. During this

as
1n1t1al unit, the computer students also learned the BASIC programmlng proce-

dures,which seemed to 1nterfere with concurrent study of numeratlon systems.

The equality of item proportions was tested for 2

e propontlous of

correct respenses in the con Up was significantly greatér on 22 items, .
Pyt aiell \ . .

e computer group was favored. _On,six of the eight sig-

Durlng Year 2, the means asalysis of treatment effect revggled slgnlfr—

st —————amsa [e— \

cance on one (Elementary Number Theory) of the six un1t tests and two (Con- °*

A3

temfporary Mathematics Test and Thought Problems) of the six posftreatment -

tests. These significant’ differencés all favored the computer treatment® ..

Comparisons of cell means on these three tests revealed that the high and:

" average previous achievement compﬁter groups were especially favored. The

number theory unit was recognized as a gartlcularly relevant settlng for the a

use of the compufer. The emphasis of thss unit was on exploration and 1nqu1ry

with proplems involving many laborious calculations. The orientatioh was to ’

? - >, S
use the computer as a laboratory tool to explore a number of interesting num-

ber theory settings. The proportions for 327 items revealed that thp computer
group see;ed sxgnlflcantly better on 25 items while 13 items favored the Con-

4

trol group. The computer group was’ s1gn1f1cantly favored on l2 of the 16 _ .

problem 1tems(and 10 of the 16 concept items. - : 7
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’ nearly 250 terminals are now 1ocated in schools and homes in Callfornxa,
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"

The results from these two studies do not support computer-assisted

™
At the
same time, there is evidence that these seventh and eleventh grade students

H

could learn to program; the computer to study their school mathematics.

problem solving as the optimal approacﬂ to be taken.in~a11 settings.

Furthermore, 1n several partipular settings, the’comruter-apgggach did,re-
'sult in sagnlfxcantly 1mproyed performance. RS "

_While the heaviest overall usage of computers in instruction has been
h the category#commonly called.CAI there seems to be experimental evidence
dealing with mathematics instruction from only a fet oI the_centers.

of the most carefully plapned and extensxvely documented projects has been the

One

Now

)

drill-and-practice CAI project forfarxthmetlc from the Stanford center.
—_——

in their fifth year of work, Pat Suppes, Max Jerman, and others have compiled

v . .
an impressive performance record. In addition to a wealth of articles and

*

center reports (Suppes, 1966; Suppes, 1968a; Suppes, 1968b; Suppes, Jerman

and Groep4,1966; Suppes., Loftus, and Jerpan, 1969), Suppes, Jerman and Brian

€T968) have authored a détailed textbooR account of the 1965-66 arigpmetic .
program. To nge some idea of the extent of Stanford's current project, the

Febrdary 1969 issue oﬁ the1r CAI Newsletter (Jerman, et al., 19699 reports that

sts1ss1pp1, Kentucky, and Washxngton, D.C. In the period from October 9

WJ:EEE
3 . 1

+1 -
Wit oL

through Decemner 20, a tota.]. or 83, UU/ eSS amtessums—vwere—given
57,399 adm1n1stered to the users in Mlsslss1pp1 alone! fﬂ\
¢
A comprehensxve review of the deta11ed results in the evaluations being

produced by this project will not be at%empted here.

-

An ¢valuation of the 12
stslssxppx schools of 1967 68 using the Stanford Achlevement Test as a pre-

test-and posttest, revealed that at all Grades 1-6 the comparxson of mean gains o

1n grade placement -scores sxgnxfxcantly favored*fhe group which had recexved

the brief ‘daily drill administeréd by the computer .The alfference is 1argest

in Grade 1, where in only, three months the avergée 1ncrease in grade place-

~4q
ment was 1.14 for experxmental students. compared to .26 for control students
T}g effect was the least for the fourth and fifth graders. It §s notéworthy .
that th1s approach to dr111 and practlce has been implemented by the New York ,
City public schools this year whére ofer 6000 students are reported to be: . .
. L
receiving brief arithmetio and readin drills dai sin n
c g daily’ using a Rcﬁ@\ggm/gggg'r;.\.:
system. :
/- - \ .
. - JU P *
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I cannot‘leave an accoult ,of the Stanford CAI center w1thout accordrng
some,acclaim to the formulation of the theoretical linear structural models
for predicting respbnse and latency* peﬁformances in the CAI arithmetic drills
(Suppes,.1967a° Suppes, 1967b; Suppes, Hyman and Jerman 1967). It is exactly
such contributions which'will be necessary before educators can ever hope to ~
implement a system of computer-managed instruction. O0f course, should the
computer never become a'tool in instructional management the knowledge of the

type generated by Suppes and his staff should have relevance.in the design of

y . instruction, whatever the medium. ) //
M In the 1967-68 Report from the CAI Laboratory of thegUnivers1ty of Texas,
Gibb (1968) reported the results of three studijes, 1nvoIVing elementary mafhe-
matics students 1ndicating some significant work -in computer-assisted ar1th-

. - -

_  metic instruction in the Texas center. L e ]
*Let me draw your attention to at least one project which seems to have
implications for future uses of computers in adsisting with instructional
. managémgit. Hively, Paterson, and Page (1968) report one of the first non-
trivial applications of what Osburn (1968) has named "universe-defined achieve-
. ment testing." 1In this'approach, the basic arithmetic program used in fgﬁeral P
Job Corps centers was analyzed into precisely defined domains of behavior.“ﬁmﬂmﬂ*wwn

Item forms, consisting of general forms together with.a specification of genera-

tion—rutess—preeisely defined the set of all test.items which were taken to

te<? were tests of .whether

represent a diagnostic category. The studies
the defined item forms gpepresented distinct, homogeneous ¢ es of behayior

which in turn could provide the foundation for detailed diagn

g
tion. Although a computer was not used to generate.the particular tests from.

~

. the wvarious item form universes, the authors note that a« computer’ could be ‘
easily programmed to do this. It is easy to see the utility of such a testing ? .
system for eyalugﬁionfin a learning systemujzmed at providing differential ;;* { .
placément. . 1

' °

Some Next Steps

; i .

) As must always befthe case, I have only touched upon the variety of current

P actiVity dnwolv1ng computers in, mathematics Lnstruction. I would propose the

. iollowing as conclUSions, trends, and unanswered questions. for teachers and

.
3
\

#esearchers.

f
- (1), Mathematiss instruction,\particularlyéat “the secondary and college

. level, will continue to be the setting for the investigation of the approach o]

. ?balled computer—assisted problem solving. Future lnvestLgaticns should seek

a@swers to questions like the following: ~Is this way of stmdying mathematics \\‘_’

4 effective for geneﬁal mathematics and applied mathematics students Hhat arep,
H - . ! B K v
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.the transfer effects of using this computer apbroaeh to data‘organizatiog,
decision making, and cqrrective re}inement of decisions in other disciplines, °
such as the physical and social.sciences? What are the relatlonshlps between
the style and organization of algorlthm designs and the learelng styles pf
students? «Are there dlfflculty levels associated with particular computer
algorithm structures'> What are the attitudes, toward the Yearning of mathe- . .
matics and toward this partlcular characterization of man-machine systems'> )

Are students lndeed more’motlvated to learn mathematlcs while u51ng this com- -
. puser approach? Are there partlcular feétures of a programm g language that

make it the’best selection far different students'> What are' the advantages and

-effects of u51ng an lnstructlonal mix of CAI- tutorlal material with prob&em-

solving and algorithm desxgn'> Ennis (1962-5) of Cornell UnlverSLty has sub-

- mitted that sevéral aspects of Piaget's formulation of the development.of

loglcal thought are inadequate " He has posxted a dlgiarent model. Can the

. processes of computer algorlthm design be descrlbed as characterizations of

. such models of reasonlgg and logic as Piaget and Ennls have discussed? .

(2) CAI at .the. drill-and- -practice and tutorial 1evels will,continue in
the'mainctb be an activity of heavily funded Research and Development centers.
?he use of CAI as an instructional laboratory fof researching questions aimed

at more adequatfely describing and predictiné the learning of mathematics is

assured.. Widespread usage of CAI instruction will depend in most part upon

P’ how rapidly hardware people can bring‘down the inflated cdsts of terminals

and commumication. One possiblity of a magor breakthrough is curreﬁtly

claimed by Bitzer (1968) of the University of Illineis CA] center. He and

others have developed a plasma display tube capéﬁle of coibr and rear screen
projection from migcrofiche which can Be driven over coaxial cable at great
distances, which will be low in prodyctlon'cost, and which can support related.

- medla'dev1ces A description of thrs devlce and Bitzer's cla1Ms are part of
P the proceedlngs of the September, 1968, Conference on Computer-assls d Instruc-

tlon sponsored by the NCTM NSF, IBM and the Pennsylvanla State University (see

‘Heimer, 1969) ‘Much of the dévelopmental work “in CAI in mathematlcs will focus -

.on special "excursxon" material, dealing prlmarlly with remedlatlon and eprich- v

ment. Should such’ materlal becomé geé%rally available, teachers will be faced {

w1th‘the challenging problem of determlnlng how such available: lnstructlon is.

to be properly blended into morg”conventional classroom lnstructlon Assxstance,

N § thls problem may come in part\from the work just beginnjng in the third area-«

* of computer use I h%ve descrlbed. namely, instructional decision making. t

- ‘ 2 3
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(3) Computer management of instruction (CMI) described in its current
theoretlcal state, holds probably the most:significant impact for educational
environments. The utility of employing computers in management of instruction
ia cont;‘.}ngent' upon the corftinued surge toward designing more individually ~
sensitive learning opportunities. I believe that the current activity air’ned
at 1nd1v1duallzatlon is not simply a, fad, hut rather is the fihst msurgenc’e
of what will be a major educatlonal revolution. The feeble predlctlve know-

. ledge we now have about how children learn ‘mathematics mustsbe vastly extended

" before * we will be able to design what will approximate optlmal instruction for

e_ach individual. , ‘ ( . ¢ ’3@

In closi}g, le(‘;n\b propose that the co}ﬂnunity of mBthematics educator-
researchers formulate a plan for develpping a Center for the Study of Mathe—/ ‘
matics Learnlng (see uppes, 1967a). I belleve “that such a thlnk tank could
effectively focus the dlverse actlvn:y #d accelerate the present trlckle of
ba51c, formathe research. Such a Center, staffed with a rea:s‘gnable number
of the insightful people currently 1nterested 1n studying mathemdti<s learnlng,
could be the capability” requlred to t;fover'ccyne the. 1nformatlon gap that prevents
,us from having any real assurance that what we do 1a teachlng a partlcular
child is what is best for hlm. The.advent of the computer seems to hold the.
promise of overcomlng many of the manpoﬁer and economlc barrﬁers in individua-

llzed tutorial instruction: The real ques.tlon is whether we will be able to

intelligently. use the capabilities whic‘:)m computer 3){steBs will offer .to us.

a
3 4
t

*
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. ‘ ' PROBLEM SOLVING *
. . '
. /
-
: t
Problem-=Sglving and Creative Behavior in Mathematics‘1 “
Jeremy Kilpatrick? . _—

- Teachers Collqge, Columbia University
. - .
. Problem,solving and the related, more elusive subject of creative be-
, havior have received substantial attention from mathematics educators during
the past five years. The role of problems in developing students' mathematl=
eal activity was chosen by the Infernational Commission on Mathematical In-
struetion as one of three toplcs for dlscu551on at the 1966 International
Congress of Mathematicians in Moscow. Reports Fo the Commission by the Con-.
ference Board of the Mathematical Sciences (1966) in the United States and
by the Association ef Teachers of Mathematics (1966) in Englaﬂd h}ghligﬁted.
the impostance of problems in %mthematics instruction and indicated that we
need to know much more about using problems to sgimulate independent and

L4 . ?

-

creative thinking.
. The_bambridge Conference on School Mathematics (Educational Services .
- Incorporated, 1963) urged curriculum developers to devote more time and ener-
gy to the‘cneatioa of problem sequerices, with special emphasis on. problems
that can be used to introduce new mathematical ideas. The coming 'second
round" df curricelum revision anticipated by the Cambridme (onference.will
clear{y require careful specifibation of eriteria,for these problem se- . . L.
quence§ (Baughman, 1967). As complex, challenging mathematical problems
as;ume a more centra1 role in the curriculumzvmore‘research that makes use

of such problems wllI be needed. -

Calls for mors research are easily made. A more difficult task is to &

locate, am1d the vast, amorphous literature 9n problem solving and creativ-
. e tidy, studles that might inform future research. ds the literature reviewed

here suggests, the topics of problem solving and creative behavior are not
b T ' ° ’

- ' ,,,,, L e - A - e - - -y -

e

A’pre11m1nary ver51on of this paper was read at the 47th Annual Meeting f
of\the National Council of Teachers of Mathematlcs, Aprll 1969, in Minneapolis

Aer the title "Review of Research in Problem Solving in Mathematics," A
shortened form of the paper, entitled "Problem Solving in Mathematics," will
appear in the Review of Educational Research, October 1969, -
- ' ¢ /

2James W. Wilson, University,of Georgia,-served as’ consultant on the

preparation of this revifw. Richard I?Pcock assisted in the initial search of ) .

the literature.-
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being investigated systemat1cally by mathematlcs educators Fortunately,
some psychologists have used mathemat1ca1 takks, or mathematics-related
tasks, in‘their research on)hagher cognitive processes. Though the use of
mathematical problem material in psychological studies appears at times to
be almost fortuitous, these studies fill some of the gaps in‘current re-
search in mathematics edncation and may provide some of the direction that

is now lacking. ; ~

1] . .
E] o

+ Bibliogrigbies’and' i . -
;—v_ v»;" : " - ry
fa

» tics was the subject of

Al

< Problem solving in elementary school
several recent reviews. Riedesel (1969) llsted 83 outstanding art1cles and
research reports from the past fifty years and noted some obvious implica-
tions of this research for arithmetic teachers. Gorman (1967), in a¥more
systematic and critical analysis, identified 293 studies on word problems .

. conducted between 1925 and 1965. Only 37 of these stuales mostly doctoral

theses, were deemed "acceptable" according to Gorman s crltegla which em-

phasized the control of factors affecting 1n\ernal valldlty. Generaliza-

tions drawn from the agceptable studies were as frequently contradicted as
<onfirmed by results from thg'remaining studies. A monumental sur;ey by
Suydam (1967) of, published research on elementary school mathematics from
1900 to, 1965 yielded 84 studies of problem solv1ng, the largest single cate-
gory in her toplc\hlass1f1catlon scheme. Suydam, too, found confllctlng be-
sults and a generally low quallty of design and reportlng

‘ Slmllaf surveys at the secondary school level would be useful, if only
to document the dearth of publlshed studies on problem solving at the higher
grades, Comgggﬁenslve general reviews of problem solving theory and researeh
are given by G. Dav1s (1966) and in the volume edited by Klelnmuntz (1966).

Investigations of creatlve behav1or in mathematlcs have not been col-

lected and reviewed apart from other creativity stud1es. The b1bllography
.by Razik (1965) and‘the review by Arasteh (19€23 are useful general. re-
ferences on creat1v1ty research. Dav1s, Manske and Traln (1967) have
summarized the llterature on methods for tralnlng,creatlve thinking.

»

3
~

‘Y‘ - Problem-Solving Ability &

LRy

W1thout necessarlly éonce1v1ng of the ablllty to.solve mathematlcal
¢
problems as'a unitary ph omenon, one can learn something of its nature by

Aruitoxt provided by Eic:
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examlning the relatlonships between an §nd1v1dual's success in problem solv=,

ing and other characte?fgzlcs of his thinking and personality., Studies of

problem-solving ability range from straightforward cémparisons of §roup per-.
. forménce to %:ificate fac%or analyees.

] "

e

"+ Individual Differences ‘ ) s
— : ] 7

Tate and Stanier (1964) anaiyzeq the performance of good and poor pro-*
a

blem solvers on testsgof critical thinking and practical judgmert. Subjects
were 234 junior\Qigh school students@whose score§ on a composite measure of
problem-solving ability, including mathematical and quantitative reasoning
problems, deviated markedly from a regression 11ne of problem solving on IQ. -
On the critical thinking tests, the poor problem solvers tended to avoid the
judgment "not enough facts" and to make unquallfled "true" or "false" ]udg—

ments. On the practical judgment test, they tended to select answers hav1ng

a high affectlve component. Tate and Stanler argued that the errors may )

“stem from response sets having a temperamental rather than an 1ntellectual TN
ba81s Of special note, too, are*the strlklng differences between good and :
‘poor problem solvers on a test in which they had to identify the m1551ng data

in arithmetic problems (Tate, Stanler,/and Harootunian, 1959)

Sex differences in problem solving ability webe studied in a novel way

by Sheeffan (1968), who used a hultivariate analysis of covarlance with a

step-down _brocedure to examine the relative 1nfluence of con;omltant vari- °
ables on differences in. achievement. After five weeks of instruction in
algebra, 107 high school freshman were given a criterion test divided into .
Subtests designed to meashﬁe'higher- and lower-level cognitive processes.

Superjor performance by the girls on the lower-process test disappeared as -

. sequential adjustments were made for their initial superiority in eighth_
grade mathematics achievement, elgebra aptitude, and pre-instructional know-

ledge .of algebra. Further, the boys showed superior performance on the

hlgher-process test after the ad]ustments were made. The<results indicated
e - )
that sex dlfferenzge in abllxty to learn complpx problem solving skills may

e
P

be masked,lf cblterlon tests emphasize the acqulSltlon ofglnformatlon
Koopmah (196u) found that although boys and girls at each'of the- grades
from nine to twelve were about equally successful in splving arithmetic pro- .
- blems; the girls at each grade were less confident of their solutions than .
Xhe boys. The twélfth graders were better able to judge their solutions
correctly th‘q,nigvere the nini':h graders. Robinson (l‘9654) found no: sex
. . - . ~—
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.« - .
differences or differences between seventh and ninth graders in the ability -

- to justify a mathematical generalization by means of a proof, but she did =
find differences attributable to the tasks and to whether or not the stu; -

dent was in a general mathematics program. - ' o
w

Related Skills and Abilities i ’ .
»

Success in solving word problems in mathematics clearly depends upon
SklllS in read%ng and computation, but the relatlve contribution of these

“skills is not so clear. Balow (1964), using a factorlal design with sixth

-~ graders at four levels of reading abllltv and four levels of cqmputa&;onal

ability found that.both factors were associated with problem- solv1ng ability as

measured*by the Arithmetic Reason1ng subtest of the Stanford Achievement

Test. There was no s1gn1f1cant intevaction between the two factors. When
T, IQ was taken as a covarlate, similar results were obtalned except that com'
putational ability showed a stronger effect than read;ng ability. Martin
(1963) found that each of the factors of reading comprehension, computat?on,
abstract verbal reasoning,‘and arithmetic concepts was correfated with pro-

- plem solving as measured by the Arithmetic Problem-Solving Test of the Iowa

> ¢ Tests of Basic 8kills given to fourth and eighth,gragers. The partial corre-
lation between reading and problem solving with cqmputation held copstant was
higher at both'grade levels than the “partial correlation between computation
and problem solving with reading held constant., As Martin suggests, the
latiofiship between prcblemrsolving ability. and its“underlying skills, -
I;rticulan;y,hlgher—order verbal SklllS, is probably more coffflex than had
" been supposed. . . ;o
/rb\\\"//FEWO factor analytid stud1es of problem solving 1n mathematics were syn-
- thes1zed by Weredelan (1966), who rotated the two factor matrices to a con-
gruent stgucture. The loadings on ‘the five factors isolated in each study
were virtually identical. Tests of problém solving loaded most stropgly,on
« a Géneral Reasonlng factor and to a lésser extent on a Deductive Reasoning
and a Numeqacal factor. The other factors, §pace “and Verbal Comprehension,
. were unrelated to-ppoblem solving. Werdelin's subjects were high school’
. boys, so h1s analyses do not permit an examination of %ex dtfferences but
Very (1967) has demonstrated with college students that the mathematrcal
abilities of maies are more differentiated and more easily identified than
' those of femaies Similar patterns were also found at grades nine and ele-
ven,-wlth a general increase in number of factors ‘with age (Dye and Very,

1968). N b ‘

.

'l , .

L4 156 - ' -
Q " 1 @ ‘

FRICT . o - 162 ; |

P v . .
B [ i . . L




,./"‘

PROBLEM SOLVING

Affective Variables " {

An experimental study of test anx1ety by Jonsson (1965) 1llustrated
the importance of affective factorﬁ in problem solving. Identlcal mathe-

matical problems fﬁoﬁ\the Sequential Tests of Educational Progress. were

embedded in two diéferent test versidns, one contéinfhg easy prbble«s and

on€ contairing difficult problems. Classification variables in. addition to
test version were scores from the Test Anxiety Scale for Children. An
amalysis of covariande was ddle separately for edch sex, with arithmetic
reasoning as the covariate, The sample consisted bf 358 sixth graders., Re:h
sults showed some interaction test anx1ety and test d1ff1culty, especlally
for glrls, “to the detriment of the performaﬁce of highly-anxious subigcts
tdking the more difficult version. The results\could be used to bolster
_arguments for matching achievement?tests more closely to estimated perform-
ance but also suggested that anx1ety may act ggnerally to d1stort findings
in,studies of complex problem solving. ; ‘ .

Evidence on the 1nfluence of mot;dﬁtlonal factors was reported by

Gangler (19673, who fdund thgt college students who were infsegmed that the;is

work on a ser1ES of léarning tasks in symbollc logic would count toward their

mathematlcg course grade performeé'less well on learning and problem- solv1ng

‘tasks than,sigdents who were not so informed. . The effect was greater for
i,
sfhdeﬁts of high 1ntelllgence ‘than for students of low lntelllgence. -

o
Ed
. éggllmer Pringle and McKen21e {1965) argued, on'?he basis of a pilot* in-

.o Y
vestlgatlon that a ESs compet1t1ve *school environment may reduce frustra-
%tion and stress ameyg low-ablllty pupils. They folrfd less problem-solving
rigidyty among low-ability children in a child-centered progressive school

in England, tBan'among comparable children in a traditional school These

flndln%S are suggestiye at best; the ]olnt influence of affectlve factors

and 1ntelllgence on mathematical problem solv1ng warrants further study.

Additional References: Kennedy and Walsh (1965); Lindgren et al. (196u).

°

. : , .
; Problem-Solving Tasks

When problem material varies all the way from geometrlc proofs to match-

stick puzzles, one wonders whether cons1stent generallzatlons can be made_

£
about problem solving in mathematics. Some reassurance thatalaboratory_tasks

°

Aruitoxt provided by Eic:
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have relevance to classroom work has been given by Olson et al. (19685,
- obtained significant correlations between grgde in seventh-grade mathemé}ios.
and performance-in paired-associate Iearning, éZscrimination learhfng, qonf
cept of probability, conservdtion, yerbal“memory, and anagram tasks. The re-
sults were compllgpted by sex diff rences, espec 3ally when IQ was partialed
— out, but a clear—and unexpected fxndfng was that the more complex. school-
like tasks, such as conservation of volume and anagram solv1ng, had no
greater predictive valldltz‘}han_the simple rote-leagnfhg tasks. Varlat%ons .
in problem material do make some difference, ﬂowéver¥°and several investi-
gations werc ajmed at assessing their effects.

-

. Problem Cqytent

‘- . .
A perennial issue in mathematics education concerns the usz‘oi/problems ‘

that are closely related to students' interests and experience. TraQ&rs

(1967) asked 240 mq}e high school freshmen to choose and solve one, of tWo o~

» problems that were identical in structure (numbers ysed, operations required,
etc.) butfdifferent in settifg. The subjects.showed strong preferences for
"Social-economic" situations\ge.g., selling hotzdogs) compared with "mechani-
cal-scientific" situations (e.g., testing spark plugs) and "abstract” situa-
tions (e.g., solving secret codes). The .last situations were particularly )

unpopular. General mathematics students showed &tronger dlfferentlal pre-

9 3B n R BaIn RaBeT A B

. . gprences than algebra students, and there were seme tendencies, although

LI

slight, for problem preferences to be rglated to vocational interEsts as
express:7 on the Kider Preference Record. .

hypothesis that disadvantaged children would perfotm relatively
better on problems whose content dealt with lower needs, such as food and
. . shelter, than om problems whosg.content dealt with hrgher neadeymsuch as
mastegv and educatlon was tested by Scott arrd nghth/}l (1967) Need con-
tent of the problems was nof related to degree of dlsadvantage of third and_
fourth graders. A prlnc1pal components analysis of "the data sugg%sted that ot
\factors associated with, the difficulty and the mathematical content of the .

¢ items, rather thah theineed cdntent, accounted for differences. in performEnce. -

. ° — . R voen ' $ N
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- Steffe (1967) 1nvest1gated the effects of two varlatlons of .the lan- -

s, guage(rsed ih a problem on ‘.s dlfﬁlculty Twenty one- step addition problems .
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' wepe presented oraIl;/to’ninety f;rsf\graders in 1nd1v1dual interviews. In

t ten of thehpro iems the naffes for the two sets to be comb1ned and the total
O A
, set were e same (”Ther§ are four cqokies on dne plate and two cookies on
- - ]
©  anoth plate How many cookies are on the plates?"), and in ten of the

*

///problems the names for the three selsy were dlfferent ("Mary has four kittens

and two goldfish. How many pets does Mary have°") Half of the Subjects
were givend problems in which an ex1stent1al quantlfler was used at the be-
//g}nnlng of the problem ("There are ggome cookies Sh two plates"), and half
é/e glven problems without the quantifier. The presdnce of the quani}fler
hag no effect on problem difficulty, but the problems having a tommon name
for the sets proved to be sfénlflcantly gasier than the problems having
_different names for the sets Steffe’ concihded that curriculum developers

should give more attention to problem situations in which the sets are de-

- -

-scribed in dlfferen words. ) N
In a study of three factors hypothesized to affect problem dlffy/ulty,

West and Loree (1968) found that decreasing a problem's redundancy. (reduclng
the repetition of data) and decreasing its éelectlv1ty (a d1ng irrelevant
data) made _the problem s1gn1f1cantly more difficult for seventh and ninth

- graders, and that decreasing a problem s contiguity quttlng the data some
d;stance apart) made it s1gn1f1cantly mo:e d1ff;cult for-seventh,.but not
for nlnth graders, Plac1ng the “question at the beginning rather than at

“the end of the problem statement' did not 1mprove performance s1gn1f1cantly,
according to Williams and McCreight (1965)-, who asked fifth and sixth graders

" to solve problems of both types. Burns and Yonally (1964), using twp- and

three-step problems found that flfth graders were more successful when the

data were presented in the order used to solve the problems than when the

data were presented in another order. Subjects low in arlthmetlc reasoning

ablllty were more affected'by the reorder1ng of data than were sub]ects with

hlgh ability. Ty

* [N

Suppes, Loftus aand Jerman (1969) stud1ed the relat1ve contrlbutlonﬂto

* problem d1ff1culty of s1x varlables (1), operations, the minimum number “of

different mathematical operatlons needed for a solution; (2) steps, the min-

1mum number of stepg (appllcatlons of operatlons), length the problem b

&ot the problem gould be solved
vetbal-clue, whetheér or

_.length, in words 5 (1) sequential, whether or

by the same operations as the preceding one;

- * g o

o

not “the prgblem contained a ver&il clue to the operations needed, and (6)
1
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conversion, whether or not conversion of pnits qi\.necessary.
SP———— ~

*contribution, in that order.

" related-to their dlfficulty.

* ability formulas.

.assistance while taking an arithmetic test; five classes at each grade did

N ’ '  }
Data were ob-
tained from 27 brlght fifth graders, each of wh olved 68 word problems
presented in & computer—asslsted instructional program The si& variables -
accounted for 45 percent of the variance in performance on the problems,

with the sequential, conversion, and operations variables makigg the greatest

The sizable contr1butlon ‘of the sequentlal

* varigble suggests that the context in which a problem is embedded may be al-

most as 1nfluent1al as the problem's structure in determlnlng its dlfflculty.

+ The wording of problems is a strugtural,feature usually assumed to be

t Thompson (1967) wrote ten arithmetic problems
at two levels of readability as defined by the Dale-Chall and Spache read-
Mean reading grade levels for the two sets of problems
were 2.7 and 8.7. Subjects weré 388 sixth graders, half with IQ' s above 110
and half w1th IQ's below 160 (as measured by the Callforn{; Test of Mental
Eaturltz).

ablllty on performtnce were interactive.

Thompson reported that the effects of readability and m%ntal
Although readability af!ected per-
formance at both levels of mental ablllty, it had a greater effect With sub-

1ty. L e .
Stull {196%) investigated the effects of reading problems aloud to sub-

jects of low mental

jects, Five classes at each grade from fourth to sixth received auditory

nots The, test comprlsed four subtests' that measured: (1) knowledge of

quant1tat1ve relatlonshlps found in social situations, (2) ablllty to
recognlze missing data, (3) ability to d1sregard irrelevant data, and (4)

ablllty to make appropriate assumptions from the data. Only on the subtest

_of ablllty to d1sre rd 1rrelevant data d1d the subjects who received audi-

tory assistance perform better than the others, and thiE‘E?EEEt was signifi-~

cant fqr the glPlS but not for the boys. On the other subtests, dlfferences

webe not significant. The,results suggest that problem .difficulty is more a
functlon of reasoning abllltv than of read1ng skill,
Additional ‘References: Early (1967); James, (1967). - -

Problem-Solving Processes s

. . ¢ R

Since the solution of a problem--a mathematics problém in particular--
s typically a poof‘index of the processes used to arrive at that solutiom,

problem-solving procegses must be studied by gatting subjects to generate

-~

-~
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observable seduences of behavior. - Psychologists, have dev1sed numerous teeh-

° niques for studying problem solving (ggurne and Battig, 1966), ut mathemati-
cal problems are seldom used in suc research Nonetheles$, much of .the re-

cent literature on problem-solving processes has relevance for mathematics

educators., ,

.

Developmental bhanges ) A

-
. gy . .

Elaget's theories on*the growth of loggcal thinking have served as both

" A

focus and touchstone for developmental,studles. Sharples et al. (1968) ex-
amlan the relationship betweeﬁ. ond a%d Fourth graders! ab111ty to solve
transitivity of length problems andf‘thelngablllty to solve 1ldgic probléems

embod1ed in sw1tch-11ght tasks! ‘A scalogram analysis indicated that trans-

. itivity of length was prerequzslte to the form of seriation used_in solving '
v the “logic problems The fourth graders, howeVer failed to show a hypothe-
sized superlorlty on the tran51t1v1ty task. Irfformal interviews suggested

that’ the fourth graders' performance may have been hampered because’ they
Were search1ng for a "trlck"—-an observatlonfremlnlscent of Weir's (1964)
'flndlng that seven- to ten-year-olds often perform at 1ower levels on pro- -
- blem-solv1ng tasks than youngen and older children. The seven- to ten-year-
. 0ld may be "at a point in development where his ability to .generate complex
hypotheses and employ complex search strategles is growlng at a faster pace !

than his 1nformatlon proce551ng ability, which catches up only at a ‘later »
—

. age" (Weir, 1964; p. u8l). Impre551ve evidehce has begun to accumulate that
young,chmldren can learn and transfer varlous compllcated problem-solving
A
str#tegles (Sterq, 1967; Sters and Kelslar, 19675 Wittrock, 1967). Yy

S

KﬁiFreyberg €1966) used an objectlve test de51gned to meaéure the develdp~

vlll__lﬁrmentﬁof Plagetlan concepts in a two-year longltudlnal study. The sub]ects
wéra x boys and 87 glrls six to nine years of age. Scores on the concept

test were as predlctlve of arithmetie’ computation and arithmetic problem- .i
solv1ng aballty two years lateﬂ’as was Primary Mental Abilities Test menta}

age. FPurthermore, a’ regression analysis showed that the concept test addeqd_,

.signlflcantly to the predlctlon of ar1thmet1c-atta1nment by ment 1 age -
O'Brien and Shaplro (1968) demonstrated that, the ability to recognlze

10g1cally necessary comclusions _is not the’ same as the ability to test the

logical necessity of a conclusion. Flrst second, -and thlrd graders were

*° .. given one of two testst a 100-item test, dev1sed and used prev1ously by Hill,
in which subjects responded "yes" or "n6" 3 questlons on. premises ﬁrom
~. . ) ! ’ s
)'_\ . . ' - * @ ~
; ; , s A
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sententlal logic, classical sylloglsms, ang the logic of‘éuaﬁflfication; and
a lOO—;tem modification of the first test in which subjects responded "yes,"
"no t br "not enough clues" to 67 unaltered 1tems and 33 1tems altered so
that . fhe thlrd response was corréct. The results on the f1rst test confirmed

Hill's prev1ous f1nd1ngs of growth from ages s1§ to, e1ght and a genera%ly

hlgh level of performance at thgse Sges 1n ablllty to recognize logical ne-

cesslty The results of the second test showed except in, the case of the
ltered items, no s1gn1f1cant growth with age in the ability to test logical

neé!sslty, and a s1gn1f1cantly lower level of performance overall. Subjects

in all three'grades tended to avoid selection of the."not encugh clues" op-

tion when it was correct.
v :

< -

Y The now-classic b.Study gf_Thinking (Bruner, Goodnow, and Austin, 1956)

has stimuI* d mathematics educators ge.g., kosskopf, 1968) to ask whether
the strategies employed in concept attainment tasks apply to problem solving
in mathematics.J Concept attainment studies, however, have seldom used mathe-
matics problems;iperhaps because such problems do not fét the information-
gathering model very well. In solving a mathematics problem, one often has ~
most og the informatton‘he needsl the question is what to do with'it. Re- .
search on strateg{es of inquiry éan tell only part of the stogx, but it may
prov1de some leads for identifying more géneral problem- solv1ng strateg1es
Rimoldi et al. (1964) developed and validated a variety of criteria for
assessing performance on information-gethering tasks. They,found that scores
derived frohm the logical structure of the problem were more useful and dis-
criminated better than did scores based on group'norms:. Practice on informa-
tion-gathering tasks improved subjects' performance, and male college sgu-'
dents porlormed better by most criteria than did male h1gh schoo, students
A subsequent study (leoldl, Aghi, and %prger, 1968) showed similar 1ncreases-
in performance with age from 7 to'13 years. Nelmark and Lewis (1967) have
suggested that increases in ldgical 1nformataon gatherlng strategles with age
are attrlbutable not b differential learning rates.but td 1ncreases in the
number of subjects at each age who are capable of ysing a strategy ,In other
words, the acquisition'of logical strategies is essentlally all-or-none for *
each individual--a hypothesis worthy of further test. ‘ . ) ) -

Recent work by Dienes and Jeeves (1965) has given what may be a *”
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'productive new focus to the.search for strategies. Instead of study1ng sub-
jects! "behavior as they gain information about concepts, Dienes and Jeeves
studies how subjects reorganize stimulus material into structures. Using
a task in which the card a subject played, together with the card shown in
the window of an apparatus, determlned which card would appear next 1n the
window (a binary operation) Dienes and Jeeves presented &Rbodiments of
mathematical groups (the two group, the ayclic gﬁoup of order four, and the
four group) as ganés The subject played a card and pred1cted whlch card 8.
would appeaf next in jthe window unt%l h1s predictions were conkistently
correct Wnen asked how the game worked, subjects gave three types of eval-
uatlons s operational, indicating that they regarded the card played as oper-
at1ng on the card in the window; pattern, indicating that they d1v1ded the
®ame into parts in which similar combinations of cards yielded similar out-
-comes, and memory, indicating that they had merely memorized each comblna-
tion. f\ . .

Dienes andsdeeves identifi®d a strategy of card chplce corresponding to '
each -type of evaluation and found that a subject s use of strategies was re-.
flected in his report. The hierarchy of evaluations (operator--pattern-- ¢
memory) was validated in various performance measures. Adults tended to" use -

more strategles and to give fewer memory evaluations than did children. Sub-

sequent work (Jeeves, 1968), using groups with 3, 4, 5, 6, 7, and 9 elements,
confirmed the findings of thé earlier otudy that children were better able to
Sartlcularlze (from larger group to smaller group) than to genqpallze (from
smaller group to larger group) and that chlldren had more difficulty gen- &
erallzlng than did adults. In Dienes and Jeeved' view, S-R models are in-
adequate for expla1n1ng -subjects' performance on these tasks, and some kind _

of- structural learnlng must be postulated
i o

Heuristic MBthods k‘:; - . ) '

* Modern 1nterest in heuristic--the study of the methods and rules of dis-
covery and inventiona=-is due(grlnclpally to Polya (1957 1962 1965), who
has s/;/ﬁorth maxims for prgblem solving which, he postulates, correspond to
mental actions. Evidence for the validity of Polya,s observatlons on the
problem-solvrng process has come most strlklngly from :ork on computer slm—

. ulatlon of human behavior, Programers_ have found that the incorporation”of
R general heurlstlc rules, such as worklng backward or.using a diagram, not
7 N .

o‘:\ .
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computer program for translating English sentences into mquations and then
;_,,————’///iolving thém. Analysis of the protocols showed that subjects used some “kind

of internal representation of the physical situation described by the przgi
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only makes problem solving more economical, but it also results in.ior-
+ formance Ey the éompuger tha{ closely resembles the behavior‘of human sub-
" jects struggling with similar problems. . -
Information-processing approaches to thg study of problem solving (see
Hunt, 1968; Newell and Simon, 1965) haye frequently used mathematics pro-
blems. Paigeé and Simon (1966) compared the protocols of subjects asked to

" “think aloud as they sclved algebra word problems with the processes used in

blem in framing their equations. When given "contradi'ctory" problems -in
which equations can be written even though the problem ‘is physically im-

- possible, subjects consistently differed in their ability to detect the con-
tradiction. Paige and Simon concluded thdt good problem solvers are more
likely ‘than poor problem solvers to discover contradictions of thlS sort,
an observation in conflict with Krutetskii's (1969) flnd}hg that for some
contradjctory problems, capable secondary school students and adults make '
more mistakes than less capable sebjects, who use a concrete 1nterpretat10n
and thereby d1scover the fallaqy. The difference in results may be attribu-
table to ‘the Sov1e§ educational practice of teaching mathematics problems as
representative of certain "types." Krutetskii's more capable subjects ap-
parently §aw the contradictory problems as embodyi_ng a type, recalled: tl’;ea

type solufien;.ang then mechanically substituted the (illogical) data into

the solution., Kennedy, Eliot, and Krulee (in press) gave a fi@e-step de-
scription of the act of solving algebra word problems: (1) assimilate the
problem statement, (2) assess the information given, (3) 1dent1f§ the re-’
lationships among elements to form equations, (4) incorporate unstatéd
logical or phys1cal asgumptions, and (5) solve the equations. Twenty-

eight high school junlors, equally d1v1ded between the sexes and between

honors and regular mathematlcs classes were given three numer1ca1 apd

three word problems and asked to think aloud as they worked The honor stu-

dents did not dlffer from the raverage students in their ahility to assess thé

1nformat10n glven or to ;dentlfy the relationships among elements, but the'
honor student& were better able to make. inferences about unstated logical and
or phygical assumptlons in conflrmatlon of tge Paige and Simon observation
mentioned above. An additional finding by Kennedy, Eliot, and Krulee, that '

the less able students had a greater tendency to furmulate problems in the

' . w
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order#the data appeared, supported Burns and Yonally's (1864) report that
students low in arithmetic reason1ng ability had greater d1ff1culty with pro-
blems when the data wene reordered ‘ ‘
Kllpatrlck (1967) uslng a system based on heuristic processes 1dent1-
fied by Polya, analyzed problem-solv1ng protocols of 56 Junlor h1gh school N
students in relation to their performamce on a battery of aptltude, achleve-
ment, and attitude scales. Systematic styles of approach to spdtial and

nuperical problems 31mllar§§o styles identified factbr analytlcally by“

—

French (1965), proved to be_unrelated to processés uséd in solving wor jS”Bfﬁgjr

- blems: Subjects who attempted to set up equatlons (they had not yet had an
"algebra course) were significantly superlor to the others on measures of
quantitative ability, mathematics achievement, word fluency, general reason-
ing, logidal reasoning, and 4 reflective conceptual tempo. Subjects who did-
- not us€ equations varied in their use of trial and error. Those subjects who‘

used the most trial and error were higher than the others in quantitative

ability and mathematlcs achlevement Those subjects who used the least trafl A

;and error had the most trouble with the word problems, spent the Aeast t1me
on them, and got the fewest number correct.

Most research o heublstlc methods has used ithe "th1nk1ng aloud" tech-
nlque as did Duncker (1945) An h1s semlnal study. But some 1nvest1gators-
have turned to other techniques. J. Davis (1964) dev1sed a mathematica{

model based on solution time and used the model to demonstrate that problem -

solving occurs “in stages rélated to the structure of the problem much .as, .
Duncker hadknoted. Hayes (1965), using a "spy" problem in whlch subjects had
to chain together prev1ously-learned associations took acceleratlon of the.
solution process when subjects neared the gehl as evidence of a plannlﬁg ”
heuristic, Axthony (1966) studfied the .relative effectiveness of working
backward’and worklng forward in a maze ‘problem and found that subjects wepe
able ta shift to the d1rect;on that was more efficient for a particular pro-
blen. : ’

One topic studied by Duncker that has recelved con81derable attentlon )
is "functional fixedness" --the tendency fop a«prev1ous use of an object in
a g1ven function’ to inhibit the object'waelng perceived in another.. funetien.,
Although Duncker s work with mathemgﬁ%cs problems was more pertlnent to
education and although he.himself admltted that in his monograph»functlonal

fixedness was discussed in deta11 out of proportlon to its 1mp6rtance the
w:\.:f-f\__._m.—b-w Ty, i

toplc céﬁtinues“to 1nsp1re research aperhaps because of 1ts bearlng on- the
a8 ) ) .
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larger topic of rigidity in proﬁlem solving (see Cunningham, 1966).

The work of Raaheim (1965) illustrates the direction that some of the ‘iv’ .
work on. functlonal fixedness has taken. One can classify problems inﬁo'two :' g
broad categories: those in whlch the goal is difficult to understand but , ‘
easy ta attain once understood, and.those in which the goal is easily under—
stood but difficult to attain. Raaneim.found that performance on the first
kind of problem.was rellted to the ability to find many fynctions for a given .
ob]ect to the ability to llsttmany ob]ects to fulfill a given function, and
to general intellectual abrﬁfty Perfﬁ nce on the second kind of problem,
however, was related only to the ablllty*to llst many objects to fulflll a
given function. Raahelm s work implies the existence of several klnds of N
flexibility, whose role depends upon the structure of the problem and how it
is seen by the subject. The larger quest] of how subjects adapt various
heuristic methodg to different kinds of problems remains virtually unexplored.

_ " Additional'Refetrences: Holden, 1964;“Py1yshyn, 1963. '
( - ,

! ¢ . . N,

2N . Creative Behavior' - .

-

Few gtudies of creative behavior have dealt dlrectly w1th mathematics.
Of these, most have been concerned with the constructioh of instruments for
measurlng mathematical creat1v1ty. Other studies, generally “of more tan- -

A
gehtial relevance, have explored the relatlonshlp between creativity and .

v

byeblem solving. . o
n - . -
- - :

MeasuTement of Creativity . , N

.

The view that intelligence tests are inadequate for the identification

of creative talent has sparked attempts'to comstruct new tests. Prouse (1967)
reports on the constrﬁction’ef a ten-item test to measuwe divergent and con- N
vergent thlnklng ﬁ% mathematlcs. Subjects were 312 seventh graders from 14 .
8lasses in five s;hools. Within-teacher correlatlons were calculated betWeenggé
the creativity test aﬂh measures of 1nte111gence, achlevement, school marks,
preference for school subjects, ané ¢ eat1v1ty as rated by the teacher.
Correlations between the cre§t1v1iy test and the teacher ratlngs were low but

both were moderately correlated with 1nte111gence, achievement,” and grade

point average. The %esults were dlsapp01nt1ng5‘they’gave no indication that

. 13 3 b y
her measures, including Teacher ratings, )

in identifying gifted students,

Y
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A battery of creat1v1ty tests for grades five through eight was devised
by Evans (1964), who started with 27 tests and reduced them to 16 on the
basis of pre11m1nary tryout and intercorrelation analysis. F1nal testing of

123 sub]ects of above—average mental ab111ty showed few differences between

mean Performance at each grade, except for a gengial tendency for the fifth *
:

graders to score lower than the others. }'composne score on the battery
was significaptly correlated with measures of 1nte111gence achjevement
attitude toward mathematics, and general creativity '(the latter consi ing
of an unusual useﬁ/test  an anagrams task, etc.). Evans' tests are clever,
and though firm data on rellablllty and va11d1ty are lacking, the battery -
shows some promise as a measur\‘r); the ab111ty to-formulate new mathemat1-
cal ideas, . T c R *
. . -~ . oy
° -y

Creativity and Problem Solving

Klein and Kellner (1987) stud1ed dlfferences in the peﬂ?brmance of high
and low creative subjects' on a twd-choice probability 1earn1ng task Similar
to that sised by Weir (1964). Sub]ects were 16 high and 16 1low scorers, from

a group of 130 male underg*aduateg"%n the Remote Associates Test. An analy-

51s of covariance, with IQ as the covar1ate, showed that hlgh creatrve sub—
jects took significantly 1onger in maklng a ghift from one ch01ce to the
other and tended to.match their responses w1th the objective probablllty of
’ reinforcement sooner than did the low creatlve subjects, The resul@g'were

1nterpreted as suggesting that the high creative subjectsiwere demonstratlng
a greater tendency to form hypotheses about the pattern of relnforcements.

< Additional evidence that high and low creatlve subjects approach pro- )
blems differently came from studles by Elsenstadt ( 66) and by Mendelsohn )
angl Griswold (196&) Blsenstadt found that creatlve sub]ects were faster than

reative sub]ects ip solv1ng rebus puzzles w1th 1pcomplete 1nformat10n,

in’ solv1ng the puzzles after complet? 1nformat10n was.glven, and in giving
up on puzz;es they could not not 'solve. M&ndelsohn and Griswold found a
p051t1ve relatlonshlp between creativity and the use of incidental cues in
solvfng anagram problems’, < . .

Cicireldi (1965) reported relatlvely low correlations (0. 11 to 0.26) for

a group of 609 sixth graders Between subscores on the Minnasota Tests of

Creative Thlnklng (MTCT) and scores on the California Arlthmgtlc Test. Of

the three areas of. ach1evement measured (arithmetic, readlng, ‘and language)

-

Y
o

Aruitoxt provided by Eic:
0




s

! 4 i ¥ v o ¢ N ’ 2 g j

: ! . ) i

<, ‘ e %‘ ! . . - b:l , }—‘ % » : -Y
# . KILPATRICK % i o e b 3 ;

‘ =

. arithmetic had the weakest relatioqﬁyib to creativity. Wodtke (lggz)'found
that, whereas intelligence and problem*solving flexdibility (as measured by
the Luchins Water Jar Test) weré correlated positivély and significantly,
flexibility was not corre%§ted with créativity (as measured by the MTCT),
even when {he ﬁéasuresnwege corrgc;éd for attenuation. It appears that

creativity, though it ﬁéy be related to certain facets of prdBlem solving, -
4 : :
bears no simple relationship to problem-solving performance.

v

. Instructional Programs !
-

Recent years have witnessed the development of increasingly sophisti-

cated theory-based programs of instruction in problem solving and creative
behavior. fhough the majority of studies contifue to be evaluations of a
single device or techniqge, some jattempts have been made to develop broader

.~ o
o - - "

programs having an ‘explicit theo ettcal’ rationale. ‘ B

Training in Heuristic Metﬁgds .

Y 2

Covington and Crutchfield (1965) report several studies with the General

Problém Solving Program (GPSP), a well-coficeived and apparently successful

program they devised for teach1ng ‘children to apply heurlstlc strategles to ,
. problems. Though the problems are not mathematical, the strategies are ~ o
appropriate to:mathematical problem solv%ng. The program tonsists éf a
g se?ies of self-instructional booklets, that present the continuing story of a
brother and sister team, Jim and Lila, as they try to solye a series of
" * puzzles and mysterles with the aid of their Uncle John, a high school science
teacher and gart tlme detective. The pupil is. supposéd to identify with Jim
and Lila as they gradually overcome their anxletles and become prof1c1ent in
problem solving. The programmed bBooklets not only give the pupil repeated
experlences in solving interesting problems, but they also show him strate-
gles such ‘as planning one's attack, searching for uncommon rdeas, transform—
ing fhe problem,,and using analogles Cov1ngton and Crutchfleld found drama-
. tic galns for an 1nstruct10nal group of fifth and sixth gradérs as compared
with a.gontrol group on xests of problem-solving ability, tests of.zreatlve o
thiﬂging,ﬁand attitude inventories. Five months after” instruction, gains in
'prqglem—sglving abili?& diminished somewhat but Qére still statistically
significant; gains in creative thinking had, become marginal (Covington, 1968).
: . An extensive tryout of the.éggg in uy fifth—gradegi};ssrooms under

'
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‘;\5 conditions of minimal teacher involvement and a more rapid rate of-presenta=
. tion yielded similar, but less strlklng results (Olton et al’, 1967). The
. performance of the 1nstructed group was superior to that of the control group
Qn 30 of 40 criterion measures of convergent and divergent thlnklng, but only.
111 of these .differences were stat1st1cally s1gn1f1cant. Ripple and Dacey
(1967) found, with a modification of the GPSP for eighth graders, no signifi-
cant dlfferences between 1nstructed arfd control groups on four measures of "
- verbal creat1v1ty. The 1nstructed pupils solved the Maier -Two- -String Problem
. faster than did the controls, but the' percentage of correct solutlons‘was 1&
about the same. 'L ) .}
Concerned over these apparent failures to replicate Cov1ngton and . -

% Crutchfield's findings and curious about the questlon of nonspe01flc transfer,
Trefflnger and Ripple (1968) 1nvest1gated the effectiveness of the GPSP on
verbal.creat1v1ty, general problem solv1ng, arithmetic problem solving, and
attltudes, at each of the grades from four through seven. Varlous analyses
Were performed, including chi- -square analyses of performance on 1nd1v1dual

. problems and analyses of covariance with IQ and pretest scores as covariates.

Only a few dlffeﬁences on the verbal creat1v1ty and problem -solving tests--
not much more than would be expected by chance--reached stat1st1cal signifi- .
cance, and these idifferences formed no obv1ous pattern. }Although it should
be noted that the results for drithmetic problem nghing may have been clouded {
by the’ d1ff1culty and theilow reliability of the %ests used. ) Stat1stlcalIy 4
s1gn1ffcant dlfferences favorlng,the instructed gropp were found on a measure
of general attitudes about creative thinking and problem solving at all four
grade levels. The' results, as in the study by 0lton et al., suggest that the
GPSP may be most effective when presented at a slow pace with ‘Supplementary
discussions by the classroom teacher Also, although the GPSP may be success-
Ful in promoting some transfer to novel problems, unless the format ‘of the
problems resembleg’that of the training materials, transfer is likely to bee
;minimal, T . . [

. Dariiels (1964) a%tempted to teach college students the heur1st1c irethod
of "property analysis" (describing to oneself the elements 1n a task s1tuatlon)
in order to produce nonspecific transfer. He—tooﬁwas Yess sucgessful than -
Covington and Crutchfield: 31gnf§Xcant 1ncreases 1n originality on Gullford'

. Unusual Uses Test(were observed 1;~one experlment but not in another, although
the tra1n1ng cenditions were identical, and no fﬁbgpwément was found in ability

fo solve a battery of insight problems As Daniel§ pointed out, training .
1 i~
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) programs emphasizing fluenﬁf of ‘vresponse may promote transfer to other;di‘g?—
'gent thinking tasks merely b cause the subject comed QZ eypect that flpency
is what is wanted. Such programs may well fail, however, in promot1ng per-
formance ‘on 1ns1ght probIems %QS other tasks 1n’wh}ch fluency alone is of
little help. - ) \ - ’
Attempts to prémote transfer of heuristics from miscellaneoys training
. “  tasks to problems from d1sc1p11nes such as mathematics raise guestlons as to
how general or how specific the heuristics should be. James’'Wilson (1967)
predicted tnat subjects\tauéht specific heuristics would perform better on
training tasks but worse on,transfer tasks than would subjects taught general
«’heuristi s. Subjécts were trained on two theorem-proving‘tasks; one in sym-
bolic logic. and the other’in elementary‘algebra, by means.of self-instruction-
al booklets. For each task, subjects were.taught to use one of three kinds of
heuristics: task-specific (applicable to the training task only), means-end
‘ (locating the key difference between the given situation and the goal and then N
\\ ,searching for a means to reduce the difference), and planning (omitting de-
. tails in the given situation and working out a proposed solution in general
.terms). A 3 x 3 x 2 factorial design was pysed, with three levels of heuris-
tic for each task and two orders of task presentation. Dependent variables

. were derived from performance on the training tasks and on five transfer tasks'/,'E

‘e (two similar and three dissimilar in format to the training tasks) Pask- -
. spec1f1c heuristics did not fac1l}tate performance on the tralnlng tasks; in-

. fact, on ong training task the planning heuristic was superior to the othefts. «
Orr one of the (dissimilar) transfer tasks, ths planning heuristic wag superior
to the others; otherwise thepre were no significant‘main effects. Significant

. interactions smggested that a combination of heuristics during training facil-

itated performance on some of the transfer tasks and that general heuristics

’ learned in the first training task were practlced on tHe second task there-
by faecilitating tran§¥er. . . . ~
R , Several researchers have recently sought with little ~success, to 1mprove
problem,solvlng performance by giving the subject a model to follow. Brian
(1966) taught college students to solve problems by us1ng a flow chart that R
incorporated heurlstlcs id€ntified by Polya. No 1mprovement was found in A

-

ability to construct mathematlcal models, to con]ecture, and to use axioms, '

theorems, and-anorlthms, but some improvement was noteu in ability to settle
conjectures. * The small.sample size (17) and the lack of a control group pre-
.vented an adequate test of Brian's hypptheses; his analysis of ptocesses

Cl

'deserves further invettigation. ' P
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Postfklgsg) demonstrated that awareness of the types.of mental operations
thought to underlie problem solv1ng does not necessarlly improve performance~
Ten seventh-grade mathematics classes const1tuted the sample The classks
were matched on problem—solv1ng ability, and while the control group followed
the regular schedule, the experimental group was given a three—dax\in:roduc—

{ tion to a list of processes- drawn from the llterature on problem solying

followed by 'six“weeks of practlce in us1ng the processes. Analyslg/yf gain

_ scores on a problem-solving test showed no significatit difference between the

. .

experimental and control groups, -

Additional Reference: Means and Loree (1968).

.

Learning by Discovery

— &
Mathelatics seems to have a natural affinity with learning by discovery:

mathematics ¢urriculum reformens,such .as Max Beberman and Robert Davis have
been among the most art1culate spokesmen for the view that children should
discover some of what they learn; and on the other hand, psychologists study-

discovery learning have often used ma<hemafieal tasks. As Wittrock (1966)
notes, in a comprehenblve analys1s of the literature, research on disaovery
learning generally suffers from conceptual and methodological weaknesses and
has yiglded inconsistent results. It is, éncouraging, therefore that several -
recent studies, better designed than most, have demonstrated some superlorlty
of discovery methods for promoting transfer of problem—solv1ng skllls.

- *- One way of contrasting "discovery" and "expository" methods is in terms

of the sequential organlzatlon of instruction. 1In a d1scovery'method verbal— :

1zat10n of a concept or generalization ‘comes at the end of the 1nstructlonal

sequence; in an expdsitoryf method, it comes at the beglnnlng' Us1ng th1s con-

ied the effects of six weeks oft 1nstructlon in

trast, Worthen (19689 st

‘mathematical cone€p y the two methods. In each of ‘seven schools, one s1xth-

grade class used a discovery method and one used an exposltory method; in 5ur

eighth school, one fifth-grade class used each method. The same teacher/téught

both classes in’each school. Worthen attempted to control a number of vari-
‘ables left uncontrolled in previous stud1es For example, all te\bhers par- _
ticipated in a training program on'the use of the methods ¢nd materials, and '
then, as a check that the methods were being followed teacher behavior was

rated by observers durlngg\he expertmental perlod and by the pupils at the

. .
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-end of the period. Ratings showed clase fidelity to models of each methdd
ghat WOrthen had dellneated Analysis of cocariance _using IQ scores,’ .o

ﬁetropolltan Achlevement Test arithmetic computation and probiem-solv1ng

» ) subscorés, and pretest scores on a concept knowledge test as covariates, in-
éicated_that the expository group showed more initial learning than the dis-
. covery group, contrary to Wortfien's expectation. When initial learning wad -
taken as a covar1ate, however the discovery group showed greater retention
2 . of concepts after five and eleven weeks and an indication (p < .08) of g
’ : greater transfer, of mathematical.principles to novel situations. The dis-
covery group also made greater gains on oral and written tests of disgp;ering
a short cut for yefking a series of problems. < v AR
Wills (lgégieinvestigated tPe effect of iearning by discovery gn problem-““
solving ability. Two grdups of eight intermediate algebra classes';ere éiven
two wegks' instruction on figurate numbers and recursive definitions.'}?e
instructional mater1aIs, in a workbook format, introduced a top1c by pre—
sentlng a difflcult problem that requlred a generalization, gu1d1ng the stu—
- dent w1th a ser1es‘of simpler problems, prompt;ng the student to-look for a rn
. pattern in the problems, and giving the student a check on his genera11z~tlon.
In one group of classes, the teachers discussed various heuristic methods for
discovering the generalization 1n the 1nstructlonal materlals, in the other
N group, the teachers,gave no such guidance. Before and after 1nstructlon both
. » groups took a 60-item test on mathematical top1cs not covered in the unlt. On_
% ‘*he posttest both groups doubled their pretest performance ‘;hereas a control
group that took the tésts w1thjzt the intervening 1nstructlon made only &
minor ialn. Guldance by the teacher on heuristic methods apparentlxkdld not
contribute to the galns, the adjusted means of the two experimental groups on
i /

the posttest did not.differ s1gn1f1cant1y

Scandura (1964) demonstrated, in three small studles, that varlatlons
within' discovery and expos1tory methods, such as the directness of presenta-
. ", tion and the point at which a generallzatlon :; introduced, may be respon31-
ble for some of the confllctlng results in garlier research. In one expéri-
ment, a discovery method yielded an advantage in nonspecific transfer, but .
.. in the two other experiments, under modified, coﬁditions, it did not. Scandura -
~ concluded that the timing of. instructional steps in discovery learnlng is one

. ofﬁthe most critical features. Another small- scale study, by Meconi (1967),

- 5
- . féund no s1gn1f1cant differences on either a transfer or a retention tést - %f
. . among "pure discovery," "guided discovery,’-amd "rule and example" methods i
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for teachlng summat ion of sequences hBoth Meconi and Scandura used. 1nstruc—
tional treatments of only a day or so's daratlon and with- -small numbers—of-~’

" students, so their results are not directly comparabie w1th those of Worthen

P @

and Wills. . 7 N : p
* A\

& b

o~

Training‘in Verbal Skills

, Since students frequently hqve trouble readlng verbal ?roblems in mathe-
matics textbooks, it is natural to. ask whether tra1n1ng in verbal skills mlght
» ‘improve, problem-solv1ng performance. 'Reasoning .that knowledge of vocabulary
. is’ an important component of, problem-solv1ng ability, VanderLlnde (1964)
' - tested whether the study of vocabulary lists would result in galn on arithme-
tic problem-solv1ng tests. Nine flfth-grade classes; matched w1th nine con=

. trol classes on IQ 4nd on Iowa Tests of Basic Skills (ITBS) subtests of vo-

cabulury;,reading omprehension, ar1thmet1c concep\s, and arithmetic problem

solv1ng, studied a di fferent llSt of eight guantltatlve terms every week over

.

Y period of 20 to 24 weeks., On a readm istration of the ITBS, the experi-
mental group exceeded-the control grodg}:n both arithmetic subtests. Purther

analysis of the ar1thmet1c problem-solving'subtest revealed ‘no d;fferences

T

between the sexes but: a s1gn1f1cantly lower mean gain by the low IQ group

¥

s

“compared w1th groups of average and above-average, IQ. . Coa W’

‘ Trish (1964) reported a two-year 1nvest1ggtlon in which a group of nine
fourth-grade teachers in small c1ty school system were askedito spend part of
thé t1me in class ordinarily spent on computatloh helplng pupils state gen-

N |
e

erallzatlons about number operations. In’ both years, pupils of these teachers

made greater gains on’problem solv1ng as measured by the Sequentlal'Tests of"

Educatlonal Progress Mathematics Test and on computatlon as measured by the

. School and College Ablllty Tests than pupils of other fourth—grade teachers

in the system. . . . . -1 ..
- .

. (‘ r a !
. Additional References: Call and Wiggin (1966); Lyda and Duncan (1967).
[ B R
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Special Methods ahd Devices

-

/Much'attentlon has been focused'in red%nt years on finding methods and
devices that would 1mprove probleanolv1ng w1thout putting.the_.child 1n the
kind of straltjacket Erovl

nques. The traditlonal a roach to the solvang of word probleris in the ele-

-

1d by formal analy31s and, other prescrlptlée tech-

B . . . - ' i ) -

is taught o ask hlmself "What is wanted?" and "jhat is glven°" and, then to
’ Ve .~ H . N - . . ,‘ S
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perfofm tl appropriate operations on the data to yield values for the un-

knowns, +In several recent studles, other approaches have been p1tted'aga1nst

th1s tradltlonal dne. o . N

John Wilson (1967) contrasted one vers1§9rof the wanted-given approach,

‘

in which the Chlld analyzes structural relatlonshlps between thd data and the
unknowns, with an "action-sequence" approach, in which the child lopks for thé
operations suggested by the sequence'of actions in the problem. In both |,

. - .
approaches, the child writes and solves a number sentence that expresses the

* structure of the problem. Fifty-four gourth-grade subjects at three levels

“Qf mental ability were randomly aésigned to a wanted-given, anlaction-sequence,

and a control éroup Each group was given three periods of instruction a week

. for nin weeks usi % worksheets supplemented by instruction from the teacher

Q

-

(except for the c8htrol group, which just worked the problems and then spent
the remaining time on other act1v1tles) A3x3 factorlaI"nalysls of vari-
ance followed by multlple comparlson'tests showed that on measures of ab1l1ty
to choose correct operatlons, of ability to solve problems, and of speed in
solv1ng problems the ﬁanted-glven E?%up performed better than the other two |
groups after thr%§§ six, anqaplne weeks of 1nSLructlon and again nine week$ ’
after 1nstructlon had ended. Wllson' tudy Dr0v1des strohg support for the .
superiority of the wanted-given approach, although as Zweng (1968) observes,
Wilson's wanted-glven treatment vaypies considerably from the traditional one..

&
Lerch and Hamilton (1966) compared a structured-equatlon approach, in -

which puplls wrote a number sentence express1ng the relatlonshlps in the pbo-
blem (apparently ‘'something l1ike Wilson' s wanteds glven treatment), with a
tradltlonal wanted given approach, in wh1ch no number sentence is written. |

structured—equatlon approacl] showed greate

Aft?r five month7 of instriqtion,.a fifth-grade lass taught according to the
ﬁ gain/than a class taught accord-

1ng to the wanted-glven approach on a mgasure of ability to choose correct

operations but not oh a measure of ability to solve problems. .

The effects of varyin amounts of attention durxng»arlthmetic'instruc- .

tion to the structure of’ tTe whole numbérs iersus verbal problem solving was

.

studled by Stuart (1965). i Polirth- grade‘pUplls tn ten schols were,3551gned
at rahdom to one of three rogram,treatments- (1) a program des1gped to teach
basic goncepts of gumbers,and computatlon with no s#lvxng of verbal problems, o

) a program des1gned to teach ‘the analysis of verbal probléms, how to ex-

‘ ¢

press, the relatlonshlps 2s number sentences, and how td solve the sentences,

and (3) a p;ggram Cons1st1ng of equal parts of the othér two programs‘
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. * Analysis of covar1ance, with IQ and subscores on the Stanford Arithmetic Test

(SAT) as covariates, showed s1gn1f1cant differences in posttest performance
‘ on the problem-solv1ng “thtlon of the SAT but.not on the computatlon or con—
L %cept sections. A delayed admlhistratlon of & th1rd form of the SAT yielded
no significant dlfférences Stuart concluded that for immediate Droblem—
© solving performance ¢he ”mlxed” program was superior to the program that
emphas1zed structure of whole numbers and at least as good as the program that

i
emphaSlzed problem solving alone. . .

(3
LR R1edesel (1964) devised a series of problem-solving lessons, at two levels
of d1ff1culty, in which pupils were instructed atd given practice 1n wr1t1ng
mumber sentences, drawing figures, formulatlng problems, presenting problems
orally, and solving nonnumerical problems Eleven sixth-grade classes were
given the experimental instruction for ten weeks. When compared with nine com~
trol olasses‘that‘got no special instruction in problem solving, .the experi-
mental classes made skgnificantly greater gafhs‘on a problem-solving test con-

structed for the study and gains approaching significance on the Arithmetic

Problem—Solq%ng subtest of the Iowa Tests of Basic Skills.

The hypothes1s that experience in writing and solv?gg one 's’ own problems
is more benef1c1al than prégalce in solving textbook: problems. was tested by
Keil (1964). Puplls in four sixth-grade classrooms spent ome perlod a week
o ' for 16 weeks wrltlng and’ solv1ng problems abou®,a given situation, while puplls

in a contrel group of four classroomé solved, textbdok problems about the same

‘s1tuatlon Results of an analysis of covar1ance with an IQ and pretest B
. scores on the Seggent;al Tests of Educatlonal Progress (STEP) Mathematlcs Test

as covariates, and scores on.alternate forms of ‘the Metropolltan Ach1evement

Test .and STEP as dependent variables, supported Keil's hypothes1s.

in a small,

’} L pthai!dimension of the kind and amount of problem-solving practice that
chlldren JP

ould rede Le were explored by Koch (1965), who foun
but carefuﬁly done study that increasing the amount of homework assigned d1d N
not 1mprove problem-solving performance, and by Traub (1966), who found that

performance on a compleéx task (addition on the numer line) was facilitated

v N
more by heterogeneous than by homogeneous suptasks in a self-instructional N
> program. . ’ . . / ' N .
:f . & Two studies dealt with techniques for teaching problem solving. at the- .

ninth-grade level. Denmark (1964) comparled a ”deductlve” approach (arranging. {

data_ and unknowns in a table and then reading off the approprlate equatlons)

ljuth an "1nduct've" approach (looklng for a pattern in successnve tr1als) . On ,
Kl
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a posttest students taught the inductive method were better able to arrive
o ‘§§at correct solutions, but when credit was given for formulatlng correct gqua-
b3t ';1ons and solving them correctly, the students taught.the de&hctlwe method .
ekeelled. Bechtold (1965) found that including problems having éxtraneous
data along with=Sther assigned problems in algebra classes yielded superior
perfopmance, not only on extraneous data problems,fgﬁt on other problems as

e —? . ~ N v -

well, . .

~

In one of the few studies with college students, Gangler (1967) assei'ed

- ¢

¥ the effects of overt respondlng, motivation, time of day, 1ntelllgence and

mathematical background on the learning of symbolic logic tasks. In addltlon

to ‘his’ f1nd1ngs on mot1vatlon mentloned in an earlier section, Ganglen found

made fewer errors on problem-solvifg tasks. Overt responding during learning
¢ was particularly beneficial for students whose motivation was raised by tell-
ing them that their performance would count tomard their grade. Studgnt% who
had taken relatively few mathematics courses in high school and pollegeddid
better on learriipg tasks when their responses were’ covert rather thap overt.
Gangle; found a numben of significant higher-order interactions too complex
to'interpret and summarize here but suggestihg the’existence of complicated

.- relatlonshlps among personallty and task variables in programs to develop

problem—solvxng ability. Lo - <
) . Addltlonal References: Allen, Allen,‘G Miller (1966); Clark (1967).
> e . . .- . -
Effects of Curriculum Programs* and‘Class Qrganization oL *

“An assumptlon explicit or implicit in mdst modern mathematies programs
(’ » is that the 1nnovatlons will result in,. other things “1mproved ability
j solve problqms. Two studies prov1de-part}ai tests of thlS assumptlon% .
Scott (1965) reported data that he interpreted as evidence that modern pro- )
; { grams’ prepared ’h;ldren somewhat better for cop1ng thh "insdluble' !
- blems than do traditional pro ams . Second and thxrd graders n classes using
School Mathematics Study Group (SMSB) texts and ‘texts based on the Greater
Clevéland Mathematlcs Project mater1als, and fifth and sixth graders 1n
classes us&ng SMSG texts, were compared with cHildren in the same grades "who -
had used tradltlonal texts. Analyses of covarlance, with IQ as a covariate,
/ ’ylelded significant dliierenies, favorlng the modern/text griups, only at .
g grades two and five. e la

k of cons1stency in these results togethe  with

the low performance oveprall on the insoluble tems, suggests that mode -
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.o The hypothe81s that instruction in concepts of sdt theory improves prob—

lem- solv:.ng performance was' testedeby Smith (1968)- Two seventh-grade
classes received twenty days of *instruction ‘in set theory while two other }
T classes studled the fundamental arithmetic operatlons The students u}
structed in set theory gained more in 1og1cal}reason1ng ablllty but not in
ability to solve percentage problems than dld the other’ srxdents
Ind:.v‘idually Prescribed Instruction (IPI)%has received cons1derable
‘attention as a technique for organizing instruction. Deep {1966) found no
¢ significant’ diff4rences, after adjus‘cment for initial perfor"nance, in computa-~'
. tion or problem-.lﬂ'ﬂ‘ scares among $tudents of high, average, and low @bil-
) ity at gz:ades: four, f“?e and six after a year of IPI ipstruction.  He- con—
cluded that standarfiized tests are J.napproprJ.ate for measuring ach:.evement in
g an“IPI program, which may be truey {t _other ev:.dence (Lipson, 1967) J.n{h.’cates'
. general lack of correlat:.on bet'ween IQ and progress under IPI. .
. Hudg:.ns\and Smth' (1966) reported that when a small group, of elementary
‘ , school children engaged in cooperative prol solving, the group performed
better than its most aBle student in solv:.ng arithmetic problems if-and only
if he was not percelved by the group as being most ‘able. Problem solving by -
groups seems not to be a w:.despread pract:.\ce in mathematJ.cs classrooms,: but ’

Hudglns and Smith's findings on ’the imp rtance of sociometric status fact%rs

4 may -Rhave larger implications for the pattern of 1nte{~actlons and pup:.l con- . %
. . trlbutlons during a problem-solvmg sessmn . - . ) ’
Additional~Reference: Moor;e .and Cain (1968). RN
\ . . L ) -
. P -y
) ‘ . 4- ' Ty - /
. Teacher Influences ) .

L Polya (1962, 1965) has .argued that teachers .canr)?t teach praoblem solvmg -
unless they have had some exper:.ence themselv S in solving problems. Though
thls apgument has not been glvexa a d1rect test, Godgart &1964) has «.’jemon- -
strated that, at least b _one measure, teachers’ prdblem—solv:.ng abJ.lJ.ty in-
mathematics is not re ated to pupil Jprogress.? The Méthematlcs Test of* the
S_quentlal Tests of E ucatlonal Progyess (STEP) was admlnlstered to 35 fourth-

grade teachers, and the Ar:.thmetlc Problem-Solv:.ng subtest of the Iowa Tests

of Basic Skills (ITBS) was admlnlstered twice to thell" puplls--ax the be=- -

gmnmg of the fourth grage and again at the beginning of the fa.fth grade
" The teachers performed 81gn1f1cant y better on the STEP than dJ.d the norm:.ng /

population of college sophomores, When the teachers were divided 1nto five

. - . . N
N5 RN . . ek RN




equal groups according to their performance on the STEP, and analysis of co-

variance performed on class means with the ITBS pretest as the-govariate and

— the ITBS posttest as the dependent variable, the groups did not dlffer s1g-
nificantly. Furthermore, teachers' problem—solv1ng ability as measured by the
STEP was unrelated to such backgrougd measures as age, tenure status, under- .
graduate majox, énd/number of mathematics content and methods courses taken.

, Broome (1967) reported ar unsuccessfue attempt to relate teachers' cre-

ol

ativity to children's ledrning. Six low-creative and six high-creative

teachers, as measured by the Minnesota Tests of Credtive Thinking (HlCT), .

.were selected at random from the fifth-grade teachers in a city school system.
. Seventy-one pupils of the high-creative teachers and 71 pupils of 'the low-
- creative teachers were administered MTCT Form A in the fall and MTCT Form B
in EB£<§pring. Achievement data were eptained from school records. Esti-
mated true—g n scores showed no differential change in creativity, abulary
development, reading comprehension, or arithdetIc reasoning for pupi:§q§¥§2he
two groups of teachers. - : . T

If the teacher does have an impact on pupils'.problem-solving ability and-

sy

,creativity, the locus of this impact must be the classroom. Stilﬂpll (1967)
adapted the Flanders interaction- analy51s scheme to study problem—solv1ng
activity in geometry classrooms. Oné of Stilwell's most 1nterest1ng fwndlngs
_concerned the relatlvely small amount of class time (less than 3 percent of .
all problem-solv1ng activity) spent in dlscus51ng a method for solv1ng a prob-
lem. Looking back at a problem or shead to its implications occupied 7 per‘
cent the .projgem-solving act1v1ty, with teacher requests to look back M

the solation correlated pos1t1vely and s1gn1f1cantly th greater teachlng

‘(' -~
! experience, I .

past, is belng done byadocebral studeﬁ*é. Though manizénéses on problem solv-
: re of a qualfty and’ sophlstlcatlon
: that surpasses the general level of Journ \ articles on’ these toplcs the

. theses are relat vely 1naccess;ble. The forthcomlné\Journal for Research in
\ .

R Mathematlcs Educ txoe.shfuld gp far toward allevzatlng thxsasxtuqflon.

- ’

eids, the ma&hemat{cs educator“s one sh?chomp
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+ <
; i11- defined "methods" and the psychologlst s lgporatory studies of arbitrary, ,
* highly aptificial concepts should give way to diagnostic; 1ong-term stlidies

of learning and thinking ir school settings., Evidelce of this trend cam be

noted in the studies reviewed, as can’a general movement toward more complex
P s T €

= designs and -analyses. ) . .

Unfortunately, the increasing complexity of deszgn has been accompanied

‘ By an increasing number of methodologlcal blunders, such as the .inappropriate
use of analyszs of covariance and the use of subjects as experlmental uqats
when intact classes have been assigned to treatments. "’ More dlsturblng still

is-the 1nvest1gators' apparent ignorance that statistical assumptions are be-

ing violated. Mathematics educatérs, of all people, should be hlghly skeptl-
cal about the congruence between an analyt1cal model and the "real—world"

;' data. ' , o .
Much has been said lately about the need for large- scale, complex t

studies 1J'mathemat1cs education, ‘but the researcher--most likely a doctoral

'student-—who-chooses to investigate problem solv1ng and creatlve behav1or in -

mathematlcs is probably best advised to undertake clinical stdies of 1?- '

- dividual subjects (chlldrén gifted 1In mathematlcs children for whom mathe-

: matics 1s‘part1cularly dlfflcult, .etc. ), not only/because clinical studies

are morg¢ commensyrate with limited flnanc1a1 and administrative'resources,

but aiso because our 1gnorance in these areas demands’ clinical studies ag

\ precur50rs to 1arger efforts. - . *
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